HUHTEI'PAJI JIEBET A.

§1. Onpenenenue unterpana Jlebera.

[Iyctp E - n3amMepuMoe OrpaHM4€HHOE MHOKECTBO Ha MPsAMOU. OyHKIHS
f:E —> R —u3Mepuma u orpanndena, ciepoBarensho: (34, B e R)(Vx e E):
A < f(x) < B. Beibepem npou3BosibHOE pazdouenue otpeska [4; B]:
t={A} 1A=, <A <..<A,=B,rae §_ - paHr pazdueHus,
S, = mlax(k —A,). O6o3naunm e, = E(A, < f < A,,,), e, - U3BMEPUMBI U

i+l

n—1 n-l
WE)= zu(el.) . CoctaBuM HMHTErpanpHyro cymmy Jlebera: o = Zn ule)),
i=0

i=0
ni € [7\‘1"7\‘14] ) .
Onpenenenue: Ecnu cymectByer lim 6, 1 OH He 3aBUCHT OT crioco0a
5,.-0

pazbuenus orpeska [A4; B] u BeiOopa Touek M, €[A;,A,,,), To dyHkuuio f: E >R
HA3bIBAIOT HHTETPHpyeMoii 1o Jlebery Ha MHOKeCTBEe E , a caM Ipe/es Ha3bIBaeTCs

uHTerpaiom Jlebera pyHknuu f 1Mo MHOXKECTBY E , 1 0003HAYAIOT: I f(x)du, unu
E

(L)I f(x)dx, xorna E =[a;b]

Ompenenenue UHTETpaia Ha si3pike" e —O":

(jf(x)du = l)é(Vg >0)38>0):(Vr:8, <6)(Vn, €[A;4.,):|[-o.|<¢.

[Mpumep: f(x) =1 Ha E (E - usmepumo).
Ilycte A <1< B. Jlnsa moboro pa3Ouenusi orpeska [A;B]: 7 = {xi}. bynem nmers

ly=3,.,l,=FE,.., [ _,=0. HarerpanbHas cymma Jlebera Oymer HMeThb BUI:

o, =n,u(E). Ilpu crpemnenun 6, — 0 O0ynem umers 77, — 1. 3Hauur Idy =uk .
E

§2 VHTerpupyeMocTh U3MEPUMON OrpaHUYECHHON PYHKIUU.

[Tycts f: E — R- m3mepuma u orpanuveHa Ha E [a,b]; T - pa3OueHue
oTpeska [a;b].

n—l
Omnpenenenne: Cymma S, :zki+,u(el.) Ha30BaeTCs BEpPXHEU CyMMOMU
i=0
n—l
JleGera, a cymma s, :zkiu(ei) Ha3bIBACTCS HWXHEH WHTErPAIbHOW CyMMOM
i=0

JleGera.
CaoiicTBa S ¥ 5. :

CroiictBo 1. Ecmu 1, < t,,TO 5, <5_,5 =8 .
1 2 1 2



HoxazatensctBo: Ilycth T, momydeHOo u3 T, A00aBIEHHMEM OJHOH TOYKH:
A <A<A e, =E\, < f<A,), €'=EWA<f<A), e"=EALSf<hi,).

ScHo, uto, e,'Ue,"=e,, To ecTb p(e;) =p(e,') +p(e,") . Torna

i+1°

Aule)=Aue")+Au(e") <A ule')+Au(e,'), cnenoBarenbHo s, <s_ .
j‘i+1:u(ei) = //Li+]:u(ei') + j“i+1:u(ei ") 2 jnu(ei') + j“i+1:u(ei”) » CJIEOBATEIILHO Srl 2 Srz .

CoiictBo 2. Jlist n00bIX pasOUeHUi T,, T, BBINOJIHACTCS HEPABEHCTBO: s, < S .

JokazarensctBo:  O6o3naunm  t=1,Ut,. Scwo, wuro 1, cr7,7,c7.U3
IPEBIIYIIEro CBOWCTBA BBITEKALT, 4T0 s, <5 <S5 <§ .

CroiictBo 3. Jlnsa moboro pasbueHus t oTpe3ka [A;B] paHra O, BBIIOJIHEHO
HEepaBeHCTBO S —s <8 WE).

Jloka3arenbCcTBO:

n—1 n—l n—l n—1
Sr -8 = zj’m,u(ei) - zli:u(ei) = Z(Am - j‘i)lu(ei) < 51’ z:u(ei) = 5T,U(E) .
i=0 i=0 i=0 i=0

CsoiictBo 4. V7,5, <06 _<S§..
Joka3zarenbCcTBO: JlJaHHOE CBOMCTBO SIBJISIETCS OYEBUIHBIM CJIEICTBHEM HEPABEHCTBA:
Ay <My <Ay

Teopema: Ecmm [ wu3mepuma u orpanmdyeHa Ha FE C [a,b], TO OHa

uHTerpupyema mno Jlebery Ha MHOKeCTBE £, M TIpH 3TOM: I S(x)dp =sups, —mf S, .
E t i

HoxkasarensctBo:Ilycts I, =sups_, a I” =inf §_ . U3 cBoiicta 2. Criexnyer:
T T

1,1, a u3 CBOMCTBA I: s.<I,<I"<S_, CJIEZIOBATENBHO
I"-1,<S, —s . <0 pu(E)—>0,npu 6, > 0.

§3. CaoiictBa unTterpaina Jlebera oT orpaHM4eHHON N3MEPUMON PYHKIUU.

CaoiicTBO 1. Ecim d<f(x)<c VxeE, TO CJIEIOBATEIILHO
dp(E) < [ f()dp < cu(E).
E
JlokazaTenbCcTBO: ITomoxum A=d - l, B=c+ l , m € N. Torma
m m

n—1 n—1

A< f(x)<B,VxeE. Orcrona ciemyer AZu(el.) <o, < Bz ule,),
i=0 i=0

cnenosarensHo Au(E)<o < Bu(E), Au(E) < If(x)2u <Bu(fE). llepexomum k
E

npeaeny npu m — oo . [lonydaem, 4ro:

CaoiictBo 2. Eciu f(x)=c Ha E, TO If(x)du =cW(E).
E



Hoka3zatenbetBo: ¢ < f(x) < ¢, cnmegoBarenbHo cUW(E) < I f(x)dp < cu(E).
CaoiictBo 3. Ecmu />0 Ha E, TO If(x)du >0.

Jloka3zatenbcTBoO: I f(x)du=0uW(E)=0. '
CaoiicTBO fl Ecmu p(E)=0, to If(x)du =0.

JlokaszatenbCcTBO: f(x)- OTpaHHUYCHA, CJIEI0BATEIILHO
Ap(E) < deu < Bu(E), cnenoBareiabHO If(x)du =0.
E E

, TO

Caoiicteo 5. Ilycts E:UEk ,

k=1

E, - wsmepumbl, u E,(E;, =0, i# j. Ecin

byHknms f - ©3MepuMa U OTpaHUYCHA HAa MHOXKECTBE E , TO I f(x)du = 2 I fdu .

k=1 E,
JokazarensctBo: CHawama paccmorpum cnydaii: E=E UE,, npu stom
ENE,=&. Tlyctb t - pasduenne otpeska |[A4,B|. e =E(L <f<A.,);
e'=E (AL <f<A.,); e"=E,(A\, < f<),). Torna e, =e,'Ue,". CnenosarensHo,
n—1 n—l1 n-l
z&iu(ei) = z&iu(ei') + z&iu(ei”) , TaK Kak s =s_'+s ". Ilepexogum k mpenemy

i=0 i=0 i=0

npu o, - 0. Ilomyunm I fdu = I fdu + I fdu. Bepuemcs x oO0memy ciydaro:

I 2

E:UE Psan Zu(E ) - cxogutea kK u(E), 3HaUUT Zu(E )—> 0,m —> o, TO

k=1 k=m+1

ectb u(R,)—> 0,m — oo. Tak kxak E:(UEk)UR,n, rie R, = UEk. W3 nepBoit

k=1 k=m+1

YaCTH TEOPEMBI BBITEKAET I fdu = Z I f(x)du+ I f(x)du. B cuny mnepBoro

k=1 EA

corictBa Au(R,) < If(x)du < Bu(R,) , cnegoBaTeabHO Ifdu ZIfdu

E k=1 g,

CaoiictBo 6. Ecu f ~g Ha E, ceoBareiabHO I f(x)du = I g(x)du .
E

HokazarensctBo: E=E UE,, E =E(f#g), E,=E(f=g), ciemnoBaTenbHo
u(E) =0 [ f()du = [ f)du+ [ f@)dp = [g()du+ [ g)du = [ g()du.

CaoiictBo 7. Ecin I|f(x)|du =0, cnemoBarenbHo f ~0 (1O ecthb HE(f #0)=0.
E

’ 1
HokazatenbctBo:  E (| f | >0)= UE (f>—). [Homyctum mpoTuBHOE: f  He
n=1 n

skBuBasieHTHA 0. Tak kak 0 < uFE (| f | > 0) =lim puE, , cnegoBarensHo 3n,, TaKOE 4TO
n—x0



UE (f > L) =0>0. Torna E=E, U(E \E, ), CJIEJOBATENbHO
ny

“f|dy = “f|dy + I|f|dy > LG > 0. [osyunnu mpoTUBOpEUHE.
E E, ny

. E\E,

Ceoiictreo 8. Ecnrm f w g - wW3MepuMbl W OTrpaHMuYeHsl Ha FE, TO
[(f @)+ gG)du = [ f(x)du+ [ g(x)du .
E E E

Hoxa3zarenbctBo: Ilyctb A< f(x)<B,C<g(x)<D, u VxeE; 1,={A},-
pasOuenme ortpeska [4;B], 1,={y,}}, - pasOuenme orpeska [C;D];

e, =E(, < f<A,)e'=E(y, Sg<r,.):& =€ e'. Scno uro E:UU8ik ,

ik

o  CBOWCTBY 5. I(f +g)du = zz I(f +g)du. Tlo  cBoiictBy 1.
E

ik g

ZZ(&' +7OH(E,) < I(f +g)du < ZZ(/IH] +Y (g, ) .
ik E ik
S, S, Sj(f+g)du <S§, +S, . Ilepexons x mpemeny npu 6, — 0, a 3arem,
E

npud. — 0 moaydaem, 4To
7 y4

Ceoiictreo 9. Ecmm f - wm3mepuma wu orpammyena Ha FE, ceR, 710

Jof ydu=c| f(x)dn.

n—1
Jloka3zatenbcTBoO: j cf (x)du :z j cf (x)du . Tlo Teopeme o cpemnem mis ¢ >0.

E k=0 ;

chu(e;) < I cf (x)dn<ch, u(e,). Cymmmupys TOCIEIHHE HEPABEHCTBA IO i,
Ei

nonydaem: c¢s. < | cf (x)du < cS_ . 3atem nepexoaum k npeneny npu 6. — 0. [lycts
y‘-I T T T

L ¢<0:0=[(cf +(=0))du = [ efdu+ [ () fdu.

CaotictBo 10. Eciim f < g Ha E, TO Ifdu < Igdu .
E

E

JlokazatenbcTBoO: Ifdu —Igdu = I(f—g)du >0.
E

E E
CroiictBo 11. Ecnu f m3mepuma u orpanndena Ha E , To I f(x)dy| < I | f (x)|du.
E E
JloKa3aTeNbCTBO: E =E(f20),E,=E(f<0), CJIEJIOBATEIILHO
[=[+[=[fldu~[|fldu. C npyroit croponsr, [|f|du = [|f]du+ [|fldu.
E E E, E E, E E, £,

OcTanock BOCIIOIB30BaTHCSI HEPABEHCTBOM: |a - b| < |a| + |b| .

§4. UnTerpupoBanne GyHKIMOHAIBHBIX TTOCJIEIOBATEILHOCTEN U PAIOB.



Teopema: (Jlebera) Ecnu mnocnenoBaTenbHOCTh { /. (x)} U3MEpPUMBIX Ha
E GyHKuunii cXoIUTCs TIOYTH BCIOIY HA 3TOM MHOecTBe K pyHkunu f(x) u IM >0

TaKoe, 4To |f, (x)| <M((Vxe E,vneN), o Ifn (x)dn —>If(x)du , 1—> 0,
E E

JloxazaTenbcTBO: f,(x) - H3MEPUMBI U OTPAHUYEHBI ( OJHOM COHCTAHTOM) ,
CIIeZIOBAaTENIbHO [ - U3MEpHUMa M OTpaHWYeHa, Toraa f - mHTerpupyema mo Jlebery.
B cuiry Teoperr Eropoma, (VO >0)3IE; c E):u(E\E;)<6 wm f, cxogurcs
paBHOMEPHO K f Ha E;, CJIEJOBATENbHO
(Ve >0)3N eN)(Va = N)(Vx € E;):|f,(x)— f(x)| < €.

Nmeem:

[ fGodu—| £, du

[(f )= £, ()du

E\E;

Seu(E;)+ Mu(E\E;) < eu(E;)+ M6 n3 npou3BOJIBHOCTH & U O BBITEKAET, YTO

0
Cnenctsue: Ilycts u, (x) - u3mepumsl Ha E , psn Zun(x) - CXOJIUTCS MOYTH
n=0
BCIOJy Ha E W TOCIEIOBATENBHOCTh €r0 YaCTUYHBIX CyMM OTpaHHYCHAa Ha 3TOM

MHO>ECTBE, TO j(i u, (x)]du = ijun (x)du .

E \ n=0 n=0 g

Hoxka3arensctBo: S, (x) = Zun (x), |Sn (x)| <MVx,n, S, ,(x)—=>S(x),
n=0

n—> cOTMOYTH BCOAy Ha FE, cClenoBaTreilbHO I S, (x)du —>I S(x)du, mn
E E

Zn:j“n (x)dp — J'(i u,(x))du aro

k=1 g E n=0

§5 CpaBuenne unTerpaioB Pumana u JleOera.
Teopema: Eciiu f - u3mepuma Ha [a,b] U CyILIECTBYeT uHTEerpan Pumana

if(x)dx . Torma J. f(x)du = j.f(x)dx.
‘ [a.6] a

Jloka3aTenbCTBO: 7 = {x, | - pasOuenue otpeska [a,b]: a=x, <..<x, =b.
ITycts M, =sup f(x),m, = igle f(x). Torma m, < f(x) <M, ,Vx e [xl.,xm). 3HauuT
Ax; i

m;(x,, —x;) < I f(x)du <M, (x,, —x,). IIpocymmupyeM 3TH HEpaBEHCTBA 11O | .

[xi Xigl )

n-1 n-l
[Momygaem s, < Zmi(xm -x;) < Zf(x)du < ZMl.(xl.H -x;)=S,.3n0ecp 5,5, -
i=0 XisXig1 ) i=0

b
cymmsl [lapOy. Ilepexonum k npeneny npu 6, — 0. Tak kak s_,S, — I f(x)dx, T.x

[fdu=0,10 [ fG)du=]f(x)dx.
o) [a.6] p

< [lf )= f,ldu < su(E) + [/ (o)~ f, (ldu <



§6. BoccranoBieHnrte nepBooOpa3Hoil GyHKINU.

[Tycts f ompeneneHa Ha OTpe3Ke [a,b], f' - eenpou3BoHAs HA STOM

otpeske. Eciu f - HempepbIBHA, TO HCHOJNIBb3ys HHTErpad PruMaHa MOKeM 3amucarh:

X
f(x)=f(a)+ I f'(t)dt . 910 3HAUUT, YTO: €CIIM MPOU3BOAHASL HETIPEPHIBHA, TO €€
a

nepBooOpa3Hasi BOCCTAHABIIMBAETCS C OMOILBIO HHTerpajia Pumana. M3BecTHO, 4TO
aHaJlOrM4HOE BEpHO [Id ciydas. Korma f mHTerpupyema no Pumany.

Teopema: [lycte f muddepeHnupyema Ha [a,b] U f orpaHuueHa Ha [a,b] ,
T0 f wuHTerpupyema no Jlebery( To ecTh n3MepseMa Ha [a,b]) "

S =f@+] f(0du.

Hoxka3zatenbctBo: PaccMoTpum QyHkuuio F(x) = J(x),xe [a,b]
| F(b)+ (=) f'(B).x e [b.b+1]

f'(x),x €[a,b]

. Jnsa xkaxxgoro n €N,
'), xelb,b+1] a

Hannem npousBognyro F'(x) = {

Flx+1) = F(x)
n

onpenemum Ha |a,b] Gyrkumio @ (x)= ] ; ACHO, 4TO

n
limg, (x)=F'(x)= f'(x). Tak kaKk ¢, HeNpepbIBHbI HA [a,b] ,T0 f - U3MepuMa.

[TokaxxeM, 4TO ¢, OrpaHMYEHBI HA [a,b]. [To hopmyne Jlarpanxa

0 ,
@, (x)=F'(x+—)<M (tak kaK f - OrpaHHYEHBI) , CIIEAOBATEIBHO, [0 TEOPEME
n

b b
Teera [ /'(x)du =lim [ @, (x)du . Ho

b+l

j:qon (x)du = anF(x + %)dy — nj:F(x)du =n JJ: F(x)dx— nj:F(x)dx =

n

1 1
b+— a+—

=n j F(x)dx—n j F(x)dx . Ilo Teopeme o cpeaHem
b a

n

I @, (x)du=F(b+ g) — F(a+—). Ilepexoaum K npeaeny Npu #n — o0 MOJIy4yaem
n n
ff'(X)du =F(b)-F(a)=f(b)- f(a).

§7. Unrerpan Jlebera oT HEOrpaHUYEHHBIX PYHKLIUH.
[Tycte E m3MepuMoe OTpaHUYeHHOE MHOXKECTBO B R; [ - m3mepumas

HeoTpuuaTenbHas QyHKIUsA Ha £ (BO3MOXHO HEOTpaHUYEHHAs ).



Onpenenenune: k cpe3koit GpyHkmuu f (rae k € N)Ha3piBaeTcs PyHKITUS
J(x),xe E(f <k)
Ji(x) = :
k,xe E(f 2k)
Onpenenenne: Unrterpan Jlebera ¢pynknuu f 1Mo MHOKECTBY £ Ha3bIBacTCs

npeaen I f(x)du = }im I i (x)du < 4o (Ecin mHTErpan < oo, T0 QyHKIUA
E E

Ha3bIBaeTCS MHTETPUPYEMOii).
E(f<c)c<k

E,c>k
CIemyeT, 4TO f, - N3MEPUMBI U OTPaHUYEHBI. A 3HAYNUT UHTETpUpYeMsI 1o Jlebery.

7,120
0,/<0’

OT0 omnpeeneHne KOPPEKTHO, TaK Kak U3 paBeHCcTBa E(f, <c¢) = {

[Tycts f - mpousBosibHas GyHKIMS, m3MepuMasi Ha E; f =

+

—f,fSO.

HeoTpuuarensHa Ha £, f =(—f), - O-cpe3ka QyHKuMu - f°, cieoBaTeabHO [ -

0,>0
f :{ ’ — f, - 0-cpeska, cieoBaTenbHO f, - H3MEpPUMA U

U3MepUMa U HeOTpHUIaTeIbHA. 3HAUYUT CYIIECTBYIOT I (f.),du, I (f),du n MoxHO
E E

TOBOPHUTH O I f.du, I f_du . Oau Bo3moxHO O6eckoHeunbl. Eciu 06a 9Tn nHTErpana
E E
KOHEYHBI, TO QyHKIHS [ Ha3bIBaeTCS MHTErpUpyeMoit o JleGery mo MHOXKECTBY U

4KCIIO Ha3bIBaeTcs uHTerpainom Jlebera pyHKIIMM 1O MHOXKECTBY E .

L, X € [0,1] \Q
Hpumep: f(x) =< +/x , f(x) - HeoTpHUIIATEIPHA W HEOTPAHUICHA

0,xef0,1]NQO

na E =[0,1]. Tak xax 1([0,1]]NQ)=0,10 f(x) L ua [0,1], cnenoBarensro

N

1 ] 1 \/1 ’xe[o’klz}
—_— . — x
fk(x>~(—&>kn£fk(x>du— ﬂ_&]kd“’(_&l k [1 } .
, X € k—2,1

1
1 K £l = 1 2 1
— | du=[kdx+ [—=dx=kx|F +2Jx | =—+2-2=2-—.

o R e e

kZ

1 1
f(x)du =lim (—] du=lmQ2-—-)=2.
}[ k%oo}[ /x ‘ k—o k
[Tycts E - m3MepuMoe U HEOTpaHWYCHHOE MHOKecTBO. Ecin f(x) > 0 Ha

E, 10 If(x)dy = lim If(x)dy ,tne E, =E) [— n,n]. [Tpu sToM dyHKITHS
E E,

CUMTAETCSI MHTETPUPYEMOM, €CITU CYIIECTBYET I f(x)du < +oo u npenen npu n — oo,
EPY



Ecmu f - u3amepumasi( BO3MOXHO M OTpHUIaTeNIbHAs) Ha £, TO

£, f=0 0,>0
[Feda=[ 1. [ 1-Codu w3 f, :{0,f<0 S :{—f,féo

f cymmupyema Ha E, €CIIi CYIIECTBYET KaXKABIH U3 3TUX HHTETPAJIOB, TO €CTh €CIIN
cymmupyemst f, u f

. OyHK1MA

§8. CoiicTBa unrterpasna Jlebera oT HeorpaHMUEHHBIX U3MEPUMBIX
GyHKIMIA.

CroiictBo 1. Ecmu f(x) > 0 Ha E w mHTerpupyema Ha E , TO I f(x)du=0.
E

HoxazatenscTBo: f,(x) > 0Ha E , cieqoBaTenbHO I fi(x)du=0,n I f(x)du=0.
E E

CsoiictBo 2. Ecmm p(E) =0, To s moboii GpyHKuuu f BepHO

[reodu=0.

Jloka3atenbcTBO: f - M3MepuMma Ha E . I f . (x)du =0 ot crona ciaeayeT 4To.
E

CroiictBo 3. Ecmn f~g Ha £ u f - cymmmupyema Ha £, TO g CymMMHpyema
n [ f@)dp = [ gy
E E
HoxazatensctBo: f. ~g., f ~g . JeiictBurensHo E(f, # g, ) E(f #g) ut.A.

Anaoruano (f,),~(g.)e» (f)~(g ), cnenosarensro [(f,) du =[(g,), du.

[Tepexomum k mpeneny npu k — . [lomygaem I f.du = I g.du . AHaIoruuHoO
E E

oJIy4aemM If_du :Ig_du.
E E
CoiictBo 4. Ilycts f', g -m3mepumbi Ha £, 0< f < g Ha E.Ecin g
cymmupyema Ha E,T0 f cymmmpyema Ha E u I f(x)du < I g(x)du.
E E

HoxkazatenscTBo: f, (x) < g, (x), caeqoBaTeIbHO I (fi(x)+g,(x))du=0n
E

+ x)du < | g, (x)du . Ocranoce nepeiitu K peneny mpu k — oo. Torna,
k k
E E

T.K. f,, = f, . TO I f; (x)du HeyObIBaeT U OrpaHUYEHA, 3HAYUT [ HMHTErpHpyeMa.
E

CaoiictBo 5. Eciin I f(x)du=0 u f -mHeorpanuueHa, 7o f~0Ha E.
E

HoxkazaTenbcTBo: f, (x) < f(x) cnenoBaTenabHO I fi(x)du < I f(x)du=0n f,~0Ha

E . Ho f, B ka0l TOUKe TOXE MOXKET IIPUHSATH TOJIBKO JBa 3HaUeHUs f (X)W k .

Ho & # 0, cnenoBatensHo f(x) =0 Beskuii pas, korna f, (x) =0, caeqoBaTenbHO
f~0na E.



CsoiictBo 6. Ecmm f m g cymmmupyemsl Ha E, T0 f + g cymmupyema Ha E
n [(f +g)du =] fdu+ [ gdu.
E E E

(6e3 moxazarenbCcTBa).
CroiictBo 7. Eciu [ - cymmupyema Ha E, 10 ¢f , ¢ €R, cymmupyema Ha E .
Icfdy :cjfdu.
E E
(6e3 moxazarenbCcTBa).

0
Csoiicto 8. Ilycts E = UEk,El. NE, =3, E,..E, - u3Mepumbl 1
k=1
orpaHnyueHHbl. TOr/ga npu BEIIOJHEHUH OJJHOTO U3 JIBYX YCIIOBUIA:

1). f(x) - cymmupyema Ha E .

2). f(x) - cymmupyema Ha KaxzaoM E, u z I | f (x)|dy < 400 , BBITIOJTHSICTCS

k=1 g
k

PaBEHCTBO If(x)du = i If(x)dy .

k=1 E,

(6e3 moxazarenbCcTBa).

§9. Heo6xonuMoe u 10CTaTOUHOE YCIIOBUE HHTEIPUPYEMOCTH T10
JleGery.
Teopema: [yt Toro, yToOBI M3MepsieMast GyHKIUs f(x) ObLIa HHTETpHpyeMa

1o MHokecTBY E (orp. M3m.), HeoO6X01MMO U 10CTaTOYHO, YTOOBI ObLiIa

[ reoau|< [ foldu .

UHTErpupyeMoit pyHKIus | f(x)|, npu aTOM

HoxkazarenbctBo: Ilycts f(x) - cymmupyema. Torna I f.(x)du, I f (x)du < 4.
E E

Y4yTem paBeHCTBO | f (x)| = f,(x)+ f_(x). Ilockonbky f,,f - MHTErpuUpyeMmsl,

TO | f (x)| - MIHTETpUpYyeMa U

[1fCldu = [ £+ [ £ ()dp =
= [f.)du [ f @dp+2[ £ ()du = [ f)du+2] f ()du > [ f(x)du Joxaxe

M TEIEph B IPYI'YI0 CTOPOHY: HyCTL| f (x)| - cymmupyema. Tak kak
£ @) £ <] f ] 1 £.(x), £ ()20, 10 cornacko coiictsy 4, £, f -

MHTErpUpPYyEeMBbI, ciefoBaTenbHo f = f. — f mHTErpupyema.

CnencrBue:(I0cTaTOYHOE YCIIOBUE HHTErpupyeMocTn). Ecnu f, g - m3MepuMBbl Ha
E (cym., orp.),
Joka3zatenbcTBo: 0 < | f | < g, Torja 1o CBOMCTBY 4,

f | < g, g - uHTerpUpyemMa, To f - HHTerpupyemMa Ha E .

f| - narerpupyema,
CIIeIOBATENHHO f - HHTETpUpyeMa.

3ameuanue: Kpurepuii MHTErpupyeMOCTH U CBOKCTBa MHTerpasna Jlebera coxpaHsoT
CBOIO CHJIY U Ha MHOXECTBaX U3MEPUMBIX U HEOTpaHUUEHHBIX(0e3 000CHOBaHMUS ).



§10. IIpocrpanctBo L,.

[Tycte £ uzmepumo no Jlebery: X - COBOKYIMHOCTb BCEX MHTETPHUPYEMBIX Ha
E ¢yakuumii. OtHomenue : f ~g < u(E(f # g)) =0 sBnsercs OTHOUICHHEM

SKBUBaJIEHTHOCTH. OHO pa3duBaeT X Ha Kjacchl SKBUBAJIEGHTHOCTH. MHOKECTBO
KJIACCOB PKBUBAJICHTHOCTHU Ha3bIBAETCS IPOCTPAHCTBOM L, Ha E 1 0003Ha4aeTcs

L,(E) . Tak xak uHTErpupyemble GYHKIMH MOXKHO CKJIaJbIBATh U YMHOXaTh Ha
yuciaa, To L (E) obmanaeTr cTpyKTypoil IMHEHHOTO IPOCTPAaHCTBA Haj mosieM R.
B L,(E) MOXHO BBECTH CTPYKTYpy HOPMHPOBAHHOI'O IIPOCTPAHCTBA, OIIPECIIUB

HOPMY C ITOMOIIbIO COOTHOIIICHUS: || f || = I | f (x)|du .
E

sz o|f]=0< f=0
A7
307+ el <71+ el
1. I|f(x)|du > 0 o cBoiicTByl.; I|f(x)|du =0« f~0 no cBoucCTBY 5.
E

E

2. [ @du =4[ |f )ldu = |A]|f] no croiictay 7.

3. [lf )+ g@)du < [|f(o)du + [|g@)ldu no croiicrsam 4. U 6.

[IpoBepuM BBITOTHUMOCTh AKCHOM HOPMBI: 2.||if || =

4. Kak u BCsIKO€ HOPMUPOBAHHOE IIPOCTPAHCTBO, IPOCTPAHCTBO L, MOKHO
paccMaTpuBaTh Kak METPUYECKOE C PACCTOSIHUEM:

p(f:2)=|f —g|= /() - g)ldu.
E
Onpenenenue: CXoAUMOCTh OCIEA0BATENIbHOCTH (PYHKIUN B CMBICIIE 3TOTO
PacCTOSHUSI HAa3bIBACTCSA CXOIMMOCTBIO B CPETHEM.

Teopema: [IpoctpancTBo L, (E) MOJIHOE METPUUECKOE IPOCTPAHCTBO.
Teopema: 3ambikanue B L, ((a,b)) MHOXKECTBa BCEX HEIPEPBIBHBIX
CYMMUPYEMBIX Ha IPOMEXKYTKE <a,b> (GbyHKUMI coBIagaer ¢ L, (<a,b>) , TO €CTb

MHOKECTBO BCEX HEMPEPBIBHBIX PYHKIUHN IUIOTHO B L, (<a,b>) .(06e3 moka3aTenbcTBa).

§11. IIpocTpancTso 1, .

[lycte E - uzmepumoe o JleGery MHOXKeCTBO; ¥ - MHOXKECTBO (QYHKUIUN U3
X c uHTerpupyembiM kBagpaToM. OTHOLIEHUE 3KBUBAJICHTHOCTH:
f~g < u(E(f #g))=0 pazduBaer Y Ha KIacChl 3KBUBAJICHTHOCTH. MHOKECTBO

KJIaCCOB 3KBUBAJIEHTHOCTU Ha3bIBAETCS IPOCTPAHCTBOM 1 Ha E M 0003HauyaeTcs
L,(E).
l. f,geL,(E)= fgeL/(E).

JlokazatenbcTBoO: “f(x)g(x)|d/,t < %Ufz(x)du +Ig2(x)d/,t]
2. L(E)c L,(E),ecimn u(E)<oo.

Hoka3zatenbcTBo: g(x) =1, cienoBaTenbHO I | f (x)|dy < %( I fA(x)du + pu(E )] <o,
E E



3. f,geL,(E), cnenoBarensHo, f + g€ L,(E), af € L,(E),a €R.
JloxazarensctBo: (f +g)°> = f2 +2|fg|+g2,j(af)2du :azjfzdy <.
E E

B L,(E) MOXHO OIpeNesINTh CKAJIIPHOE NPOU3BEACHUE

(f,2)= I f(x)g(x)du , o ectp L,(E) - eBKINAOBO IpocTpaHcTBO. [IpoBepum
E

BBIITOJTHUIMOCTb aKCHOM CKaJIAPHOTO PON3BEICHNSL.

1. (f,g)=(g,f)- oueBnano,

2. (/i + 13,8 =(f1,8) +(f;,g) - oueBHmHO,

3. (of ,2)=a(f,g)- oueBuaHO,

4. (f,f)>0,ecmm f#0.

Jlokazarensctso: (f, f) = Ifzdu . Eciti 651 Ifzdu =0, To 1o cBoiictBy 5 f ~0. B
E E

L,(E), KaK B II0OOM €BKJIMI0BOM IIPOCTPAHCTBE MOKHO BBECTH HOPMY

A=V = [[ £2du.

HepasencrBa Komu-byHSKOBCKOTI0O ¥ TpEYrOJbHHUKA UMEIOT BUJL:

(52 <|/lel= Ufgd/,t] < jfzdujgzdu (Komu-ByHAKOBCKOTO),

||f+g||S ||f||+||g|| = U(f+g)2du]2 < Ufzdu]Z +Ug2d/,t]2(l“enbzepa

E E

Mertpuka B L, (E) 3amaetrcsa popmynoit p(f,g) = ||f - g|| = /J.(f —-g)du.
E

Ompenenenue: CXOIUMOCTb B CMBICIIC TON METPUKH HA3bIBACTCS

CXOJMMOCTBIO B CPETHEM KBAIPaTUUHOM, a BeauunHa o (f, g) = I (f—g)du
E
HA3BIBACTCS CPEHE KBAPATUIHBIM YKIIOHEHUEM 3JIeMeHTa f OT DJIEMEHTa g .

Teopema: [IpoctpancTBo L, (E) MOJIHOE METPUUECKOE IPOCTPAHCTBO.
(6e3 moxazarenbCcTBa).



