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&('�)�*,+.-0/2123245*,62124�72/24,8972-:*,;=<9621>6?-0@A7B<C4D6E*,F2-0GH-JI.F2IK<C1BLDI
M9NPORQ,SKT,S.UWVXNPT,UYVXNPT,S.Z.S�T,UY[Y\.]	[YQH^KO_NH\.]=[A`.],[aT,]_^.\.\.b%Vdc(NPORQ,SKT,S.UYVd`.],\K^KT,SK^�e.S.[gf:NKh:ij\.]_k=UY[aT,Q,]

\(NPTHl5c(Nmf0n,\.b�o�e.S.[YUpf
N
\.UqO_NHVrZ.\KlDT,]	]PT,\.],[YSKT,Uaf0n,\.]�],`.UYc(NHs.S.S�Q,b%e.SKTRNH\.SK^?h(tAUY],uPoD]Rv0S.Vr],[aT,n�],u,c(Nmw

x UY\.SK^y],`.UYc(NHs.S.Sz[gf0]_k�Ua\.SK^y`.],[gf(lDk�S5f0]�],[Y\.],Q,\.],{y`.c.S.e.S.\.],{yQ,]HOR\.S.Z.\.],Q,UY\.SK^y`.],\K^KT,SK^y]HT,c.S.s(Nmw
T,Upf0n,\.],|Y]�e.S.[gf:NK}9eKT,].}CQ�[YQ,],~�],e.UYc.Upv0n.}9`.c.S.QHUpf0]�ZJQ,Q,Upv0UY\.S.~�Q�VXNPT,UYVXNPT,S.ZKlJVr\.]mk=UY[aT,Q�N�s.Upf0b�o
e.S.[YUpf

Z
h:��T,]�Vr\.]_k=UY[aT,Q,]�\.UWO_NHVrZ.\KlDT,]�]HT,\.],[YSKT,Upf0n,\.]�],`.UYc(NHs.S.S�v0Upf0UY\.SK^?h�tAUY],uPo�]Rv0S.Vr],[aT,n�],u,c(Nmw

x UY\.SK^j],`.UYc(NHs.S.S�l5Vr\.]_k=UY\.SK^�`.c.S.Q,]Rv0SKT�Z�Q,]HOR\.S.Z.\.],Q,UY\.S.~�`.],\K^KT,SK^�],u,b%Z.\.],Q,UY\.\.],{�v0c.]Hu,S?}([Y],]PTPw
Q,UaT,[aT,Q,UY\.\.].}:ZjQ,]HOR\.S.Z.\.],Q,UY\.S.~�Vr\.]mk=UY[aT,Q�N�c(NHs.S.],\(Nmf0n,\.b�oje.S.[YUpf

Q
h0��]HOR\.S.Z.\.],Q,UY\.S.U
Vr\.]_k=UY[aT,Q�N

v0UY{.[aT,Q,SKT,Uaf0n,\.b�o�e.S.[YUpf
R
\.U�Vr]_k=UaT�u,b�T,n�],uH�E^.[Y\.UY\.]	e.S.[aT,]�Nmf0|YUYu,c(NHSKe.UY[YZ.S.VrS�[Y],],u,c(NPk=UY\.SK^.VrS?}

],\.]�S.VrUYUaT�|YUY],VrUaT,c.S.e.UY[RZ.S.UA`.c.Upv0`.],[Yb�f0Z.SjS�[YQH^KO_NH\.].}5`.c.Uak�v0U�Q,[YUY|Y].}K[q\.UY],uPoD]Rv0S.Vr],[aT,n,~�S.[Y[gf0Upv0]Pw
Q�NH\.SK^�u,UY[YZD],\.UYe.\.b�oJ��`.c.Upv0Upf0n,\.b�o�}:\.UY`.c.UYc.b%Q,\.b�o�S�Tmh vBh���VXNPT,UYVXNPT,S.e.UY[RZ.S5o�`.c.],s.UY[Y[Y],Q.h

�AUYc.Q,b%VrS�`.],[gf0U�v0UY{.[aT,Q,SKT,Uaf0n,\.b�o	e.S.[aUpf���Q�\(N_e(Nmf0U��q�������BQ,UYZ�N��2Q�VXNPT,UYVXNPT,S.ZKl=Q,]H��f0S�Vr\.S.Vrb%U
e.S.[gf:N

iy
}
y ∈ R

}B|gv0U
i � Vr\.S.VXNP^�Upv0S.\.S.s(N���c.Ua��UY\.S.U�Z.Q�Nmv0c(NPT,\.],|a]jl5c(NHQ,\.UY\.SK^

x2 = −1 �phB�XoD]Pwk�v0UY\.S.U�Vr\.S.Vrb�o�e.S.[YUpfJQjVXNPT,UYVXNPT,S.ZKl�],uH^KO_NH\.]jc�^5v(l�VXNPT,UYVXNPT,S.e.UY[YZ.SKo�]HT,Z.c.b�T,S.{EhCMCNH[Y[YVr]HT,c.S.V
]Rv0\.]	SKO�\.S5o��	T,c.S.|Y],\.],VrUaT�c.S.e.UY[RZKl5~��W],c.V9lPf(lj��UYc.\KlPf.f0SJ���m 5�m¡�|¢h��

(i− tgα)n

(i+ tgα)n
=

i− tg nα

i+ tg nα

}
α ∈

[

− π

2n
+ πk,

π

2n
+ πk

] }
k ∈ Z.

�A]_f(l5e.S.VdUYUWVrUaT,]Rv0],V£[RNHVr],|Y]	NHQHT,],c(NKh0��l,[aT,n
x = tgα

}
y = tg nα

h(¤C],|gv:N

dx = (1 + x2)dα, dy = n(1 + y2)dα.
¥ \(N_e.SKTm} ndx

1+x2 = dy

1+y2

h:��T,]�],u,b%Z.\.],Q,UY\.\.],U�v0S.�W�WUYc.UY\.s.S(Nmf0n,\.],U�l5c(NHQ,\.UY\.S.U�[Wc(NPOav0Upf0¦Y\.\.b%VrS�`.UYc.Upw
VrUY\.\.b%VrS?h:�Ac.],S.\KT,UY|Yc.S.cKl�UYV>UY|Y].}(S.[Y`.]Rf0nHOYlH^�[gf0Upv(l5~ x S(U�`.c.Upv0[aT_NHQPf0UY\.SK^?§

n

1 + x2
=

n

2i

(

1

x− i
− 1

x+ i

)

,
1

1 + y2
=

1

2i

(

1

y − i
− 1

y + i

)

.

�A]Rf(l5e(NHUYV (x−i
x+i

)n
= cy−i

y+i

h0¨Wf(^�\(NmoD]_k�v0UY\.SK^�ZD],\.[aT_NH\KT,b
c
`.]Rf0]_k�S.V

α = 0
h�¤C],|©v:N

x = 0
}
y = 0

h
ª f0Upv0],Q�NPT,Upf0n,\.].}

c = (−1)n+1 hr«qT,[Y~�v:N�`.]Rf(l5e(NHUYV ( i−x
i+x

)n
= i−y

i+y

h9�!e.UYV�S�o�]HT,Upf0],[Yn�l5u,Upv0SKT,n,[©^?h
��b%c(NPk
NP^

y
SKO�¬aT,],|Y]	[Y],]HT,\.]H��UY\.SK^?}:`.]Rf(l5e.S.V

y = i
(i+ x)n − (i− x)n

(i+ x)n + (i− x)n
S5f0S

tg nα = i
(i+ tgα)n − (i− tgα)n

(i+ tgα)n + (i− tgα)n
.

�A]Rf0UaOR\.]A`.c.],Q,UYc.SKT,n.}HeKT,].}H\(NH`.c.S.VrUYc?}H`.c.S
n = 2

S�`.c.S
n = 3

`.],[gf0Upv0\K^K^=�W],c.V9lPf:N�v:NHUaTASKORQ,UY[aT,\.b%U
�W],c.V9lPf0b­v.f(^�T_NH\.|YUY\.[RN=v0Q,],{.\.],|Y]�l5|gf:N�S�TRNH\.|YUY\.[RN	T,c.],{.\.]H|Y]	l5|gf:NKh

��VrUY[aT,UA[qT,UYV%}KQPo�]mk�v0UY\.S.~®Vr\.S.Vrb�o�e.S.[YU¢f�Q�VXNPT,UYVXNPT,S.ZKl�VrUa�=Nmf0S�e(NH[aT,]=Q,]HOR\.S.Z�NH~ x S.U�`(NHc(Nmw
v0],ZD[Yb¯��°H±(²=³(±0´aµA³(³?�ph(MCNH[Y[YVr]HT,c.S.V£]Rv0S.\jSKO�\.S5o � `(NHc(Nmv0],ZD[���UYc.\KlPf.f0S5w·¶�UY{.u,\.S.s(N����m 5�_¸=|¢h��ph

2πi = 8i
1
∫

0

dt
1+t2

= 4
1
∫

0

(

1
t−i
− 1

t+i

)

dt = 4 ln t−i
t+i

∣

∣

1

0
=

= 4 ln 1−i
1+i
− 4 ln (−1) = 4 ln i−1

i+1
= ln

(

i−1
i+1

)4
= ln 1

��T,]HT�`(NHc(Nmv0],ZD[�c(NPORc.Ua��UY\���{5f0UYc.],VJQ	�m P¹�ºW|Y]Rv(l,}D[�`.],Vr] x n,~­]HT,Z.c.b�T�],{�S.V�`.UYc.S.]Rv0S.e.\.],[aT,S�`.],Z,Nmw
O_NPT,Upf0n,\.],{��Al5\.Z.s.S.S�ZD],Vr`5f0UYZD[Y\.],{�`.UYc.UYVrUY\.\.],{?h,��UYc.S.]_v0S.e.\.],[aT,n�`.],Z�NPO_NPT,U¢f0n,\.],{��Al5\.Z.s.S.S�QPf0UYe.UaT
Vr\.],|Y]HOR\(N_e.\.],[aT,n�],u,c(NPT,\.],{��Al5\.Z.s.S.S � f0],|gNHc.S.�WVrS.e.UY[YZD],{��Al5\.Z.s.S.S�ZD],Vr`5f0UYZ5[Y\.],{�`.UYc.UYVrUY\.\.],{?h
�>e(NH[aT,\.],[aT�S?}0[Yc.Upv0SjOR\(N_e.UY\.S.{�f0],|©NHc.S.�WVrS.e.UY[YZD],{��Al5\.Z.s.S.S�Q=T,],e.ZDU

1
UY[aT,n�e.S.[gf0]

2πi
h

»�`.c(NPk�\.UY\.S.UHhr�A],`.b�TRNH{KT,UY[Rn�\(NH{KT,SyS�l�[aT,c(NH\.SKT,n�]H��S.u,ZKl�SKO�[YUYc.S.Syc(NHQ,UY\.[aT,Q.}9`.c.S.Q,Upv(��S5oyZ
Q,b%Q,]Rv(l,}(eKT,]

2πi = ln 1
h
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#?'%$�/C-:*,+./2I.FC*,+�&0-�6�-0@A7B<C4D6E*,F2;('£321C*,4�<
��l�[aT,n

R2 � v0UYZ�NHcKT,],Q�N�[aT,UY`.UY\(n�Vr\.]_k�UY[aT,Q,N�v0UY{.[aT,Q,SKT�Upf:n,\.b�o�e.S.[YUpf
R
h
)r[©f0S�],`.c.Upv0Upf0SKT�n�Q

R2 ],`.UYc(NHs.S.~�`.c.],SKORQ,Upv0UY\.SK^�\(N
v0UY{.[aT,Q,SKT�Upf0n,\.],U
e.S.[gf0]

λ(x, y) := (λx, λy)
Sj],`.UYc(NPs.S.~�[gf0]_k�UY\.SK^

(x1, y1) + (x2, y2) := (x1 + x2, y1 + y2),T,]
R2 [aTRNH\.],Q,SKT,[©^�ZD],\.UYe.\.],VrUYc.\.b%V Q,UaZKT,],c.\.b%V¯� f0S.\.UY{.\.b%V���`.c.],[aT,c(NH\.[aT,Q,],V \(Nmv�`.]_f0UYV

R
c(NPOaw

VrUYc.\.],[aT,S�¡5h
)r[gf0S?}Kv0],`.]_f0\.SKT,Upf0n,\.]�Z�¬aT,],V9l,}0],`.c.Upv0Upf0SKT,n�Q
R2 [YZ�Nmf(^.c.\.],UW`.c.],SKORQ,Upv0UY\.S.U

((x1, y1), (x2, y2)) := x1x2 + y1y2,T,]
R2 [aTRNH\.],Q,SKT,[¢^�UYQ,Z5f0S5v0],Q,b%V�`.c.],[aT,c(NH\.[aT,Q,],V%hK��T,].}�QW[YQ,],~ ],e.UYc.Upv0n.}�`.]HORQ,]Rf(^.UaT�c(NH[Y[YVXNPT,c.S.Q�NPT,n

R2 Z�NHZj\.],c.VrS.c.],Q�NH\.\.],UA`.c.],[aT,c(NH\.[aT�Q,].}0[W\.],c.Vr],{

‖(x, y)‖ : =
√

((x, y), (x, y)) =
√

x2 + y2

SjZ,NHZjVrUaT,c.S.e.UY[YZ5],U�`.c.],[aT,c(NH\.[aT�Q,].}0[��+*-,/.100³�2P´1,H´�3?��VrUaT,c.S.Z5],{

ρ((x1, y1), (x2, y2)) := ‖(x1, y1)− (x2, y2)‖ =
√

(x1 − x2)2 + (y1 − y2)2.
)r[gf0S�],`.c.Upv0Upf0SKT,n�Q

R2 U x U�S�`.c.],SKORQ,Upv0UY\.S.U

(x1, y1)(x2, y2) := (x1x2 − y1y2, x1y2 + x2y1),T,]z],\.]z[aT_NP\.],Q,SKT,[¢^®`.]_f0UYV%§
(0, 0) � \.]_f0n.}�N

(1, 0) � Upv0S.\.S.s(Nz¬aT,],|Y]d`.]_f(^?h�M2Ua�=NP^­l5c(NHQ,\.UY\.S.U
(x1, y1)(x, y) = (x2, y2)

}B]HT,\.],[YSKT,Upf0n,\.]
(x, y)

}BVr]_k�\.]�`.]Rf(l5e.SKT,n��W],c.V9lHf(l�],u,c(N x UY\.SK^�],`.UYc(NPs.S.S
l5Vr\.]_k=UY\.SK^

(x, y) =

(

x1x2 + y1y2

x2
1 + y2

1

,
x1y2 + y1x2

x2
1 + y2

1

)

.

�Je(NH[aT,\.],[aT,SE},v0Upf0UY\.S.U�\(NA¬gf0UYVrUY\KT
(0, 0)

\.UYQ,]HORVr]_k�\.].hH¶�UY|YZD]Wl5u,Upv0SKT,n,[©^?}DeKT,]�Vr\.]_k=UY[aT,Q,]
(R, 0) =

{(x, 0) : x ∈ R} O_NHVrZ.\KlDT,]�]HT,\.],[YSKT,Upf0n,\.]�],`.UYc(NHs.S.{?}(Q,Q,Upv0UY\.\.b�ojQ R2 }.S�^.QPf(^.UaT,[¢^jUY|Y]�`.]_v0`.]Rf0UYV%h«qT,],u,c(NPk=UY\.S.U
(R, 0)→ R | (x, 0) → x

^.QPf(^.UaT,[©^dSKOR],Vr],c.�WSKORVr],V `.]Rf(^
(R, 0)

\(N�`.]Rf0U
R
h���T,]

]HOR\(N_e(NHUaTm}(eKT,]�`.]Rf0U
R
SKOR],Vr],c.�W\.]�QPf0]_k=UY\.]=Q=`.]_f0U

R2 }5T,]�UY[aT,n	`.]Rf0U R2 ^.QPf(^.UaT,[©^�c(NH[a��S.c.UY\.S.URV`.]Rf(^�v0UY{.[aT,Q,SKT,Uaf0n,\.b�o�e.S.[YUpf
R
h

ij\.]mk=UY[aT,Q,]
R2 }Bc(NH[Y[YVXNPT,c.S.Q�NHUYVr],U�Q,VrUY[aT,U�[Y]jQ,[YUYVrS?}Bl5Z�NmO_NH\.\.b%VrSJQ,b���UH}2VXNPT,UYVXNPT,S.e.UY[YZ.S(VrS[aT,cKl5ZKT,l5c(NHVrS?}:\(NPORb%Q�NHUaT,[©^5476:´18a²96D°H±
8a²:,H´aµ;.D´aµ�4�0�*<.�8a±�=�>!?5³
8-*@0�Sj],u,]HOR\(N_e(NHUaT,[©^

C
h

¨Wf(^�Z5],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf�S.[Y`.]Rf0nHOYl5~�Tjl5`.c.] x UY\.\.b%U	],u,]HOR\(N_e.UY\.SK^?h?¤9NHZ�`(NHc(N (x, y) ∈ C
],u,]Pw

OR\(N_e(NHUaT,[©^�]_v0\.],{�uHl5Z.Q,],{?}E\(NH`.c.S.VrUYc?}
z
hB�Ac.S�¬pT,],V%}B`.UYc.Q,b%{�¬gf0UYVrUY\KT�¬aT,],{�`(NHc.b�\(NPORb%Q�NH~�T52/*<3�A

8a²:,P³(²:*@0
B�±0´�3C?5°D8a²(BFE­ZD],Vr`5f0UYZ5[Y\.],|Y]=e.S.[©f:N
z
S�],u,]HOR\(Nme(NH~�T

Re z
}.N
QHT,],c.],{�¬gf0UYVrUY\KT	¬pT,],{�`(NHc.b

\(NPORb%Q�NH~�TjµA±(³5µW´�3G?5°D8a²(BFE�ZD],Vr`5f0UYZD[Y\.],|Y]�e.S.[gf:N
z
S�],u,]HOR\(Nme(NH~�T

Im z
h�tAUY]HT,c.S.s(NPT,Upf0n,\.],U
v0UY{5w

[aT,Q,SKT,Upf0n,\.],U�e.S.[gf0] √
x2 + y2

\(NPORb%Q�NH~�T
µW´�21HI0�*©µ Z5],Vr`5f0UYZD[Y\.],|Y]We.S.[gf:N
z
S=],u,]HOR\(N_e(NH~�T |z| hDJA],VCw`5f0UYZD[Y\.],U	e.S.[©f0]

(x, 0) ∈ (R, 0)
]HT,]_k�v0UY[aT,QPf(^.UaT,[¢^�[�v0UY{.[aT,Q,SKT�Upf0n,\.b�V e.S.[gf0],V

x
S�]Hu,]HOR\(Nme(NHUaT,[©^

`.c.],[aT,]
x
hP��e(NH[aT,\.],[aT�S?}PUpv0S.\.S.s(N

(1, 0)
`.]Rf(^

C
],u,]HOR\(N_e(NHUaT,[©^

1
}mN�\.]Rf0n

(0, 0)
`.]Rf(^

C
],uH]HOR\(Nme(NHUaT,[©^

0
hKJA],Vr`5f0UYZD[Y\.],U�e.S.[©f0]

(0, 1)
],u,]HOR\(N_e(NH~�T

i
S�\(NPORb%Q�NP~�T�µA±(³5µW´�35*<2m³(±(³�L
*<3(h?«qT,VrUaT,S.V­],[Y\.],Q,\.],U

[YQ,],{.[aT,Q,]	Vr\.S.Vr],{jUpv0S.\.S.s.bA§

i2 = (0, 1)(0, 1) = (−1, 0) = −1.
JA],Vr`5f0UYZ5[Y\.],U�e.S.[gf0]

(x,−y) \(NPORb%Q�NHUaT,[©^M8Y´�476�N�OP*a±(±�=2µ ZD],Vr`5f0UYZD[Y\.],V9lJe.S.[gf(l
z = (x, y)

S
],u,]HOR\(N_e(NHUaT,[©^

z̄
h(�AUYc.UpoD]Rv�]HT	`.c.],SKORQ,]Rf0n,\.],|Y]	ZD],Vr`5f0UYZ5[Y\.],|a]�e.S.[gf:N�ZjUY|Y]	[Y],`.c�^Kk�UY\.\.],V9l�\(NPORb%Q�Nmw

UaT,[©^�´�4
*Q6D°7L(³
*<3�8Y´�476�N�OP*a±(³�N(h
»�`.c(NPk�\.UY\.S.UHh:�,hD�A]_f(l5e.SKT,n��W],c.V9lPf(l	]Hu,c(N x UY\.SK^�],`.UYc(NHs.S.S	l5Vr\.]mk=UY\.SK^�ZD],Vr`5f0UYZD[Y\.b�o�e.S.[YUpfBh

¡5h�»�u,Upv0SKT,n,[¢^�Q�Q,b%`.]Rf0\.S.Vr],[aT,S�[gf0Upv(l5~ x S5o�[Y],]HT,\.]H��UY\.S.{?§ max{|Re z|, | Im z|} ≤ |z| ≤ |Re z|+
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| Im z| } |z1+z2| ≤ |z1|+|z2|
} |z1−z2| ≥ ||z1|−|z2||

} |z1z2| = |z1||z2|
} |z1/z2| = |z1|/|z2|

hH¸Kh_»�u,Upv0SKT,n,[©^
Q
Q,b%`.]Rf0\.S.Vr],[aT,S�[gf0Upv(l5~ x SKo�[YQ,],{.[aT,Q�],`.UYc(NHs.S.S�[Y],`.c�^Kk�UY\.SK^?§ ¯̄z = z

}
zz̄ = |z|2 } z1 + z2 = z̄1 + z̄2

}
z1z2 = z̄1z̄2

}
z1/z2 = z̄1/z̄2

h

�?'���-0/2@A; LDI.721C*,1>6?-0@A7B<C4D6E*,F2;('d321C*,4�<
M9NH[Y[YVr]HT,c.S.V

C
Z,NHZ�Q,UYZKT,],c.\.],Uq`.c.],[aT,c(NH\.[aT�Q,]�\(Nmv�`.]Rf0UYV

R
S�Q,b%u,UYc.UYVJ`.c.],SKORQ,]Rf0n,\.b%{�Q,UYZKT,],c

z ∈ C
h	�A[Y`.]Rf0nHOYlH^�c(NPOaf(]mk=UY\.S.UWQ,UYZKT,],c.],Q	`.]	],cKTRNHV%}(Vr]mk�\.]=`.]Rf(l5e.SKT,n

z = Re z (1, 0) + Im z (0, 1) = (Re z, 0) + (0, 1) Im z.
ª ],|gf:NH[Y\.]	`.c.S.\K^KT,b%V>],u,]HOR\(N_e.UY\.SK^.V

z = x+ iy,|gv0U
x := Re z

}
y := Im z

h.¤9NHZD],UA`.c.Upv0[aTRNHQPf0UY\(S.U�ZD],Vr`5f0UYZ5[Y\.b�oje.S.[YUpf�\(NPORb%Q�NHUaT,[©^�°I0�
 *
� 6D°H³�?�*-8<.D´�3
� ´@6KµW´�3�O_NH`.S.[YS?h:��T,]	\(NPORQ�NH\.S.UW],uH�E^.[Y\K^.UaT,[©^�T,UYV%}(eKT,]�Nmf0|YUau,c(NHS.e.UY[YZ.S.U
],`.UYc(NHs.S.S�\(Nmv�Z5],Vr`5f0UYZD[pw
\.b%VrS�e.S.[gf:NHVrS?}?[=S.[Y`.]Rf0nHOR],Q�NH\.S.UYV®Nmf0|YUYu,c(NHS.e.UY[YZD],{��W],c.Vrb�O_NH`.S.[YS?}?],[al x UY[aT�QPf(^.~�T�[©^�`.]�],u,b%e5w
\.b%V�Nmf0|YUYu,c(NHS.e.UY[YZ.S.V�`.c(NHQ,S5f:NHV � l5u,Upv0SKT,UY[Yn�Q�¬aT,],V��phCtAUY`.],[Yc.Upv0[aT�Q,UY\.\.]�SKO�],`.c.Upv0Upf0UY\.SK^JQ,b�T,Upw
Z,NHUaTm}KeKT,]�Nmf0|YUau,c(NHS.e.UY[YZ�NP^��W],c.VXNWO_NH`.S.[YS�ZD],Vr`5f0UYZ5[Y\.b�o�e.S.[YUpfj],umf:Nmv:NHUaT=[gf0Upv(l5~ x S.VM8-,H´�3
8a²:,H´aµ
*<2m³(±
8a²:,7*a±(±0´18a²=³

x1 + iy1 = x2 + iy2 ⇔ x1 = x2, y1 = y2.tWNHcD^5v(l�[�Nmf0|YUYu,c(NHS.e.UY[YZD],{��W],c.Vr],{AO_NH`.S.[YS
ZD],Vr`5f0UYZD[Y\.b�o
e.S.[YUpf=S.[Y`.]Rf0nHOYl5~�T,[¢^
SAv0cKl5|YS.UHh/)r[©f0S
ZD],Vr`5f0UYZD[Y\.],Uje.S.[©f0]

z := x + iy
]PT_f0S.e.\.]�]HT�\KlHf(^?}9T,]�UY|Y]�Vr]Rv(lPf0n |z| T,]_k=U�]HTRf0S.e.UY\d]HT�\KlPf(^?h�A],¬aT,],V9l�Q,]HORVr]mk�\.]=`.c.Upv0[aT_NHQPf0UY\.S.U
z = |z|

(

x
|z|

+ i y

|z|

) h0�Ac.S�¬aT,],V

−1 6 x

|z| 6 1, −1 6 y

|z| 6 1,

(

x

|z|

)2

+

(

y

|z|

)2

= 1.

ij\.]_k=UY[aT,Q,]�Q,[YU¢ojc.Ua��UY\.S.{
ϕ ∈ R

[YS.[aT,UYVrb l5c(NHQ,\.UY\.S.{

cosϕ =
x

|z| , sinϕ =
y

|z|
\(NPORb%Q�NHUaT,[©^J° 6�
�HPµ *a±(²�´aµ¯Z5],Vr`5f0UYZD[Y\.],|Y]�e.S.[gf:N

z
S�],u,]HOR\(Nme(NHUaT,[©^

Arg z
h(»�e.SKT,b%Q�NP^?}:eKT,]

sinϕ =
√

1− cos2 ϕ
`.c.S

ϕ ∈ [0, π]
}(S.VrUYUYV

Arg z =

{

arccos
x

|z| + 2πk : k ∈ Z

}

, y ≥ 0;

Arg z =

{

− arccos
x

|z| + 2πk : k ∈ Z

}

, y < 0.

¨
UY{.[aT,Q,SKT,Upf:n,\.].}:SKO�l5c(NHQ,\.UY\.SK^
cosϕ = x

|z|

Q,b�T,UYZ�NHUaTm}�eKT,]
ϕ ∈

{

± arccos x
|z|

+ 2πk : k ∈ Z
}

.
��c.S

¬aT,],V
sin
(

± arccos x
|z|

+ 2πk
)

= ± sin arccos x
|z|

= ±
√

1− cos2 arccos x
|z|

= ±
√

1− x2

|z|2
= ± |y|

|z|

h
¤9NHZ.S.V ],u,c(NPOR],V%}X\(N�`.]Rf(l5S.\KT,UYc.Q�Nmf0U

(−π, π] \(N_oD]Rv0SKT,[©^>Upv0S.\.[aT,Q,UY\(\.b%{ ¬gf0UYVrUY\KTyVr\.]_k=UY[aT,Q�N
Arg z

h.��T,]HT=¬gf0UYVrUY\KT�\(NPORb%Q�NHUaT,[©^�
 00°D,P±�=2µ��P±(°7?�*a±(³
*©µ�° 6�
�HPµ *a±(²=°=ZD],Vr`5f0UYZ5[Y\.],|Y]�e.S.[©f:N
z
S�],uH]Pw

OR\(N_e(NHUaT,[©^
arg z

h.¶�UY|YZD]�l5Q,S5v0UaT,n.}0eKT,]

arg z =

{

arccos x
|z|
,

`.c.S
y ≥ 0;

− arccos x
|z|
,
`.c.S

y < 0;
Sj`.c.Sj¬aT,],V

Arg z = {arg z + 2πk : k ∈ Z} .
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],`.c.Upv0Upf0UY\.SK^�NHc.|al5VrUY\KT_N�Q,b�T,UYZ�NHUaTm}�eKT,]�v.f(^�Q,[¢^.ZD],|Y]�]HTRf0S.e.\.],|Y]�]HT�\KlPf(^�Z5],Vr`5f0UYZD[Y\.],|Y]
zS.VrUYUaT�VrUY[aT,]�`.c.Upv0[aTRNHQPf0UY\(S.U

z = r(cosϕ+ i sinϕ).|gv0U
r = |z| } ϕ ∈ Arg z

h�¤9NHZD],U%`.c.Upv0[aTRNHQPf0UY\(S.U�]HT_f0S.e.\.b�o	]HT�\KlPf(^	Z5],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf�\(NPORb%Q�NHUaT,[©^
²960³	
p´_±0´aµ *a²960³�?�*-8<.D´�3 � ´@6KµW´�3 �P°74(³
8a³(h

	 ,H´�3
8a²:,H´:*<2m³(±
8a²:,7*a±(±0´18a²=³�²960³	
p´_±0´aµ *a²960³�?�*-8<.D´�3 � ´@6Kµ�= �P°74(³�8a³�[Y],[aT,],SKT�Q�[©f0Upv(l5~ x UYV%§

r1(cosϕ1 + i sinϕ1) = r2(cosϕ2 + i sinϕ2)⇔ r1 = r2,
ϕ1 − ϕ2

2π
∈ Z

h
»�u,Upv0S.Vr[©^�Q�UY|Y]�[Y`.c(NHQ,Upv.f0S.Q,],[aT,S?hB�Ac.Uak�v0U
Q,[YUY|Y].}�SKO=[YQ,],{.[aT,Q�N�Upv0S.\.[aT,Q,UY\.\(],[aT,S�Nmf0|YUYu,c(NHS.e.UY[YZD],{
�W],c.Vrb�O_NH`.S.[YS=ZD],Vr`5f0UYZ5[Y\.],|Y]Ae.S.[gf:N�Q,b�T,UYZ�NHUaTm},eKT,]

r1 cosϕ1 = r2 cosϕ2
}
r1 sinϕ1 = r2 sinϕ2

hH��]HOaw
Q,]Rv0S.Vd],u,UWe(NH[aT,S�Z,NPk�v0],|Y]	SKO�¬aT,S5o�c(NHQ,UY\.[aT,Q�Q�Z.Q�Nmv0c(NPT�S�[YZ5f:Nmv0b%Q,NHUYV%h��A]Rf(l5e(NHUYV

r2
1 = r2

2

h ¥ \(Nmw
e.SKTm}

r1 = r2

h?�Ac.S�¬aT,],V SKO=c(NHQ,UY\.[aT,Q�N
cosϕ1 = cosϕ2

Q,b�T,UYZ,NHUaTm}EeKT,]
ϕ1 ∈ {±ϕ2 + 2πk : k ∈ Z} ,N�SKO=c(NHQ,UY\.[aT,Q�N

sinϕ1 = sinϕ2
Q,b�T,UYZ�NHUaTm}EeKT,]

ϕ1 ∈ {ϕ2 + 2πk : k ∈ Z} . «�u,c(NPT,\(NP^�S.Vr`5f0S.Z,NHs.SK^],e.UYQ,S5v0\(NKh
»�`.c(NPk�\.UY\.S.UHh0¨
],Z�NPO_NPT,n.}�eKT,]�|©f:NHQ,\.],U�OR\(Nme.UY\.S.U�NHc.|pl5VXUa\KT_N�ZD],Vr`5f0UYZ5[Y\.],|Y]�e.S.[©f:N

z := x + iy`.c.S
x 6= 0

Vr]_k=UaT	u,b�T,n	Q,b%e.S.[gf0UY\.]�`.]	�W],c.V9lPf0U

arg z =







arctg y

x

`.c.S
x > 0;

arctg y

x
+ π

`.c.S
x < 0, y ≥ 0;

arctg y

x
− π

`.c.S
x < 0, y ≥ 0;


B'��:4D-0@A4D+./2123245*,621�
 *,@A;	*_<£-07C4D/2I��21�
 F2I58­6?-0@A7B<C4D6E*,F2;�@A1>321C*_<CI.@A1
�Ac.],[aT,c(NH\.[aT�QH]	ZD],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf

C
}KZ,NHZ�Vr\.]_k�UY[aT,Q,].}K[Y],Q,`(Nmv:NHUaT=[�v0UYZ�NHcKT,],Q,b%Vz`.c.],SKORQ,Upv0Upw

\.S.UYV
R2 = R×R h��A],¬aT,],V9l�¬©f0UYVrUY\KT,b C

Vr]mk�\.]�SKOR],u,c(NPk�NPT,n�T,],e.Z�NHVrS�Z5]H],c�v0S.\(NPT,\.],{�`5f0],[YZ5],[aT,S
S5f0S�Q,UYZKT,],c(NHVrS?}.[�\(N_e(Nmf0],VyQ=\(N_e(Nmf0U�ZD],],c�v0S.\(NPT_h �A[Y`.]_f0nHOYl,UYVXNP^?}.`.c.S�¬aT,],V%}.ZD],],c,v0S.\(NPT,\(NP^�`5f0],[pw
ZD],[aT,n���`5f0],[YZD],[aT,nj[
O_Nmv:NH\.\.],{�\(N�\.UY{�`.c�^.Vr]Hl5|Y]Rf0n,\.],{�v0UYZ�NHcKT,],Q,],{�[YS.[aT,UYVr],{�ZD],],c,v0S.\(NPTD�p}?\(NPORb�w
Q�NHUaT,[©^ .D´aµ�4�0�*<.�8a±0´�3 4�0:´18<.D´18a²(BFE%}E],[Yn�NHu,[Ys.S.[a[

Ox � 2/*<3
8a²:,P³(²:*@0
B�±0´�3J´18<BFE%}E],[Ynj],c,v0S.\(NPT
Oy

� µA±(³5µW´�3d´18<BFE%}CT,],e.Z,N
O � ±(°7?5°I0:´aµ .D´aµ�4�0
*<.�8a±0´�3 4�0:´18<.D´18a²=³(hB¨
UYZ,NHcKT,],Q,b ZD],],c,v0S.\(NPT,b

x, yT,],e.Z.S���Q,UYZKT,],c(N��p}5SKOR],u,c(NPk
NH~ x UY{�v:NH\.\.]HU�ZD],Vr`5f0UYZD[Y\.],U�e.S.[©f0] z }5[a],Q,`(Nmv:NH~�T=[�v0UY{.[aT,Q,SKT,Uaf0n,\.],{�SVr\.S.Vr],{je(NH[aT_^.VrS�e.S.[gf:N
z
[Y],]HT,Q,UaT,[aT�Q,UY\.\.]

x = Re z, y = Im z
ª ],Q,VrUY[aT,S.V®[=`.c�^.Vr]Hl5|Y]Rf0n,\.],{�v0UYZ�NHcKT,],QH],{�[YS.[aT,UYVr],{�ZD],],c,v0S.\(NPT�`.]_f(^.c.\Kl5~![YS.[aT,UYV9l�Z5],],c,v0S5w

\(NPTm}9Q,b%u,c(NHQ�v0UY{.[pT,Q,SKT�Upf:n,\Kl5~ ],[Yn�Q�Z,Nme.UY[aT,Q,U�`.]Rf(^.c.\.],{y],[YSySy\(N_e(Nmf0]�ZD],],c,v0S.\(NPTm}9T,],e.ZKl
O
}9Q

Z,Nme.UY[aT,Q,UA`.]_f0~q[RNKh.�Ac.S�¬aT,],VzZ�NPk�v:NP^�T,],e.Z,N=ZD],Vr`5f0UYZ5[Y\.],{�`5f0],[YZD],[aT,S?}(]HT_f0S.e.\(Nm^�]HT�\(N_e(Nmf:N�ZD],],c5w
v0S.\(NPTm}0`.c.S.],u,c.UaTRNHUaT�`.]Rf(^.c.\.b%U�ZD],],c�v0S.\(NPT,b

r
S
ϕ
}(|gv0U

r � `.]_f(^.c.\.b%{�c(Nmv0SKl,[H}:N
ϕ � `.]_f(^.c.\.b%{

l5|Y]RfBhC�A],\K^KT,\.].}BeKT,]�`.]Rf(^.c.\.b%{�c(Nmv0SKl,[
r
T,],e.Z.S�ZD],Vr`5f0UYZ5[Y\.],{�`5f0],[YZD],[aT,S?}2SKOR],u,c(NPk�NH~ x UY{�ZD],VCw

`5f0UYZD[Y\.],U�e.S.[©f0]
z
[Y],Q,`(Nmv:NHUaT�[WVr]Rv(lPf0UYV£¬aT,],|Y]	e.S.[©f:NK}0N=`.]_f(^.c.\.b%{�l5|Y]Rf

ϕ
[Y],Q,`(Nmv:NHUaT�[W|gf:NHQ,\.b%V

OR\(N_e.UY\.S.UYV>NHc.|al5VrUY\KT_N	¬aT,],|Y]�e.S.[gf:N

r = |z|, ϕ = arg z.
ª T,]_f0n�k�U�`.c.],[aT,b%U�|YUY],VrUaT,c.S.e.UY[RZ.S.U�S.\KT,UYc.`.c.UYT_NHs.S.S�S.VrUY~�T�S�],[Y\.],Q,\.b%U�Nmf0|YUYu,c(NHS.e.UY[YZ.S.U�],`.Upw

c(NHs.S.SW\(Nmv�ZD],Vr`5f0UYZD[Y\.b%VrS
e.S.[gf:NHVrS?hm¤9NPZW],`.UYc(NHs.SK^.Vj[©f0]_k=UY\.SK^WS�Q,b%e.SKTRNH\.SK^
ZD],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf
[Y],]HT,Q,UaT,[aT�QHl,UaT=[©f0]_k=UY\.S.U�S�Q,b%e.SKTRNH\.S.UqSKOR],u,c(NPk�NH~ x S5o	S5o�Q,UYZKT,],c.],Q
\(NWZ5],Vr`5f0UYZD[Y\.],{�`5f0],[YZD],[aT,S?}
],[al x UY[aT�Qmf(^(UYVr],V9l�`.]�SKORQ,UY[aT,\.],V9l��a`.c(NHQ,S5f(l�`(NHc(Nmf.f0Upf0],|Yc(NHVrVXN��PhB«�`.UYc(NHs.S.S�l5Vr\.]_k�UY\.SK^�\(N�`.]Pw
f0]_k�SKT,Upf0n,\.],U�v0UY{.[aT,Q,SKT,Uaf0n,\.],U�e.S.[gf0]

λ
[Y],]HT,Q,UaT,[aT�QHl,UaT�|Y],Vr]HT,UaT,SK^�[�s.UY\KT,c.],V�Qj\(Nme(Nmf0U	S�ZD],¬Y��w

�WS.s.S.UY\KT,],Vz|Y],Vr]HT,UaT,S.S
λ
h(«q`.UYc(NHs.S.S�l5Vr\.]_k=UY\.SK^�\(N −1 [Y],]HT,Q,UaT,[aT,QHl�UaT	s.UY\KT,c(Nmf0n,\(NP^�[YS.VrVrUaT,c.SK^]HT,\.],[YSKT,Upf0n,\.]�\(N_e(Nmf:NKhB«�`.UYc(NHs.S.S�[Y],`.c�^Kk�UY\.SK^�[Y],]HT,Q,UaT,[pT�QHl�UaT�],[YUYQ�Nm^�[YS.VrVrUaT,c.SK^�]HT,\.],[YSKT,Upf0n,\.]

v0UY{.[aT,Q,SKT,Uaf0n,\.],{�],[YS?h
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«�[aT_NH\.],Q,S.Vr[©^­\(N�|YUY],VrUaT,c.S.e.UR[YZ.S5o®S.\KT,Uac.`.c(UaT_NHs.SK^5o­],`.UYc(NHs.S.{ l5Vr\.]_k=UY\.SK^ S£v0Upf0UY\.SK^­ZD],VCw
`5f0UYZD[Y\.b�o�e.S.[YUpfBhK��l,[aT,n

z1 := r1(cosϕ1+ i sinϕ1)
}
z2 := r2(cosϕ2+ i sinϕ2) � v0Q,NW`.c.],SKORQ,]Rf0n,\.b�oZD],Vr`5f0UYZD[Y\.b�o�e.S.[gf:NK}:]HTRf0S.e.\.b�o�]HT�\KlPf(^?}:|gv0U

r1 := |z1|
}
r2 := |z2|

}
ϕ1 ∈ Arg z1

}
ϕ2 ∈ Arg z2

h ��O
T,UY],c.UYV�[©f0]_k=UY\.SK^Jv.f(^JT,c.S.|Y],\.],VrUaT,c.S(e.UY[RZ.S5oz�Al5\.Z.s.S.{yv0UY{.[aT,Q,SKT,Uaf0n,\.],{d`.UYc.UYVrUY\.\.],{dQ,b�T,UYZ,NHUaTP}
eKT,]

z1z2 = r1(cosϕ1 + i sinϕ1)r2(cosϕ2 + i sinϕ2) = r1r2(cos (ϕ1 + ϕ2) + i sin (ϕ1 + ϕ2)).
tWNz],[Y\.]HQ�NH\.S.S [YQ,],{.[aT,Q�NdUpv0S.\.[aT,Q,UY\.\.],[aT�S T,c.S.|Y],\.],VrUaT�c.S.e.UR[YZD],{��W],c.Vrb O_NH`.S.[YS ZD],Vr`5f0UYZD[Y\.],|Y]
e.S.[gf:N=O_NHZ5f0~qe(NHUYV%}0eKT,]

|z1z2| = |z1||z2|, Arg z1z2 = Arg z1 +Arg z2.
��T,]�]HOR\(N_e(NHUaTm}?Q�e(NH[aT,\.],[aT,S?}?eKT,]�l5Vr\.]_k=UY\.S.~ e.S.[gf:N

z1
\(N�e.S.[©f0]

z2
[Y],]HT,Q,UaT,[aT,QHl�UaTj`.],Q,],c.]HT���]HTPw

\.],[YSKT,Upf0n,\.]�\(N_e(Nmf:N�ZD],],c,v0S.\(NPTD��Q,UYZKT,],c(NK}0SKOR],u,c(NPk
NH~ x UY|Y]�`.UYc.Q,],U�e.S.[gf0].}0\(N�f0~qu,],{�l5|Y]Rf�SKO
NHc5w
|al5VrUY\KT_N�QPT,],c.],|Y]�e.S.[gf:N�Sz`.],[gf0Upv(l5~ x NP^d|Y],Vr]HT,UaT,SK^d[�s.UY\KT,c.],V Q�\(N_e(Nmf0U�Sy[�ZD],¬Y�W�WS.s.S.UY\KT,],V
|Y],Vr]HT,UaT,S.S |z2|

h
»�e.SKT,b%Q�NP^�[gf0Upv(l5~ x S(U�[Y],]HT,\.]H��UY\.SK^

Arg z̄2 = −Arg z2 := {ϕ ∈ R : −ϕ ∈ Arg z2},
z1

z2

=
z1z̄2

z2z̄2

=
r1

r2

(cos (ϕ1 − ϕ2) + i sin (ϕ1 − ϕ2)),
O_NHZ5f0~qe(NHUYV%}(eKT,]

∣

∣

∣

∣

z1

z2

∣

∣

∣

∣

=
|z1|
|z2|

, Arg
z1

z2

= Arg z1 − Arg z2.

��T,]�]HOR\(N_e(NHUaTm}.Q=e(NH[aT,\.],[aT,S?}(eKT,]�v0Upf0UY\.S.~�e.S.[gf:N
z1
\(N�e.S.[gf0]

z2
[Y],]HT,Q,UaT,[aT�QHl,UYT	`.],Q,],c.]HTj��]HT,\.],[YS5w

T,Upf0n,\.]�\(N_e(Nmf:N=ZD],],c,v0S.\(NPTD��Q,UYZKT,],c(NK}(SKOR],u,c(NPk
NH~ x UY|Y]�`.UYc.Q,],UAe.S.[gf0].}.\(N�f0~qu,],{�l5|Y]Rf�SKO −Arg z2Sj`.],[gf0Upv(l5~ x NP^�|Y],Vr]HT,UaT,SK^�[Ws.UY\KT,c.],V£Q�\(Nme(Nmf0UWS�[WZ5],¬a�W�WS.s.S.UY\KT,],V>|Y],Vr]HT,UaT,S.S 1/|z2|
h

»�`.c(NPk�\.UY\.S.UHh2��e.UYV®[Y],[aT,],SKT�|YUY],VrUaT,c.S.e.UR[YZ.S.{�[YVrb%[©fJVr]Rv(lPf(^�c(NPOR\.],[aT,S�v0QHl�o�ZD],Vr`5f0UYZD[Y\.b�o
e.S.[YUpfBh2«�`.S.[RNPT,nj|YUY],VrUaT,c.S.e.UY[RZ.S�Vr\.]_k�UY[aT,Q,]�T,],e.UYZ�ZD],Vr`5f0UYZ5[a\.],{�`5f0],[YZD],[aT,S?}ElPv0],QPf0UaT,Q,],c�^.~ x S5o
[gf0Upv(l5~ x URV9l�\.UYc(NHQ,UY\.[aT,QHl |z − z0| < ε

}�|gv0U
z0 � �WS.ZD[YS.c.],Q�NH\.\.],U=ZD],Vr`5f0UYZ5[Y\.],U=e.S.[gf0].}
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C
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S � [Y�WUYc(N�Upv0S.\.S.e.\.],|Y]�c(Nmv0SKl�[RN�QjT,c.UpoKVrUYc.\.],V�Q,UYZKT,],c.\.],V�`.c.],[aT,c(NP\.[aT�Q,UHhr��b%u,Uac.UYV

s.UY\KT,c�[Y�WUYc.b
S
Q�Z�N_e.UY[aT,Q,U�\(N_e(Nmf:N�\.UYZD]HT,],c.],{j`.cD^.Vr]Hl5|Y]Rf0n,\.],{�v0UYZ,NHcKT,],Q,],{j[YS.[aT,UYVXb Z5]H],c�v0S.\(NPTmh

JA],],c,v0S.\(NPT,b `.UYc.UYVrUY\.\.],{jT,],e.Z.SjQ	¬aT,],{j[YS.[aT,UYVrU
Z5]H],c�v0S.\(NPT	uHlHv0UYVd],u,]HOR\(N_e(NPT,n
X
}
Y
}
Z
h ª �WUYcKl

S
}?c(NH[Y[YVXNPT,c.S.Q�NHUYV9l5~ Z,NHZ�VrUaT,c.S.e.UY[RZD],U	`.c.],[aT,c(NH\.[aT�Q,]j[=VrUaT,c.S.Z5],{?}ES.\5v(l5s.S.c.],Q�NH\.\.],{�SKO	],uH�BUYVCw
f0~ x UY|Y]�`.c.],[aT,c(NH\.[aT,Q�N

ρ(ζ1, ζ2) =
√

(X1 −X2)2 + (Y1 − Y2)2 + (Z1 − Z2)2,\(NPORb%Q�NH~�T%8 � *Q6:´�3���³5µA°H±(°Hh,¶�UY|YZD]�l5Q,S5v0UaT,n.}5eKT,]
[Y�WUYc(N�MrS.VXNH\(NW^.QPf(^.UaT,[©^�Z5],Vr`(NHZKT,\.b%V�VrUaT,c.S.e.Upw
[YZ.S.VJ`.c.],[aT,c(NH\.[aT,Q,],VyS

ρ(ζ1, ζ2) 6 ρ(N ′, N) = 2
v.f(^�f0~qu,b�o

ζ1, ζ2 ∈ S
h ª T,UYc.UY],|Rc(NH�WS.e.UY[YZ5],{�`.c.]Pw

UYZ.s.S.UY{�\(NPORb%Q�NHUaT,[©^�[Y],]HT,Q,UaT,[aT�Q,S.U
z → ζ

VrUak�v(ljT,],e.Z�NHVrS�Z5],Vr`5f0UYZD[Y\.],{�`5f0],[YZD],[aT,S
C
}?ZD]HT,],cKl5~

Vrby]HT,]mk�v0UY[aT,QPf(^.UYV�[%ZD],],c,v0S.\(NPT,\.],{�`5f0],[YZ5],[aT,n,~
XOY

��`.c.S.e.UYV%},`.]Rf:NH|©NHUYV%}HeKT,]�v0UY{.[aT,Q,SKT�Upf0n,\(NP^
],[Yn	[Y],Q,`(Nmv:NHUaT�[W],[Yn,~

OX
}0N�Vr\.S.VXNP^j],[Yn	[Y],Q,`(Nmv:NHUaT�[�]H[Yn,~

OY
�p}(S�T,],e.Z�NHVrS�[Y�WUYc.b

S
}([W`.],Vr]Pw

x n,~ `.c�^.Vrb�o�}?`.c.]RoD]Rv(^ x S5o�e.UYc.UaO=T,],e.ZKl N := (0, 0, 1)
h?tWNH`.SK��UYV­`(NHc(NHVrUaT,c.S.e.UY[YZ.S.U=l5c(NHQ,\.UY\.SK^

`.c�^.Vr],{?}(`.c.]Ro�]_v(^ x UY{�e.UYc.UaO�T,],e.ZKl N ∈ S
S�T,],e.ZKl

z = x+ iy ∈ C
h(�A]_f(l5e.S.V

X = X0 + pt, Y = Y0 + qt, Z = Z0 + st,
|gv0U

X0 = 0
}
Y0 = 0

}
Z0 = 1 � ZD],],c,v0S.\(NPT,bJT,],e.Z.S N � p = x

}
q = y

}
s = −1 � ZD],],c�v0S.\(NPT,by\(NH`.c(NHQPwf(^.~ x UY|Y]WQ,UYZKT,],c(N −→Nz � t � `(NHc(NHVrUaT,c?},`.c.S.\.S.VXNH~ x S.{=OR\(Nme.UY\.SK^=Q R h �A[Y`.]Rf0nHOYlH^�¬aT,S=l5c(NHQ,\.UY\.SK^=SZ,NH\.],\.S.e.UY[YZ5],U�l5c(NHQ,\.UY\.S.U�[Y�WUYc.b

S
§
X2+Y 2+Z2 = 1

}m`.]_f(l5e.S.V
(xt)2+(yt)2+(1−t)2 = 1

h ¥ \(N_e.SKTm}
t = 2/(|z|2 + 1)

hB«qT,[a~�v:N�Q,b�T,UYZ�NHUpT�[gf0Upv(l5~ x UYU�`.c.Upv0[aT_NHQPf0UY\.S(U�[aT,UYc.UY],|Yc(NH�WS.e.UR[YZD],{�`.c.],UYZ.s.S.S�Q
ZD],],c,v0S.\(NPT,\.],{��W],c.VrUH§

X =
2x

|z|2 + 1
, Y =

2y

|z|2 + 1
, Z =

|z|2 − 1

|z|2 + 1
.

��O�c(NHQ,UY\.[aT,Q�N
Z = |z|2−1

|z|2+1

Q,b�T,UYZ,NHUaTP}CeKT,] 2
|z|2+1

= 1 − Z
h ¥ \(N_e.SKTm}CZD],],c,v0S.\(NPT,\.],U�`.c.Upv0[aT_NHQPf0UY\.S.U

]HT,],u,c(NPk=UY\.SK^j]Hu,c(NPT,\.],|Y]	[aT,UYc.UY],|Yc0NH�WS.e.UY[YZ5],{�`.c.],UYZ.s.S.S�S.VrUYUaT�[gf0Upv(l5~ x S.{�Q,S5vB§

x =
X

1− Z
, y =

Y

1− Z
.

��O�¬aT,S5o£�W],c.V9lPf Q,b�T,UYZ�NHUaTm}�eKT,]�[aT,UYc.UY],|Yc(NH�WS.e.UY[RZ�NP^>`.c.],UYZ.s.SK^dl,[aT_NH\(NHQPf0S.Q�NHUaTyQPO_NHS.Vr\.]�]Rv0\.]Pw
OR\(N_e.\.],U
[Y],]HT,Q,UaT,[aT�Q,S.U=VrUak�v(l�T,],e.Z,NHVrS�ZD],Vr`5f0UYZD[Y\.],{�`5f0],[YZ5]H[aT,S�S�T,],e.Z,NHVrS�Vr\.]_k=UY[aT,Q�N

S\{N} h��UYcK��S.\(N	[Y�WUYc.bA}.T,],e.Z�N
N
}.\.UW[Y],]HT,Q,UaT,[aT�QHl�UaT�\.Sj]Rv0\.],{�T,],e.ZDU�ZD],Vr`5f0UYZD[Y\.],{�`5f0],[YZ5]H[aT,S?h

¥ NH�WS.Z5[YS.cKl,UYV OR\(Nme.UY\.S.U�NH`.`5f0S.Z�NPT,b
Z
}X`.]_f:NH|gNP^ −1 6 Z < 1

h JA],],c,v0S.\(NPT,b�T,],e.UYZ£[Y�WUYc.b
S
}�S.VrUY~ x S5o�]_v0\Kl®S®THl®k=U�NH`.`5f0S.Z�NPTHl Z

}�lHv0],QPf0UaT,QH],cD^.~�T>l5c(NHQ,\.UY\.S.~
X2 + Y 2 = 1 − Z2 hª ],]HT,Q,UaT,[aT�QHl5~ x S.U�T,],e.Z.S z = x + iy

ZD],Vr`5f0UYZD[Y\.],{ `5f0],[YZD],[aT,S ],u,c(NPOYl5~�T£],Z.cKlDk�\.],[aT,n |z| =
√

(1 + Z)/(1− Z)
}.[Ws.UY\KT,c.],V£Q�\(Nme(Nmf0UHhK¨
UY{.[aT,Q,SKT,Upf0n,\.].}

|z| 2 = x2 + y2 =
X2 + Y 2

(1− Z)2
=

1− Z2

(1− Z)2
=

1 + Z

1− Z
.
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1
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¬gf0UYVrUY\KT_N ∞ ],uH�E^.QPf(^.~�T,[©^�f0SK��UY\.\.b%VrS�[YVrb%[gf:N	T_NHZ.S.U
`.],\K^KT,SK^�Z,NHZ

Re∞ } Im∞ } Arg∞ } arg∞��]HT,VrUaT,S.V%}BeKT,]�\.UaT�[YVrb%[gf:NjS�Q�`.],\K^KT,SK^5o
Arg 0

}
arg 0

�ph���T,]jZ,NH[RNHUaT,[©^�Vr]_v(lPf(^�u,UY[YZD],\.UYe.\.]jlPv:Nmw
f0UY\.\.],{	T,],e.Z.S |∞| },T,]Wv.f(^	\.UY|Y]�Q,Q,]_v0SKT,[©^	],u,]HOR\(N_e.UY\.S.U +∞ S	`.],[aTHlPf0S.cKl�UaT�[©^E}DeKT,]

+∞ > |z| v.f(^f0~qu,],|Y]
z ∈ C

h
�AVrUY~�T�[YVrb%[gf�[gf0Upv(l5~ x S.U�Nmf0|YUYu,c(NHS.e.Ua[YZ.S.U
],`.UYc(NHs.S.S�[�l5e(NH[aT,S.UYV ∞ §�m� ∞± z = z ±∞ =∞ } z/∞ = 0

} ∞/z =∞ ∀z ∈ C �¡,� ∞ z = z ∞ =∞ ∞ =∞ } z/0 =∞ ∀z ∈ C\{0} h��VrUY[aT,U%[XT,UYV%}H],uH�E^.QPf(^.~�T,[©^Wf0SK��¦Y\.\.b%VXS=[YVrb%[gf:N�],`.UYc(NHs.S.S?}P\(NPORb%Q�NHUYVrb%U�±
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µA³2§ ∞±∞ } 0∞ } 0/0 } ∞/∞ hK¤9NHZ.S.Vy],u,c(NPOR],V%}5Q C̄ Q,]PORVr]mk�\.]�v0Upf0UY\.S.UA\(N�\KlHf0n=e.S.[YUpf�]HT_f0S.e.\.b�o
]HT	\KlPf(^?h0��]HORVr]mk�\.]=S�v0Upf0UY\.S.U�\(N�u,UY[YZD],\.UYe.\.],[aT,n�e.S.[YUpf�]HT_f0S.e.\.b�oj]HT	u,UY[YZ5],\.UYe.\.],[pT�S?h

ª T,UYc.UY],|Rc(NH�WS.e.UY[YZ�NP^®`.c.],UYZ.s.SK^ l,[aT_NH\(NHQPf0S.Q�NHUaTdQHO_NHS.Vr\.]z]Rv0\.]HOR\(N_e.\.],U�[Y],]HT,Q,UaT,[aT�Q,S.U�VrUak�v(l
¬gf0UYVrUY\KT_NHVrS

C̄
S­T,],e.Z,NHVrS [Y�WUYc.b

S
hq��T,]£`.]HORQH]_f(^.UaT£[Ye.SKTRNPT,n>[Y�WUYcKl®MrS.VXNH\(N

S
|YUY],VrUaT,c.S.e.Upw

[YZD],{�S.\KT,UYc.`.c.UaTmNHs.S.UY{
C̄
h��5UY],VrUaT,c.S.e.UY[YZ.S.V£NH\(Nmf0]H|Y],V ∞ ^.QPf(^.UaT,[¢^�T,],e.Z,N

N
\(N
[Y�WUYc.UAMrS.VXNH\(N

S
h

)r[aT,UY[aT�Q,UY\.\.]�`.UYc.UY\.UY[aT�S�\(N
C̄
VrUaT,c.S.e.UY[YZKlK~ [aT,cKl5ZKTHlKcKl�SKO

S
§
ρS(z1, z2) := ρ(ζ1, ζ2)

h �A[Y`.]_f0nHOYlH^
`.c.Upv0[aT_NHQPf0UY\.S.U�[aT,UYc.UY],|Rc(NH�WS.e.UY[YZ5],{�`.c.],UYZ.s.S.S�Q�Z5],]Hc�v0S.\(NPT,\.],{��W],c.VrU�v.f(^�f0~qu,b�o

z, z1, z2 ∈ C`.]Rf(l5e(NHUYV
ρS(z1, z2) = ρ(ζ1, ζ2) =

=
√

(X1 −X2)2 + (Y1 − Y2)2 + (Z1 − Z2)2 =
√

2(1−X1X2 − Y1Y2 − Z1Z2) =

=

√

2(|z1|2 + 1)(|z2|2 + 1)− 8x1x2 − 8y1y2 − 2(|z1|2 − 1)(|z2|2 − 1)
√

(|z1|2 + 1)(|z2|2 + 1)
=

2|z1−z2|
√

(|z1|2 + 1)(|z2|2 + 1)
,

ρS(z,∞) = ρ(ζ,N) =
√

X2 + Y 2 + (1− Z)2 =
√
2− 2Z =

2
√

|z|2 + 1
,

ρS(∞,∞) = ρ(N,N) = 0.M9NH[a��S.c.UY\.\(NP^­Z5],Vr`5f0UYZD[Y\(NP^­`5f0],[YZD],[aT,n
C̄
}�[�¬aT,],{­VrUaT,c.S.Z5],{?}�^.QPf(^.UaT,[¢^ VrUaT,c.S.e.UR[YZ.S.V�`.c.]Pw

[aT,c(NH\.[aT,Q,],VzSKOR],VrUaT,c.S.e.\.b%Vz[Y�WUYc.UAMrS.VXNH\(N
S
h(«qT,[Y~�v:N�Q,b�T,UYZ,NHUaTP}.eKT,]=`.c.],[aT,c(NH\.[aT,Q,]

C̄
^.QPf(^.UaT,[©^

ZD],Vr`(NHZKT,\.b%VyVrUaT,c.S.e.UY[RZ.S.Vy`.c.],[aT,c(NH\.[aT�Q,],V%h.�Ac.S�¬aT,],V�v.f(^	f0~qu,b�o
z1, z2 ∈ C̄

Q,b%`.]_f0\K^.~�T,[©^�],e.Upw
Q,S5v0\.b%UW\.UYc(NHQ,UY\.[aT,Q�N

ρS(z1, z2) 6 2 = ρS(0,∞)
h

»�`.c(NPk�\.UY\.S.UHh2¨
],Z�NPO_NPT,n.}CeKT,]�`.c.],[aT,c(NH\.[aT,Q,]
C̄
}C[�],`.c.Upv0Upf0UY\.\.],{zQ,b���U�VrUaT,c.S.Z5],{?}9^.QPf(^.UaT,[©^

`.]Rf0\.b%V�VrUaT,c.S.e.UY[RZ.S.V `.c.],[aT,c(NH\.[aT�Q,],V%h��A]Rf0UaOR\.]�`.c.],Q,UY[aT,Syv0],Z,NPO_NPT,Upf0n,[aT�Q,]�u,UaOjS.[Y`.]Rf0nHOR],Q�NH\.SK^
SKOR],VrUaT,c.S.e.\.],[aT�S�`.c.],[aT,c(NH\.[aT,Q

C̄
S
S
h
� '	��4D+./212621 &

C
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R2 S C Z�NPZ�VrUaT,c.S.e.UY[RZ.S.U�`.c.]Pw[aT,c(NH\.[aT,Q�NKh��qo�[YQ,],UY],u,c(NPORS.UAO_NHVrUaT,\.]=f0SK��n	Q�[YQH^KORSj[WS.[Y`.]Rf0nHOR],Q�NH\.S.UYVdc(NPOaf0S.e.\.b�o�],u,]HOR\(N_e.UY\.S.{?h
¤9NHZG*-,/.100³�2P´1,P°�VrUaT,c.S.Z�N	Q

R2 }(],`.c.Upv0Upf(^.UYVXNP^j[W`.],Vr] x n,~�[Y],]HT,\.]H��UY\.SK^

ρ((x1, y1), (x2, y2)) :=
√

(x1 − x2)2 + (y1 − y2)2,Q�],u,]HOR\(N_e.UY\.SK^5o�}9[YQH^KO_NH\.\.b�oy[�`.c.],[aT,c(NH\.[aT�Q,],V�ZD],Vr`5f0UYZD[Y\.b�oze.S.[YUpfB}9],`.c.Upv0Upf(^.UaT,[¢^z[�`.],Vr] x n,~
¬YZ.Q,S.Q�Nmf0UY\KT,\.],|Y]�[Y],]HT,\.]H��UY\.SK^

ρ(z1, z2) := |z1 − z2|.�A],¬aT,],V9ld`.c.],[aT,c(NH\.[aT,Q,]
C
[�UYQ,Z5f0S5v0],Q,],{>VrUaT,c.S.ZD],{ NHQHT,],VXNPT,S.e.UY[YZ.S>^.QPf(^.UaT,[¢^>`.]Rf0\.b%V¯VrUaT,c.S5w

e.UY[YZ.S.V­`.c.],[aT,c(NH\.[aT,Q,],V%h�¨
cKl5|YS.VrS�[gf0],Q�NHVrS?}�`.],[©f0U¢v0],Q�NPT,Upf0n,\.],[aT�n {zn}∞n=1

T,],e.UYZ�SKO
C
[go�]_v0SKT,[©^

T,],|gv:N�S�T,]Rf0n,Z5]�T,],|gv:NK}CZ5],|gv:N�¬aT_N�`.],[©f0Upv0],Q�NPT,Upf0n,\.],[pT�n�^.QPf(^.UaT,[¢^J�Al5\5v:NHVrUY\KT_Nmf0nH\.],{ ��Z.c.SKT,UYc.S.{
JA]H��S0�ph0tWN=`.c(NHZKT,S.ZDU�¬aT,]	lDT,Q,UYc�k�v0UY\.S.U�lPv0],u,\.]�O_NH`.S.[ab%Q�NPT,n�Q	[YS.VrQ,]Rf0n,\.],{j�W],c.VrUH§

{zn}∞n=1 �
[go�]_v0SKT,[©^ ⇔ (∀ε > 0)(∃N ∈ N)(∀n > N)(∀p ∈ N) : |zn+p − zn| < ε.

���m�
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�A[Y`.]Rf0nHOYlH^�],`.S.[RNH\.S.U�Z5],Vr`(NHZKT,],QAQ
R2 }HVr]_k�\.]�[YZ,NPO_NPT,n.},eKT,]WVr\.]_k=UY[aT,Q,]AQ C ^.QPf(^.UaT,[©^�ZD],Vr`(NHZKT,],V

T,],|gv:N�S�T,]Rf0n,Z5]�T,],|gv:NK}(Z5],|gv:N�],\.]=O_NHVrZ.\KlDT,]�Sj],|Yc(NH\.S.e.UY\.].h
tWNHcD^5v(l	[qUYQ,Z5f0S5v0],Q,],{�VrUaT,c.S.ZD],{?}K`.c.],[aT,c(NH\.[aT�Q,]=ZD],Vr`5f0UYZ5[Y\.b�o�e.S.[YUpfje(NH[aT,]�\(Nmv0Upf(^.~�T=S	v0cKl�w

|Y],{�VrUaT,c.S.ZD],{?}K\(NPORb%Q�NHUYVr],{!8 � *Q60³�?�*-8<.D´�3(h.��T_N
VrUaT,c.S.Z�N
S.\5v(l5s.S.cKl�UaT�[¢^�Q
C
SKO�`.c.],[aT,c(NH\.[aT,Q�N

C̄
S

],`.c.Upv0Upf(^.UaT,[¢^�[W`.],Vr] x n,~�[gf0Upv(l5~ x UY|R]�[Y],]HT,\.]H��UY\.SK^

ρS(z1, z2) :=
2|z1 − z2|

√

(|z1|2 + 1)(|z2|2 + 1)
.

�Ac.],[aT,c(NH\.[aT�QH]
C
}9[�¬aT,],{yVrUaT,c.S.Z5],{?}r\.U�^.QPf(^.UaT,[©^y`.]_f0\.b%V%}CT_NHZyZ,NHZ?}9\(NH`.c.S.VrUYc?}r`.],[gf0Upv0],Q�Nmw

T,Upf0n,\.],[aT,n�\(NPTHl5c(Nmf0n,\.b�o�e.S.[YUpf�^.QPf(^.UaT,[©^j�Al5\5v:NHVrUY\KT_Nmf0n,\.],{�Q�¬aT,],{�VrUaT,c.S.ZDU

ρS(n, n+ p) =
2p

√

(n2 + 1)((n+ p)2 + 1)
<

2p

n(n+ p)
<
2

n
< ε, n ≥

[

2
ε

]

+ 1,

\.]�\.UA^.QPf(^.UaT,[¢^j[goD]Rv(^ x UY{.[©^

ρS(n, z) =
2|n− z|

√

(n2 + 1)(|z|2 + 1)
≥ 2|n− |z||
√

(n2 + 1)(|z|2 + 1)
→ 2
√

(|z|2 + 1)
> 0

��T,]�k=U�Q,c.UYV9^?}C¬aT_N�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�n�\.U�S.VrUYUaT�[goD]Rv(^ x S5o�[¢^z`.]Rv0`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�UY{ � v0]Pw
Z,NPk�SKT,U�¬aT,]D�p}9OR\(N_e.SKTm}X`.c.],[aT,c(NH\.[aT,Q,]

C
}9[Y]�[a�WUYc.S.e.UY[YZ5],{dVrUaT,c.S.ZD],{d\.U�^.QPf(^.UaT,[©^zZD],Vr`(NHZKT,\.b%V%}

\.]�^.QPf(^.UaT,[¢^�],|Yc(NH\.S.e.UY\.\.b%V%§�v.f(^�f0~qu,b�o
z1, z2 ∈ C

[Y`.c(NHQ,Upv.f0S.Q,]�\.UYc(NHQ,UY\.[aT,Q,]
ρS(z1, z2) < 2

}?Q
e(NH[aT,\.],[aT,S?}(v.f(^�f0~qu,],|Y]

z ∈ C
[Y`.c(NHQ,Upv.f0S.Q,]	\.UYc(NHQ,UY\.[aT,Q,]

ρS(z, 0) < 2
h

� ' #?'��
6�&01�&0IK<C4DF2+.F2-:*,+�
	@A4D+./2126�' «qu,]HOR\(Nme.S.V
Vε(z0) � [Y�WUYc.S.e.UY[YZKlK~ ε

w�]HZ.c.UY[aT,\.],[aT�nqT,],e.Z.S
z0
}(N

Uε(z0) � UYQ,Z5f0S5v0],QHl
ε
w�],Z.c.UY[aT,\.],[pT�n	T,],e.Z.S

z0
h

�����	����
���
Kh �����(0�N 0
E �1=�>
z0 ∈ C

³
ε > 0

±(°73�21H�²:8 N
ε′, ε′′ > 0

²=°7.�³
*�� ?5²�´

Uε′(z0) ⊆ Vε(z0), Vε′′(z0) ⊆ Uε(z0).

���	������������� ��!"��#$�%�X¤9NHZ�Z,NHZ
z0 6=∞

}DT,]
ρS(z0,∞) > 0

hKij]mk�\.]�[Ye.SKT_NPT,n.}KeKT,]
ε < ρS(z0,∞).�Ac.S�¬aT,],V�Q�[YS5f(l�NHZD[YS.],Vrb�T,c.Upl5|R]Rf0n,\.S.Z�N

ρS(z,∞) > ρS(z0,∞)−ρS(z0, z).
¥ \(N_e.SKTm}mSKO�[©f0Upv(l5~ x S5o

[Y],]HT,\.]H��UY\.S.{

|z − z0| = 2
2|z − z0|

√

1 + |z|2
√

1 + |z0|2

√

1 + |z|2
2

√

1 + |z0|2
2

=

=
2ρS(z, z0)

ρS(z,∞)ρS(z0,∞)
6

2ρS(z, z0)

(ρS(z0,∞)− ρS(z0, z))ρS(z0,∞)
,

ρS(z, z0) =
2|z − z0|

√

1 + |z|2
√

1 + |z0|2
≤ 2|z − z0|

Q,b�T,UYZ,NHUaTP}BeKT,]�Q�Z,Nme.UY[aT,Q,U	e.S.[YUpf
ε′, ε′′

Vr]_k�\.]�QHOY^KT,nje.S.[gf:N
(ρS(z0,∞) − ε)ρS(z0,∞) ε

2

S ε
2

[Y],]PTPw
Q,UaT,[aT,Q,UY\.\.].h

¤

��O�v0]HZ�NPO_NH\.\.],{­T,Ua],c.UYVrb�Q,b�T,UYZ�NHUaTm}�eKT,]d[Y�WUYc.S.e.UY[YZ�NP^®VrUaT,c.S.Z�NzQ
C
T,],`.]Rf0],|YS.e.UY[YZ(S ¬YZ.Q,S5w

Q�Nmf0UY\KT,\(N�UYQ,Z5f0S5v0],QH],{�VrUaT,c.S.ZDUH}?T,]�UY[aT,n�O_NH`(NH[�]HT,Z.c.b�T,b�o�Vr\.]_k=UY[aT,Q�� OR\(N_e.SKTm}�O_NH`(NH[
O_NHVrZ.\KlDT,b�o
Vr\.]_k=UY[aT,QWS=O_NH`(NH[�Z5]HVX`(NPZKT,],QD�C\.U%VrUY\K^.UaT,[©^	`.c.S�`.UYc.Upo�]Rv0U�]HTW]Rv0\.],{�VrUaT,c.S.Z.S	Z
v0cKl5|Y],{?hH¨
UY{.[aT,Q,S5w
T,Upf0n,\.].}D`Kl,[aT,n�Vr\.]_k=UY[aT,Q,]

G ⊆ C
]HT,Z.c.b�T,]�Q�[Y�WUYc.S.e.UY[YZD],{�VrUaT,c.S.ZDUHhK�A],Z�NPk=UYV%},eKT,]
],\.]�]HT,Z.c.b�T,]

Q�UYQ,Z5f0S5v0],Q,],{dVrUaT,c.S.ZDUHh���b�u,UYc.UYV!`.c.],SKORQ,]Rf0n,\Kl5~ T,],e.ZKl
z0 ∈ G

hX�A]�],`.c.Upv0Upf0UY\.S.~ ]HT,Z.c.b�T,],|Y]
Vr\.]_k=UY[aT,Q�NK}2\(NH{5v0UaT,[¢^J[Y�WUYc.S.e.UY[YZ�Nm^

ε
w�],Z.c.UY[aT,\.],[aT,n

Vε(z0)
T,],e.Z.S

z0

TRNHZ�NP^?}2eKT,]
Vε(z0) ⊆ G

hC�A]
v0],Z,NPO_NH\.\.],{�T,UY],c.UYVrU�[pl x UY[YT,QHl�UaT ε′ > 0

}HTRNHZ5],UH}�eKT,]
Uε′(z0) ⊆ Vε(z0),

OR\(Nme.SKTm}
Uε′(z0) ⊆ G

}HT,]WUY[aT,n
Vr\.]_k=UY[aT,Q,]

G
]HT,Z.c.b�T,]�Q�UYQ,Z5f0S5v0],Q,],{�VrUaT,c.S.ZDUHhC«�u,c(NPT,\.].}?`Kl�[aT,njVr\.]_k�UY[aT,Q,]

G ⊆ C
]HT,Z.c.b�T,]�Q
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UYQ,Z5f0S5v0],Q,],{�VrUaT,c.S.ZDU�S
z0 ∈ Uε(z0) ⊆ G

h(�A]�v0],Z�NPORNH\.\.],{�T,UY],c.UYVrUW[al x UY[YT,QHl�UaT ε′′ > 0
}KT_NHZD],UH}(eKT,]

Vε′′(z0) ⊆ Uε(z0),
OR\(N_e.SKTm}

Vε′′(z0) ⊆ G
}.T,]	UY[aT,n�Vr\.]_k=UY[aT,Q,]

G
]HT,Z.c.b�T�]�Q�[Y�WUYc.S.e.UY[YZD],{�VrUaT,c.S.ZDUHh

� ' �?'
	�I(*�*,+.- 	2F2124�@A4���8��z@AF2-���45*,+�&0I.@A1�' ��l,[aT,n
z0 ∈ C; A,B ⊆ C.

�AS.[gf0]

ρ(A, z0) := inf
z∈A
|z − z0| ≥ 0

\(NPORb%Q�NHUaT,[©^ 6D°D8-8a²�´<N(±(³
*©µ�µ * OM21H�²�´�?�.D´�3
z0

³�µA±0´IOP*-8a²:,H´aµ
A.

�����	����
���
Kh�¡��	� 8@00³
A = A1

⋃

...
⋃

An,
²�´

ρ(A, z0) = min{ρ(A1, z0), ..., ρ(An, z0)}.
���	������������� ��!"��#$�%�X¤9NHZjZ,NHZ

Ai ⊆ A,
T,]

ρ(A, z0) ≤ ρ(Ai, z0), i = 1, ..., n.
¥ \(N_e.SKTm}

ρ(A, z0) ≤
min{ρ(A1, z0), ..., ρ(An, z0)}.

�Ac.Upv0`.]Rf0]mk�S.V%}XeKT,]
ρ(A, z0) < min{ρ(A1, z0), ..., ρ(An, z0)}.

¤C],|gv:N
\(NH{5v0¦aT,[©^�T,],e.Z,N

z1 ∈ A
T_NHZ,NP^?}EeKT,]

ρ(z1, z0) < ρ(Ai, z0), i = 1, ..., n.
tA]�T_NHZ�NP^�T,],e.Z,Nj\.U�Vr]mk=UaT

`.c.S.\(Nmv.f0Uak
NPT,n�Vr\.]_k=UY[aT,Q�NHV
A1, ..., An

S?}B[gf0Upv0],Q�NPT,Upf0n,\.].}2\.U	Vr]_k�UaTj`.c.S.\(Nmv.f0Uak�NPT,n�Vr\.]mk=UY[aT,QHl
A. ¤

� [YQ,],~�],e.UYc.Upv0n.}0e.S.[gf0]

ρ(A,B) := inf
z∈B

ρ(A, z) = inf
z′∈A,z′′∈B

|z′ − z′′| ≥ 0

\(NPORb%Q�NHUaT,[©^ 6D°D8-8a²�´<N(±(³
*©µ�µ * OM21H	µA±0´IOP*-8a²:,P°_µA³
A
³
B.

�����	����
�� 
Kh ¸ �
� 8@00³ .D´aµ�4(°7.�²
A ⊆ C

³ �P°_µ�.�±�H�²�´1*�µA±0´IOP*-8a²:,H´
B ⊆ C

±
* 4
*Q6�*-8-*<.�°7A
E%²:8 N ��²�´

ρ(A,B) > 0.
���	������������� ��!"��#$�%����b%u,UYc.UYV­`.c.],SKOYQ,]_f0n,\Kl5~�T,],e.ZKl

z ∈ A.
¤9NHZ�Z�NHZ�Vr\.]mk=UY[aT,Q,]

B
^.QPf(^.UaTPw

[©^�O_NHVrZ.\KlDT,b%V%}�T,]�[al x UY[aT�QHl�UaT�],Z.c.UY[aT,\.],[aT�n U2ε(z),
ZD]HT,],c(NP^�\.U
`.UYc.UY[YUYZ�NHUaT�[©^�[
Vr\.]_k=UY[aT,Q,],V

B.«�Z.c.UY[aT,\.],[aT�S
Uε(z)

`.],Z.c.b%Q�NH~�T
ZD],Vr`(NHZKT
A.
��O�¬aT,],|Y]�`.],Z.c.b�T,SK^�Q,b�v0Upf(^.UYV�ZD],\.UYe.\.],U�`.]Rv0`.],Z.c.b�w

T,S.U
Uε1(z1), ..., Uεn

(zn).
��l,[aT,n

z′ ∈ A
}
z′′ ∈ B.

¤C],|gv:N

z′ ∈ Uε1(z1)
⋃

...
⋃

Uεn
(zn), z′′ 6∈ U2ε1(z1)

⋃

...
⋃

U2εn
(zn).

¥ \(N_e.SKTm}

|z′ − z′′| ≥ ρ
(

Uε1(z1)
⋃

...
⋃

Uεn
(zn), z

′′
)

=

= min{ρ(Uε1(z1), z
′′), ..., ρ(Uεn

(zn), z
′′)} ≥ min {ε1, ..., εn} > 0.

¤

¨
],Z�NPO_NH\.\.b%UAOav0UY[Yn�T,UY],c.UYVrb \.],[©^KT	],u x S.{�o,NHc(NHZKT,UYc?h�«q\.Sj],[aT_NP~�T,[¢^�[Y`.c(NHQ,Upv.f0S.Q,b%VrSj`.c.S�O_Nmw
VrUY\.UjUYQ,Z5f0S5v0]HQ,],{dVrUaT,c.S.Z.Sd[Y�WUYc.S.e.UY[YZ5],{dVrUaT,c.S.Z5],{dSz`.c.SyO_NHVrUY\.Uj`.c.],[aT,c(NH\.[aT�Q�N

C
`.c.],[aT,c(NH\5w

[aT,Q,],V
C̄.

�?'�� '0-D8 	
��1245* 	£72-:*_<C4,89-
&0I.+.4�< 
0F2-:*,+.1
�
´18@0�*<2P´1,P°H²:*@0
B�±0´18a²(B .D´aµ�4F0�*<.�8a±�=�> ?5³
8-*@0®],`.c.Upv0Upf(^.UaT,[¢^£Z�NHZzl5`.],c�^5v0],e.UY\.\(NP^£`(NHc(N

(Z, f),|gv0U
Z � \.U�u,]Rf0UYU�e.UYV�[Ye.¦aT,\.],U�Vr\.]mk=UY[aT,Q,]�ZD],Vr`5f0UYZ5[Y\.b�oJe.S.[YUpfB}

f � \.UaZ5]HT,],c.],U�]HT,],u,c(NPk=UY\.S.U
Vr\.]_k=UY[aT,Q�N=\(NPTHl5c(N_f0n,\.b�oje.S.[aUpf

N
Q,]�Vr\.]mk=UY[aT,Q,]

Z,
lHv0],QPf0UaT,Q,],c�^.~ x UYUAl,[©f0],Q,S.~
§.]HuPf:NH[aT,n�],`.c.Upw

v0Upf0UY\.SK^
f
[Y],Q,`(Nmv:NHUaT�[

N,
N�],uPf:NH[aT,n�OR\(N_e.UY\.S.{

f
[Y]HQ,`(Nmv:NHUaT�[

Z.
ij\.]mk=UY[aT,Q,]

Z
\(NPORb%Q�NPUaT,[¢^

±0´18a³(²:*@0�*©µ `.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S
(Z, f)

h9«qT,],u,c(NPk=UY\.S.U
f
\(NPORb%Q�NHUaT,[©^ ´ ���=³5µ ?70�*a±0´aµ `.],[gf0Upv0]Pw

Q�NPT,Upf0n,\.],[aT,S
(Z, f).

¥ \(N_e.UY\.S.U�],u x UY|Y]�e5f0UY\(N�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S f(n) ∈ Z
Q�T,],e.Z5U

n ∈ N
}

],u,b%e.\.].}(],uH]HOR\(Nme(NHUaT,[©^
zn.

�Ac.Sj¬aT,],Vd[RNHVXN�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�n
(Z, f)

],u,]HOR\(N_e(NHUaT,[©^ {zn}∞n=1.
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C
' �5],QH],cD^KTm}HeKT,]:476�*<2/*@0C4(´18@0�*<2P´1,P°H²:*@0
B�±0´18a²=³ .D´aµ�4�0�* .�8p±�=�>

?5³
8-*@0 {zn}∞n=1

c(NHQ,UY\
a
S5f0S 40´18@0�*<2P´1,P°H²:*@0
B�±0´18p²:B {zn}∞n=1

8 >0´�2m³(²:8 NC.
a
}�UY[©f0S�v.f(^�f0~qu,],|Y]

ε > 0\(NH{5v0UaT,[©^	\.],VrUYc
N ∈ N

}H\(Nme.S.\(NP^=[%ZD]HT,],c.],|Y]WQ,b%`.]Rf0\K^.UaT,[¢^	\.UYc(NHQ,UY\.[aT,Q,] |zn−a| < ε
h,¤2]mk=U�[RNHVr],U

Q�[YS.VrQ,]Rf0n,\.],{j�W],c.VrUWVr]_k=UaT	u,b�T,n�O_NH`.S.[RNH\.]�T_NHZ?§

zn → a
def⇔ (∀ε > 0)(∃N ∈ N)(∀n ≥ N) : |zn − a| < ε.

� ¡,�
)r[gf0S�\.UYc(NHQ,UY\.[aT,Q,] |zn − a| < ε

O_NHVrUY\.SKT,n�\.UYc(NPQ,UY\.[aT,Q,],V
ρS(zn, a) < ε,

T,]�`.]Rf(l5e.S.V>],`.c.Upv0Upf0UY\.S.U
[go�]_v(^ x UY{.[©^j`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�SjZD],Vr`5f0UYZD[Y\.b�oje.S.[YUpf�Q=[Y�WUac.S.e.UY[YZ5],{jVrUaT,c.S.ZDUHh	��O�T,UY],c.UYVrb 
Kh �
Q,b�T,UYZ,NHUaTP}�eKT,]�[goD]Rv0S.Vr],[aT,n�Q�UYQ,Z5f0S5v0],Q,],{dSz[Y�WUYc.S.e.UY[YZD],{>VrUaT,c.S.Z,Nmodc(NHQ,\.],[YS5f0n,\.bA§�`.],[gf0Upv0],Q�Nmw
T,Upf0n,\.],[aT,n�Z5],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf�[go�]Rv0SKT,[¢^�Q�[a�WUYc.S.e.UY[YZ5],{�VrUaT,c.S.Z5U�T,],|gv:N�S�T,]Rf0n,ZD]�T,],|gv:NK}?ZD],|gv:N
],\(N=[goD]Rv0SKT,[©^�Q�UYQ,Z5f0S5v0],Q,],{jVrUaT,c.S.ZDUHh

«�`.c.Upv0Upf0UY\.S.U�� ¡,�X[Y],Q,`(Nmv:NHUaT=`.]��W],c.VrU�[�],`.c.U¢v0Upf0UY\.S(UYVz`.c.Upv0Upf:N=e.S.[gf0],Q,],{�`.],[gf0Upv0],Q�NPT,Upf0n,\.]Pw
[aT,S­��`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�SyQ

R
�phC�A],¬aT,],V9l�[YQ,],{.[aT,Q�N�`.c.Upv0Upf0],Q�e.S.[gf0],Q,b�o�`.],[©f0Upv0],Q�NPT,Upf0n,\.]H[aT�UY{E}

v0],Z,NPO_NH\.\.b%U�\(N=],[Y\.],Q,UW],`.c.Upv0Upf0UY\.SK^?}0u,UaO�],[Y],u,b�o�O_NPT,cKlPv0\.UY\.S({�`.UYc.UY\.],[©^KT,[¢^�\(N=[©f(l5e(NH{j`.],[gf0Upv0]Pw
Q�NPT,Upf0n,\.],[aT,UY{�ZD],Vr`5f0UYZD[Y\.b�o�e.S.[YUpfB§

�m��`.]H[©f0Upv0],Q�NPT,Upf0n,\.],[aT,n�Z5],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf�Vr]_k=UaT	S.VrUaT,n�T,]_f0n,ZD]	]Rv0S.\j`.c.Upv0Upf
�¡,�=UY[gf0S£`.c.Upv0Upf­`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S>ZD],Vr`5f0UYZD[Y\.b�o>e.S.[YUpf ]HTRf0S.e.UY\>]HT�\KlHf(^?}rT,]�\(N_e.S.\(NP^d[

\.UYZD]HT,],c.],|Y]�\.],VrUYc(N=e5f0UY\.b `.],[©f0Upv0],Q�NmT,Upf0n,\.],[aT�S�],uPf:Nmv:NH~�T�T,UaVdk=UW[YQ,],{.[aT,QH],V
�¸���f0~qu�NP^z`.]_v0`.]H[©f0Upv0],Q�NPT,Upf0n,\.],[aT,n�[©o�]Rv(^ x UY{.[¢^£`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT,S>[go�]_v0SKT,[©^£SdS.VrUYUaT�T,]HT

k=UA`.c.Upv0Upf
�¹D��`.],[©f0U¢v0],Q�NPT,Upf0n,\.],[aT�n {zn}∞n=1

Z5],Vr`5f0UYZD[Y\.b�o e.S.[YU¢f®[goD]Rv0SKT,[©^ Z
a
T,],|©v:N�SdT,]_f0nHZ5]�TH],|©v:NK}

ZD],|gv:N�e.S.[©f0]HQ�NP^j`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�n {|zn − a|}∞n=1

[go�]_v0SKT,[©^�Zj\KlPf0~
�

� �%[go�]Rv(^ x Nm^([©^�`.],[©f0Upv0],Q,NPT,Upf0n,\.],[aT�n {zn}∞n=1

ZD],Vr`5f0UYZ5[Y\.b�o�e.S.[YUpf�],|Yc(NH\.S.e.UY\(NK}0Tmh UHh:\(NH{5v0UaT,[©^
M > 0

T_NHZD],UH}(eKT,]�v.f(^�Q,[YUpo
n ∈ N

Q,b%`.]Rf0\K^.UaT,[©^�\.UYc(NHQ,UY\.[aT,Q,] |zn| ≤M �
� ��SKOWf0~qu,],{j],|Yc(NH\.S.e.UY\.\.],{�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S�ZD],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf�Vr]_k�\.]�Q,b�v0Upf0SKT,n�[goD]Pw

v(^ x l5~q[©^�`.]Rv0`.],[©f0Upv0],Q�NmT,Upf0n,\.],[aT�n�� T,UY],c.UYVXN���]Rf0n,s(NH\.]Pw���UY{.UYcK�
T,c(NH[Y[_N�� � ,�qUY[©f0S
zn → a

S
z′n → b

}?T,]
zn + z′n → a + b

}
znz

′
n → ab

}EN�`.c.S�v0],`.]Rf0\.SKT,Upf0n,\.],V®l,[©f0],Q,S.S
znb 6= 0

}(S zn

z′n
→ a

b

h
ª Q,],{.[aT,Q�N��m�·� � �?Q,b�T,UYZ�NH~�TWSKO�],u x S5o
[YQ,],{.[aT,QA`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�UY{�QqVrUaT,c.S.e.UY[YZ(S5o=`.c.],[aT,c(NH\5w

[aT,Q�Nmo�h ª Q,],{.[aT,Q,] � �=Q,b�T,UYZ,NHUaTJSKO�]H`.S.[RNH\.SK^£ZD],Vr`(NHZKT,],Q�Q
C.

ª ],Vr\.UY\.S.U�Vr]mk=UaT�Q,b�ORQ�NPT,n�f0SK��n
[YQ,],{.[aT,Q,]� ,�ph5¨
],Z�NPk=UYVJv.f(^j`.c.S.VrUYc(N�f0SK��n	[gf0Upv(l5~ x l5~�S.Vr`5f0S.Z,NHs.S.~

zn → a, z′n → b, zn, b 6= 0⇒ zn
z′n
→ a

b
.

¨
UY{.[aT,Q,SKT,Upf:n,\.].}0UY[©f0S
zn → a

S
z′n → b

}.T,]	`.]	[YQ,],{.[aT,QHlj¹D� |zn − a| → 0
S |z′n − b| → 0.

�A],¬aT,],V9l
SKO�[Y],]HT,\.]H��UY\.S.{

0 ≤
∣

∣

∣

∣

zn
z′n
− a

b

∣

∣

∣

∣

=
∣

∣

∣

(zn−a)−
a

b
(z′n−b)

(z′n−b)−(i)2b

∣

∣

∣
≤ |zn−a|+|ab ||z′n−b|

||z′n−b|−|b||

SjQ,b�T,UaZ�NHUaTm}:eKT,] ∣
∣

∣

zn

z′n
− a

b

∣

∣

∣
→ 0

h0«�[aT_NH¦aT,[©^�[Y\.],Q�N=Q,],[Y`.]Rf0nHOR],Q�NPT,n,[©^j[YQ,],{.[aT,Q,],Vd¹D�ph

�?' #?'%$j-:*_<C4,89-
&0I.+.4�< 
0F2-:*,+.1 &
C̄
' �Ac.Upv0Upf�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT,Sj¬©f0UaVXUa\KT�],Q�SKO

C̄
],`.c.Upv0Upf(^5w

UaT,[©^�NH\(Nmf0],|YS.e.\.].§

zn → a
def⇔ (∀ε > 0)(∃N ∈ N)(∀n ≥ N) : ρS(zn, a) < ε.

� ¸��
)r[gf0S�Q,[YU

zn
S
a
]HTRf0S.e.\.b>]HT�u,UY[YZD],\.UYe.\.],[aT,SE}�T,]
SKO�T,UY],c.UYVrb 
Kh ��Q,b�T,UYZ,NHUaTP}DeKT,]
],`.c.Upv0Upf(^K^	`.c.Upv0Upf

¬aT,],{�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S�Q
C̄
}:Q,VrUY[aT,]�[Y�WUYc.S.e.UY[YZD],{�VrUaT,c.S.Z.S�Vr]mk�\.]�S.[Y`.]Rf0nHOR],Q�NPT,n�UYQ,Z5f0S5v0],QHl

VrUaT,c.S.ZKl�S�O_NHVrUY\.SKT,n�\.UYc(NHQ,UY\.[aT,Q,]
ρS(zn, a) < ε

\.UYc(NHQ,Ua\.[aT�Q,]HV |zn − a| < ε
hC� [gf(l5e(NHU

a = ∞
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	���" ¼g¼
\.UYc(NHQ,UY\.[aT,Q,]

ρS(zn, a) < ε
O_NHVrUY\K^.UaT,[©^z\.UYc(NHQ,UY\.[aT,Q,],V |zn|−1 < ε

h9��]HORVr]mk�\.],[aT,n�TRNHZ5],{JO_NPVXUa\.b
Q,b�T,UYZ,NHUaT�SKOWT,UY],c.UYVrb

zn →∞⇔ z−1
n → 0.

��TRN�T,UY],c.UYVXN�[Y`.c(NHQ,Upv.f0S.Q�N�v.f(^�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT,UR{�Q
C̄,
T_NHZ�Z�NHZ

ρS(zn,∞) = ρS(z
−1
n , 0)

h:�Ac.S
¬aT,],V�QW[YS5f(l=T,UY],c.UYVrb 
Kh ��[©o�]Rv0S.Vr],[aT,n�QW`.c(NHQ,],{	e(NH[aT,S�Vr]_k=UaT�`.],\.S.VXNPT,n,[©^�Q�UYQ,Z5f0S5v0],Q,],V�[YVrb%[gf0UH§

z−1
n → 0⇔ (∀ε > 0)(∃N ∈ N)(∀n ≥ N) : |zn|−1 < ε.

ª Q,],{.[aT,Q�Ny�m�·�5¸��
`.c.Upv0Upf0],Q�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�UY{£ZD],Vr`5f0UYZD[Y\.b�ode.S.[YUpf£],[aT_NH~�T,[©^d[Y`.c(NHQ,Upv.f0S5w
Q,b%VrSjS�v.f(^j`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�UY{�Q

C̄
h ª Q,],{.[aT,Q,]	¹D��`.c.S.\.S.VXNHUaT�[©f0Upv(l5~ x S.{�Q,S5vB§

¹D� ′ `.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�n {zn}∞n=1

¬gf0UYVrUY\KT,],Q�SKO
C̄
[go�]_v0SKT,[©^�Z

a ∈ C̄
T,],|©v:NjS�T,]Rf0n,ZD]jT,],|©v:NK}

ZD],|gv:N�e.S.[©f0]HQ�NP^j`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�n {ρS(zn, a)}∞n=1

[©o�]Rv0SKT,[¢^�Zj\KlPf0~
h
ª Q,],{.[aT,Q,] � ��T,UYcD^.UaTj[YVrb%[©fB}�T_NHZ�Z,NHZ�Q,[Y¦=`.c.],[aT,c(NH\.[aT,Q,]

C̄
^.QPf(^.UaT,[¢^�ZD],Vr`(NHZKT,\.b%V%}BN�OR\(N_e.SKTm}

Sj],|Yc(NP\.S.e.UY\.\.b%V%h��A],¬aT,],V9l:§
� � ′ f0~qu�NP^�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�n�Q C̄ ^.QPf(^.UaT,[©^j],|Yc(NH\.S.e.UY\.\.],{

�
� � ′ SKOjf0~qu,],{£`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S>Q C̄

Vr]mk�\.]�Q,b�v0Upf0SKT,nJ[©o�]Rv(^ x l5~q[¢^>`.]Rv0`.],[©f0Upv0],Q�NPT,Upf0nmw
\.],[aT,n.h

«�[aT_NH¦aT,[©^�]HT,VrUaT,SKT,n.}BeKT,]jT,Ua],c.UYVrb!]�[al5VrVrUH}B`.c.],SKOYQ,Upv0UY\.S.S�S�e(NH[aT,\.],V `.c.Upv0Upf0],QjQ�l,[©f0],Q,SK^5o
c(NH[a��S.c.UY\.\.],{�Z5],Vr`5f0UYZD[Y\.],{�`5f0],[YZD],[aT,S

C̄
[Y`.c(NHQ,Upv.f0S.QHb Q	c(NHVrZ,Nmo�c(NPORc.Ua��¦Y\.\.b�o�Q

C̄
],`.UYc(NHs.S.{?§

zn → a, z′n → b, (zn, z
′
n), (a, b) 6= (∞,∞)⇒ zn + z′n → a+ b;

zn → a, z′n → b, (zn, z
′
n), (a, b) 6= (0,∞), (∞, 0)⇒ znz

′
n → ab;

zn → a, z′n → b, (zn, z
′
n), (a, b) 6= (0, 0), (∞,∞)⇒ zn

z′n
→ a

b
.

� Z,Nme.UY[aT,Q,U�`.c.S.VrUYc(N�v0],Z�NPk=UYVzS.Vr`5f0S.Z�NHs.S.~

zn → a, z′n → 0, (zn, z
′
n) 6= (0, 0), (∞,∞), a 6= 0⇒ zn

z′n
→∞.

�>[YS5f(ljNHZD[YS.],Vrb®T,c.Ual5|Y]Rf0n,\.S.Z�N

ρS(0, a)− ρS(zn, a) ≤ ρS(zn, 0) ≤ ρS(0, a) + ρS(zn, a).

¥ \(N_e.SKTm}
ρS(zn, 0) → ρS(a, 0) 6= 0. � \(Nmf0],|YS.e.\.]�`.],Z,NPORb%Q�NHUaT,[¢^?}EeKT,] ρS(zn,∞) → ρS(a,∞) ≤ 2

S
ρS(z

′
n,∞)→ ρS(0,∞) = 2.

ª f0U¢v0],Q�NPT,Upf0n,\.].}:SKO�],e.UYQ,S5v0\.b�oj[Y],]HT,\.]H��Ua\.S({

0 ≤ ρS

(

zn
z′n

,∞
)

≤ 2

∣

∣

∣

∣

z′n
zn

∣

∣

∣

∣

= 2ρS(z′n,0)ρS(zn,∞)
ρS(z′n,∞)ρS(zn,0)

Q,b�T,UYZ,NHUaTP}0eKT,]
ρS

(

zn

z′n
,∞
)

→ 0.»�`.c(NPk�\.UY\.S.UHhB�,h5¨
],Z�NPk�SKT,UH}.eKT,]=v.f(^j`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�UY{�Q
C
[Y`.c(NHQ,Upv.f0S.Q,N	S.Vr`5f0S.Z,NHs.SK^

zn → a, z′n → b⇒ znz
′
n → ab.

¡5h5¨
],Z�NPk�SKT,UH}.eKT,]�v.f(^�`.],[©f0Upv0],Q�NPT,Upf0n,\.]H[aT�UY{�Q
C̄
[Y`.c(NHQ,Upv.f0S.Q�N�S.Vr`5f0S.Z�NHs.SK^

zn → a, z′n →∞, (zn, z
′
n) 6= (0, 0), (∞,∞), a 6=∞⇒ zn

z′n
→ 0.
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�?' $j-:*_<C4,89-
&0I.+.4�< 
0F2-:*�+.1d1>72/24,8r*,+HI�&(<C4DF21�	>6?-0@A7B<C4D6?*,FC;('d321C*,4�<

��[¢^.ZKl5~ `.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�n
ZD],Vr`5f0UYZ5[Y\.b�o�e.S.[YUpf {zn}∞n=1

Vr]_k�\.]Wc(NH[Y[YVXNPT,c.S.Q�NPT,n
Z,NHZ	`.],[gf0Upw
v0],Q�NPT,Upf0n,\.],[aT,n {(xn, yn)}∞n=1

¬gf0UYVrUY\KT�],Q�`.c.],[aT,c(NH\.[aT�Q�N
R2.

��ORQ,UY[aT,\.].}.eKT,]=T_NHZ.S.UA`.],[©f0Upv0],Q�NPT,Upf0nPw
\.],[aT,S�[goD]Rv(^KT,[©^�T,],|gv:N�S�T,]Rf0n,Z5]jT,],|gv:NK}2Z5]H|©v:Nj[goD]Rv(^KT,[©^JS5o�Z5],],c,v0S.\(NPT,\.b%U�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S
{xn}∞n=1

S {yn}∞n=1

h ª Nmf0|YUYu,c(NHS.e.UY[YZD],{��W],c.Vr],{�O_NH`.S.[YS�ZD],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf�[YQH^KO_NH\�],e.UaQ,S5v0\.b%{
¬YZ.Q,S.Q�Nmf0UY\KT�¬aT,],|Y]�lDT,Q,UYcDk�v0UY\.SK^�v.f(^�`.],[©f0Upv0],Q�NPT,U¢f0n,\.],[aT�UY{�ZD],Vr`5f0UYZ5[Y\.b�oje.S.[YUpfB§

zn → c⇔ Re zn → Re c, Im zn → Im c.
��¹D�

«�`.S.[RNPT,n�[go�]_v0S.Vr],[aT,n�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S�Z5],Vr`5f0UYZD[Y\.b�o�e.S.[YUpfyQ�T,UYc.VrS.\(Nmo�T,c.S.|Y]H\.],VrUaT�c.S5w
e.UY[YZD],{��W],c.Vrb O_NH`.S.[YS�\.UY[YZD]Rf0n,Z5]	[gf0]mk�\.UYUPh��AVr`5f0S.Z,NHs.SK^

zn 6= 0, c 6= 0, zn → c⇒ |zn| → |c|, arg zn → arg c
\.U�QHb%`.]_f0\K^.UaT,[©^?}:\(NH`.c.S.VrUYc?}.v.f(^�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT,S {−1− i

n
}∞n=1.

¨
UY{.[aT,Q,SKT,Uaf0n,\.].} −1− i
n
→

−1. �Ac.S�¬aT,],V arg(−1− i
n
) = arctg 1

n
− π → −π 6= arg(−1) h

�����	����
�� 
Kh ¹ � �
´18@0�*<2P´1,P°H²:*@0
B�±0´�8a²(B .D´aµ�4�0�*<.�8a±�=�>M?5³
8-*@0 {zn}∞n=1

8 >0´�2m³.² 8@N .
c 6= 0²�´ 
�2m°�³�²�´ 0
BF.D´=²�´ 
�2m° ��.D´ 
�2m° |zn| → |c| ³�2<0�NC0
E �P´ 
p´ n ∈ N

8<H��:*-8a²:,/HD*a²
ϕn ∈ Arg zn

²=°7.D´1*��
?5²�´

ϕn → arg c �
�
´18@0�*<2P´1,P°H²:*@0
B�±0´18a²(B {zn}∞n=1

8 >0´�2m³(²:8 N .
0
²�´ 
�2m°�³d²�´ 0
BF.D´�²�´ 
�2m° � .D´ 
�2m°

|zn| → 0.
���	������������� ��!"��#$�%����l,[aT,n

zn → c 6= 0
h(¤C]H|©v:N

|zn| =
√

(Re zn)2 + (Im zn)2 →
√

(Re c)2 + (Im c)2 = |c|.
ª v0cKl5|Y],{�[aT,],c.],\.bA}0`Kl,[aT,n

z′n := znc̄
h(¤2],|©v:N

Re z′n = Re znRe c+ Im zn Im c→ (Re c)2 + (Im c)2 = |c|2 > 0,

Im z′n = −Re zn Im c+ Im znRe c→ −Re c Im c+ Im cRe c = 0.
�A]Rf0]_k�S.V

ϕn := arg z′n + arg c.
tWN_e.S.\(NP^>[�\.UYZ5]HT,],c.],|a]z\.],VrUYc(N

N
Q,b%`.]Rf0\K^.UaT,[©^­\.UYc(NHQ,UY\.[aT,Q,]

Re z′n > 0.
¥ \(N_e.SKTm}�v.f(^�Q,[YUpo

n ≥ N
S.VrUYUaT�VrUY[aT,]j`.c.Upv0[aT_NPQPf0UR\.S.U

arg z′n = arctg Imz′n
Rez′n

h ª f0Upv0],Q�Nmw
T,Upf0n,\.].}

ϕn = arctg Imz′n
Rez′n

+ arg c→ arg c.
�Ac.S�¬aT,],V

ϕn ∈ Arg z′n +Argc = Arg zn.«�u,c(NPT,\(NP^dS.Vr`5f0S.Z�NHs.SK^£Q,b�T,UYZ�NPUaTySKO�[Y],]PT,\.]H��UY\.S.{ |zn| cosϕn → |c| cos arg c, |zn| sinϕn →
|c| sin arg c. ��OWZ5]HT,],c.b�oj[gf0Upv(l�UaTm}0eKT,] zn = |zn|(cosϕn + i sinϕn)→ |c|(cos arg c+ i sin arg c) = c.)r[©f0S

c = 0,
T,]�lDT,Q,UYc�k�v0UY\.S.U�T,UY],c.UaVXb®^.QPf(^.UaT,[©^j`.c.],[aT,b%V£[gf0Upv0[aT�Q,S.UYV£],`.c.Upv0Upf0UY\.SK^�`.c.Upv0Upf:N

`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S�Z5],Vr`5f0UYZD[Y\.b�o�e.S.[YUpfBh
¤

&��E' 	 	E89; *�6?-0@A7B<C4D6E*,F2;�@A1>3B<C4DF2I.@A1
M9NH[Y[YVr]HT,c.S.V£`.c.],SKORQ,]Rf0n,\Kl5~�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT,n�ZD],Vr`5f0UYZD[Y\.b�o�e.S.[YUpf {zk}∞k=1

h ª l5VrVXN

Sn :=
n
∑

k=1

zk

\(NPORb%Q�NHUaT,[©^ ?5°D8a²=³�?5±0´�3 8<HPµ�µW´�3�¬gf0UYVrUY\KT,],Q
`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT�S {zk}∞k=1

}�NA`.],[©f0Upv0]HQ�NPT,Upf0n,\.],[aT�n
e(NH[aT,S.e.\.b�o�[al5VrV {Sn}∞n=1

\(NPORb%Q�NH~�T:6�N�2P´aµ 8 .D´aµ�4�0�*<.�8a±�=2µA³!?70�*a±(°_µA³�S�],u,]HOR\(N_e(NH~�T
∑∞

k=1
zk.

� � �
�Ac.S	¬aT,],V�`.],[gf0Upv0],Q�NPT,Upf0n,\.],[aT,n {zk}∞k=1
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∣

∣
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∣

∣
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