§5.Kputepuit uamMmepumMocTi MHOKecTBa 1o Jlebery.
Teopema: MHoxkectBo 4 < E usmepumo 1o Jlebery Toraa u ToJIbKO TOT/a,

korga (Ve >0)
(3B -anemenrapaoe MHOXKeCTBO ): i (AAB)<¢.

JlokazatenbcTBO: JJokakeM HEOOXOUMOCTh. A - U3MEPUMO, CIIEI0BATEIIHLHO
(E\ A) - uamMepuMo (Tak KaK

U.(ENA) = m(E) = 1" (4) = m(E) - 1. (A) = m(E) = (m(E) - " (E\ 4)) =
= u (E\ A)). Ilogbepem mokpoITHS MHOKECTB A U E \ A MPOMEKyTKaMH: {Pk }f:] ,

0
{0,}7, Tak, 4TOGEI BHIMONHSTHCE HepaBEHCTBA: Zm(Pk) <u(A+e,
=1

8

z 0,) < ' (E\ A)+ ¢ . CxaapiBasi HOKPBITHS, OJIYIHM:

8H

Zm(P )+Zm(Q )< u(A)+ u(E\ A)+2s.
u(A)+ p (ENA) = u(A)+m(E)— u" (A)+2& =m(E)+2¢ .

0
[TonOepem MHOeECTBO HaTypaibHOE€ N M3 YCIOBHS. YTO OCTATKH: Zm(Pk) <¢,nm
k=N
N-

Zm(Ql.) < &, BBeJieM 0003HaveHus: P = UPk , Py = U s Py UPk
k=N

i=N k=1 k=N

0= UQI,QKN UQI,QM UQ

PaCCMOTpI/IM nepeceyenne P(1Q. P Noc(P_,NO._,)UP.,UQ.,,
cienoBarensHo E  (P_, UQ,_y)UP., UQ..,.Ouenum u (P Q). B cuny
nosyagautusaocty, L (PN Q)< p’(P_y N0,y )+ 2¢. Tlo cBoiicTBy:
m(AN B) = m(A)+ m(B)—m(AU B), MOXeM HaIicars:
W (o) + 0 (Q) = 1 (P UQ, ) + 26 = m(P_y ) + m(Q,.,) —m(E) + e < 6.
OxkasbIBaeTcs, MOJKHO B3ATh B KauecTBe B = P, _, . Tak kak
AAB = (A\P_)U(By \A) <

Poy UPNO), By \Ac PNAC PNQ. n (AAB) S p'(P.y) + 0 (PNQ) < Te.
)onameM Tenepb A0CTaTo9HOCTh: IIycth 1 (AAB) < €, B -31emenTapHoe. JlokaxeM,
4TO MHOMKeCTBO M3Mepumo 110 Jlebery. 4 < BU(AAB) u E\ A< B U(A4AB).
Pacemorpum: p, (A) =m(E)—p (E\NA)>m(E)-n (E\B)—¢ =.
W(ENA) <u (E\B)+u" (AAB), —u"(E\A)>—u"(E\B)—u"(AAB)
=u,(B)—e>p"(4)—-2e = p,(A4) > pu"(A4) usuaunt p'(4) < p'(B)+¢.(ObparHoe
HEPaBEHCTBO JI0OKA3aHO paHee).

§6. CBoiicTBa n3MepuMsIx 1o Jlebery MHOKECTB.
1. CoBOKYITHOCTh U3MEPUMBIX 110 JleGery MHOKECTB 00pa3yeT KOJbIIO
MHOXecTB.(BbyneBo kob110).
Hoxazatenscto: ITycTe MHOXKeECTBa A4, , A, - u3MepuMsI 110 Jlebery. 3HaunT

HaiiIyTcst MHOXKeCTBa B, B, - anementaphsie, : 1 (4,AB,)<¢, u (4,AB,)<¢.



Iycte A=A, U A4,, B =B, U B, Bocnons3yemcsi BKIIOUCHHEM.

AAB < (A,AB,)U(4,AB,) B cuily aJyIMTUBHOCTH BHEIITHEH MEPBbI,

W (AAB) < u (A,AB,) + 1" (4,AB,) < 2¢. Takum 06pasom, A -u3mepumo 1o Jlebery
¥ 3aMKHYTO OTHOCHTEIJIFHO OTIePali 0O0BEIHHCHNS.

A NA, =E\[(E\4,)U(E\ 4, )], cnenosarensHo nepecedenne n3mMepumo.
Ananornuno, 4, \ A4, = A, N(E\ A4,), A A, =4, UA4,)\(4,NA4,).

2. Mepa JleGera xkak QpyHKIIMS MHOKECTBA, ONIPEICIICHHAs HA COBOKYITHOCTH

N
U3MepUMBIX 110 Jlebery MHOXKECTB ABJIAETCS aAIUTUBHON. 4 = U A, A4, -
k=1

usmepumsle, 4, (1A, =, npu i # j, cnenosarensHo: pw(A) = ﬁu(/lk) .
k=1

Jloka3arenbcTBO: JJOCTaTOUYHO paccMOTPETh Ciydal ABYX MHOXECTB.
A=4,UA,, 4,4, - mmepumsl, 4, (14, =. Cymecrsytor B,,B, -
3JeMeHTapHbIe, Takue 9to W' (A4,AB,) <€ ,u’ (4,AB,)<¢.
[lycte  B=B,UB,,BoimonHseTcss  BKmodenne: B < AU (AAB ),CJ‘ICI[OBaTeJ'IBHO
#(B)< u' (A)+ " (44B) n # (A2 p'(B)-p'(44B) 2
(B =B UB,),m(B,UB,)=m(B,)+m(B,)-M (B, (1B,); AAB  (4,48,)U(4,4B,)
aHajorM4Ho B, B, <(4,4B,)U(4,4B,) wm  u*(B,NB,)<2¢  CIEIOBATEILHO
p*(AAB)<2¢) > u(B))+u(By)—4e> u*(4)+u(d,)-6s. B cuy Npou3BOJIBHOCTH ¢,
nonydaeM: u* () > u*(4)+u*(4,). B cuny mNoayaJIMTUBHOCTH BHEIIHENH MeEpBI
BBITIOJTHSETCS] 0OpaTHOE HEPABEHCTBO.

2. CoOBOKYIHOCTh MHOXECTB, M3MEpUMBIX MO JleOery 3aMKHYTO OTHOCHUTHEIIBHO
CUETHBIX OOBEAUHEHUN U NIEPECEUCHUII.

0
HoxkaszatensctBo: IlycTh A:UAk , A - U3MCPHUMBI, IIOKAXXEM 4YTO U A4 -
k=1

k-1 0 N
usmepumo. B, =4, Bk:Ak\UBl.. A=UBk, BNB, =D, i#j. UBkgA,

i=1 k=1 k=1
CIENOBATENIBHO B CHIy  IIOJIyaJJIMTUBHOCTH  BHEIIHEH  MEpbl  HOJIYYUM:

N N 0
,u*{U B, J = Z u*(B)< u*(4), CIEeI0oBaTeIbHO z u*(B,) - pan  cxomsAmMiAcs.
k=1 k=1 k=1

) N
Bribepem Takoe NeN, 4To ocTatok psaa Z/,t*(Bk)<g. [TycTh C:UBk -

k=N+1 k=1
YaCTUYHOE 00BEIMHEHUE — U3MEPUMOE, CIIEA0BATEILHO HAUETCS B - AJIEMEHTapHOE,

TaKoO€ 4TO: /,t*(CAB)<6. AABg(CAB)U( OB,(]. B cuny nmomyapautuBHOCTH

k=N+1

% »
BHCIITHEH MEPBI MMOIYUNM: A (AAB)S E+e. ﬂAk =FE\ U(E \ 4, )
k=1 k=1
CnenctBue: Jlroboe cueTHOE IMOJAMHOXKECTBO MHOXECTBA £ HM3MEPUMO IO
Jlebery, u umeer mepy “HOJIb”.

§7. CueTHas alIUTUBHOCTb U HEMPEPBHIBHOCTH Mephl Jlebera.



Teopema: Ilycth A:UAk, A4,NA, =D, i#j, Bce A, - U3MEPUMBI,

k=1

CJIEOBATEIIBHO /J(A) = i /J(Ak ) .
k=1
N

Jloka3aTesbCTBO: U A, € A, u3 IONyaIMTUBHOCTH BHEIIHEN MEPHI CIIEeTyeT:
k=1

N N )
u*(U AkJ = z/,t(Ak )= u(A). Hepeiinem x npenery npu n — oo: Z/,t(Ak)S u(A).
k=1 k=1

k=1
OOpaTHOE HEPABEHCTBO CIIEAYET U3 CUCTHOM MOJIYaJTMTUBHOCTH BHEITHEH MEPHI.

Teopema: (HempepsiBaocts). Ilycts 4, D 4, O..., ﬂAk 0003HaYNM yepe3
k=1

A, A, - usmepumsie. Torna /,t(A) = 1115)1010 /,t(Ak ) = irllvf /,t(Ak )

Jloka3aTenbCTBO: 1). A=0. [Momyunm: A4, = U(Ak \4,.,),

k

N k=1

/J(An ) = i /,t(Ak \4,,, ) Tak kak psn /J(A]) - CXOAHWTCA, 3HAYUT €ro OCTATOK
k=n

u(An)—>0, MpU 1 —> 0.

2). A= .

B =4\A, B,=4,\A. Torma wu3 Mpeauayllero IyHKTa CIEIyeT, 4TO

/J(An ) = /J(Bn U A) = B CHJLy aJUIUTUBHOCTH = /J(Bn )+ u(A) - u(A), MpU 1 —> 0.

Cnencreue: Ilycte 4, c 4, c..., A:UAn , A, - wu3Mepumbl, TOrAa
n=l

u(4)=1im p(4,).

n—0

JokazaTenbcTBo: [ JOKa3aTenbCTBa JOCTATOYHO MEPEUTH OT MHOXKECTB A,

K UX gonoysHeHusm B, = E\ A4 ,or 4 x B :ﬂBn .

n=1

§8. MI3MepUMOCTb OTKPBITBIX, 3AMKHYTBIX U BOPEIEBCKUX MHOKECTB Ha MPSIMOM.
Onpenenenue: MuoxectBo A R HaszwiBaercs m3mepumbiM mpo JleGery (
MHO>XECTBO MOXET OBbITb HEOTPAaHMUEHHBIM) €CIM H3MEPUMO MHOKECTBO

AN [n,n + 1) =A4,, uia moboro neZ. llpu stoM iy(An ) = /J(A) Ha3bIBACTCS

n=—ow
Mepoii Jlebera MmHOKecTBa A .
[Tpumep: 1. I[lyctp 4 =R, usmepumo 1 oHo?

Ha, Tak xKaK A4, :[n,n+1), /,t(An)zl.3HaqHT i y(An): ilz+oo,/,t(R):+oo.

n=—0 n=—00

2. Hycts A=Q. A, =QN[n,n+1),u(4,)=0. u(Q)= 20:0.



3ameuanue: JlJi1 HEOrpaHUYEHHBIX W3MEPUMBIX 110 JleOery MHOKECTB CIIpaBEUINBbI
BCE TEOPEMBI, KOTOpPBHIE Mbl JIOKa3ajdu Ul OrPaHUYEHHBIX M3MepUMbIX 1o JlebGery
MHOYECTB.
Teopema: Bce oTKpbIThIE MHOXKECTBA Ha MPSAMOM U3MepuMsl 110 Jlebery.
Hoxa3arensctBo: [IycTs A - oTkpbiToe, 4 —R.
1). Ilyctb AcC E, 1O ectb orpanuueHo. Ilo Teopeme O CTpPOEHHMH OTKPBITBHIX

0
MHOXECTB,  MHOKECTBO A= U P, {Pk } - COBOKYNHOCTh  IIOMAPHO
k=1

HEIEPECEKAOIINXCST MHTEPBAJIOB. Tak Kak COBOKYIIHOCTb M3MEPUMBIX MHOXKECTB
3aMKHYTa OTHOCHUTEIBHO CUETHBIX 00beIMHEeHUN, T0 4 - u3mepumo. B cuity cuetHoit

alauTUBHOCTH Mephl Jlebera, /J(A) = i u(PK )
k=1

2) A - neorpanudeHo. 3Hauut A, = A[) [n, n+ 1) = (A N (n, n+ 1))U (A N {n}) -
U3MEPUMO, CIEI0BATEIbHO A - H3MEPUMO.
CueTHast aIlTUTUBHOCTb MEPBI OyJIET BBIMOJIHATHCS U 3/1€Ch, U TaK Aajiee (IOBTOPEHHE
4acTH MyHKTa 1).)

CnencrBue 1. 3aMKHYTbIE MHOKECTBA Ha MpsAMOi u3mepumsl 1o Jlebery.

Jloka3arenbcTBO: [loNonHEHNE K 3aMKHYTOMY MHOKECTBY U3MEPUMO, TAK Kak
SBJIIETCA OTKPBITBIM. 3HAa4UT C€aMO 3aMKHYTO€ MHOXECTBO H3MEpPUMO Kak
JIOTIOJTHEHUE K U3MEPUMOMY MHOKECTBY.

Onpenenenne: MuoxkecTBo B R Ha3pIBaeTcst O0pPENEBCKUM, €CIIM OHO MOXKET
OBITH IMOJIyYEHO U3 OTKPBITBIX U 3aMKHYTBIX MHOXECTB C ITOMOIIbI0O KOHEYHBIX WU
CUYETHBIX OOBETMHEHUN U TIePECCUCHUH.

CnencrBue 2. bopenesckoe MHOkecTBO B R n3mepumo no JleGery.



