
�������������
	���
���������������������
���������� ��������

!#"%$'&)(+*,(.-0/'12"3*,4,&5*,6

R2 & C 798+7;:#< (.-012"3*,4 85= *,( 7 ( :#> $'1 7 " <?8A@)BDCE<F7FG & @ /'12HF"3*,4,&5*,13$'6 < (,H
> 12IF1 : 1 <F< (,H f : R → C |t→ u(t) + iv(t) : (.-�13*JI 8 "2" :K8 *,IF&F4 8 *,6," @ 798+7 4,1 7 *,(,I <?8A@ BDCE<F7FG & @
R→ R2 |t→ (u(t), v(t))

/'12HF"3*,4,&5*91L$'6 < (,H > 12IF1 : 1 <F< (,HNMFODIF&QP3*,( :R7 (,(,I9/'& <?8 * <FS 1 BDCE<F7FG &F& u & v
<?8ATUS 4 8+V *," @XWAYLZ'[3\0]A^?\0Y`_'a9b'c.Z &�d b?^ d c.Z�e?8 "3* @F: & BDCE<F7FG &F& f &f(,g,( TU<?8.e?8+V *," @ Re f & Im f

"2(Ah
(+*,4,13*,"3*,4,1 <F< (FMjik4,(,HF"3*,4 8Q7 ( :#> $'1 7 " <FSkl�BDCE<F7FG &FH�/'12HF"3*,4,&5*,13$'6 < (,H > 12IF1 : 1 <F< (,H = * 8+7 & : (,g,I 8AT ( :m=
: (.- < (0" e &5* 8 *,6n& T 4,12"3* <FSm: &NMNiK$'1L/ C 13*Q$'&5o�6�/'( > (U$ < &5*,6Q& lf< (,4 Sm: &�"24,(,HF"3*,4 8+: & = "24 @5T.8+<F<FSm: &�"
<?8 $'& e &F1 : 4 C

/'( > (U$ < &5*,1L$'6 < (,H 8 $'p212g,I 8 & e 12" 7 (,Hq"3*,I CE7 * C I S M#rD1 <?8�> (,"`$'1L/ < 1 :s: 12"3*,1t"3*,(,&5*�&
< 12(,g l (U/'& : (,"3*,6 > ( TU<?8+7 ( : &5*,6+" @ " < (,4 Sm: &�(,g,( TU<?8.e 1 < & @F: &�&f*,12I : & < (U$'(,p2&F1UHNM
u?vnw�x'y?z5{|zF}F~9���'��z5���f�j��y������J��~|���,}F�'��}F~9���'��x'����~|��~|�D~|����x'��v���x������?��zq������~|��z
ODIF& : 12IF( :�7 ( :#> $'1 7 " < (,H BDCE<F7FG &F&�/'12HF"3*,4,&5*91L$�6 < (,H > 12IF1 : 1 <F< (,H @ 4A$ @ 13*," @��'c.�9�¡ A�+\0Y`_'a9b?�.¢£#¤ b?�9¥?^E¢�WAY3Z'[3\0]A^?\0Y`_'a9b'c.Z��'Y§¦�Y d Y3b?b'c.Z�¨

R→ C|t→ eit,p`/'1
eit
(,g,( TU<?8.e?8 13*�" CE:#:�C I @ / 8 ∑∞

n=0
(it)n

n!
. ©ª8+7 & T 4,12"3* < ( =#e &F"`$'(,4,(,HRI @ / ∑∞

n=0
|t|n

n!
> IF&X$ V g,( :

t ∈ R
" l (./'&5*," @ &�12p2(�" CE:#:K8 I 8 4 <?8 e|t| M?« T ( e 124,&E/ < (,p2( < 12I 8 4,1 < "3*,4 8

∣

∣

∣

∣

(it)n

n!

∣

∣

∣

∣

≤ |t|
n

n!4 S *,1 7,8 13* =Ke *,(XI @ / ∑∞
n=0

(it)n

n!
8 g,"2(U$ V * < (�" l (U/'&5*," @J> IF&R$ V g,( : t ∈ R. ¬ *,(X( TU<?8.e?8 13* =Ke *,( > (Ah

7,8AT.8 *,1L$'6 <?8A@­BDCE<F7FG & @ ( > IF1L/'1L$'1 <?8R<?8 4,"212H e &F"`$'(,4,(,H > I @F: (,HNMkODIF&­P3*,( : /F$ @ $ V g,(,p2( t ∈ R& : 121 :
eit :=

∞
∑

n=0

(it)n

n!
, e−it :=

∞
∑

n=0

(−it)n
n!

.

® <?8.e &5* =
eit + e−it

2
=

∞
∑

n=0

in
tn

n!

(

1 + (−1)n
2

)

=
∞
∑

k=0

(−1)k t2k

(2k)!
= cos t.

eit − e−it

2i
=

∞
∑

n=0

in−1 t
n

n!

(

1− (−1)n
2

)

=
∞
∑

k=0

(−1)k t2k+1

(2k + 1)!
= sin t.

¯ e &5* S 4 8A@ ( e 124,&E/ < (,1°"2(,(+* < (+o�1 < &F1

eit =
eit + e−it

2
+ i

(

eit − e−it

2i

)

,

> (U$ CEe?8 1 :JTU<?8+: 1 < &5* CEV £ c±¦ d ¤ _ ¤�² Z|_�Y§¦|�
eit = cos t+ i sin t.« T P3*,(,H B (,I :�C $ S 4 S *,1 798 13* =�e *,( > ( 798AT.8 *,1L$'6 <?8A@�BDCE<F7FG & @ /'12HF"3*,4,&5*,13$'6 < (,H > 12IF1 : 1 <F< (,H @ 4Ah$ @ 13*," @�> 12IF&F(U/'& e 12" 7 (,H BDCE<F7FG &F12H�"ª(," < (,4 <FSm:J> 12IF&F(U/'( : 2π

M'ODIF&fP3*,( :
Re eit = cos t, Im eit = sin t,

|eit| =
√

cos2 t+ sin2 t = 1, Arg eit = {t+ 2πk : k ∈ Z}.³ gA$ 8 "3*,6 TU<?8.e 1 < &FH > ( 7,8AT.8 *,1L$'6 < (,H BDCE<F7FG &F& "2(,4 >?8 / 8 13* " 1L/'& < & eF< (,H ( 7 I C - < (,"3*,6 V
{(cos t, sin t):t ∈ R} M¯�g,1L/'& : " @N=´e *,(q/F$ @ ( > IF1L/'1L$'1 <F< (,H * 8+7 & : (,g,I 8AT ( :µ> ( 7,8AT.8 *,1L$'6 < (,H BDCE<F7FG &F&)& : 1313* : 13"3*,((,g SmeF<?8A@�\0Y2c`¦�Y d �t[`_�cU¶ Y3b?^E¢

ei(t1+t2) = eit1eit2 .·
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&�12HF"3*,4,&5*,1L$�6 < ( ='> ( B (,I :�C $'1 ¬ HE$'12I 8 eit1 = cos t1 + i sin t1 = eit2 = cos t2 + i sin t2. ' (,p`/ 8

eit1eit2 = (cos t1 + i sin t1) (cos t2 + i sin t2) =

= (cos t1 cos t2 − sin t1 sin t2) + i (cos t1 sin t2 + sin t1 cos t2) =

= cos(t1 + t2) + i sin (t1 + t2) = ei(t1+t2).i > ( 7,8AT.8 *,1L$'6 < (,H BDCE<F7FG &F12H�/'12HF"L*,4,&5*91L$�6 < (,H > 12IF1 : 1 <F< (,H�"24 @5T.8+<?8�< (,4 8A@�B (,I :K8�T.8+> &F"2& 7 ( : h
> $'1 7 " < (,p2( e &F"%$ 8 O C "3*,6 z ∈ C

&
z 6= 0

M�«D" > (U$'6 T2C,@ *,IF&Fp2( < ( : 13*9IF& e 1U" 75C5V�B (,I :�C�T.8+> &F"2& 7 ( : h
> $'1 7 " < (,p2( e &F"`$ 85=?> (.$ CEe?8 1 :

z = r(cosϕ+ i sinϕ),
p`/'1

r = |z|, ϕ ∈ Arg z.
OD( B (,I :�C $'1 ¬ HE$'12I 8 *,(0-�1ª" 8+: (,1 : (¡- < ( > 12IF1 > &F" 8 *,6n404,&E/'1

z = reiϕ,
p`/'1

r = |z|, ϕ ∈ Arg z.

¬ * C B (+I :#C T.8+> &F"2& > IF& <5@ *,( <?8ATUS 4 8 *,6 �'c.�9�¡ A�+\0Y`_'a9b'c.Z £ c`¦ d cUZ� A�+�?^'[3^­7 ( :#> $'1 7 " < (,p2( e &F"`$ 8 M( ]+c.Z'[3\0]+c°Y3W¡^?b'[3\0]+Y3b?b'c¡[3\�^ P3*,(,H B (,I :#S T.8+> &F"2& > (,4+*,(,I @ 13*�"24,(,HF"3*,4,(�1L/'& < "3*,4,1 <F< (,"3*9&Q*,IF&Fp2( < (Ah
: 13*,IF& e 12" 7 (,H B (,I :#S;T.8+> &F"2& 7 ( :#> $'1 7 " < (,p2( e &F"`$ 8�)

r1e
iϕ1 = r2e

iϕ2 ⇔ r1 = r2,
ϕ1 − ϕ2

2π
∈ Z.

*Nvnw���~,��~9������~|����~|�
+0�'��x��,}F�R�f�j��y������J��~|���,}F�'��}F~9���'��x'����~|��~|�D~|����x'�
³ " < (,4 <FS 1k( > IF1L/'1L$'1 < & @ /F$ @ 4,1 7 *,(,I <FSkl�BDCE<F7FG &FH�(./ < (+H°/'12HF"3*,4+&5*913$'6 < (,H > 12IF1 : 1 <F< (,H�*,I 8 /'&Eh

G &F( <F< ( B (,I :�C $'&FI CEV *9" @ 4f*,12I : & <?8¡lX7 (,(,I9/'& <?8 * <FSklXBDCE<F7FG &FHNM�« l $'12p 7 ( > 12IF1 B (,I :�C $'&FIF(,4 8 *,64 *,12I : & <FS BDCE<F7FG &FH 7 ( :#> $'1 7 " < (,H > 12IF1 : 1 <F< (,HNM © ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ /'12HF"3*,4,&5*,13$'6 < (,H > 1LhIF1 : 1 <F< (,H f c-, ¦|�+b?^/.5Y3b?�Xb?� d b'cU¶ Y2[3\0]+Y T ⊆ Df 0 = 12"%$'& (,p2I 8+< & e 1 <FS <?8 P3*,( : :#< (.-012"L*,4,1�121/'12HF"3*,4,&5*,13$'6 <?8A@ & :#< & :K8A@fe?8 "3*,&NM�3E(,4,(,I @ * =Fe *,( 7 ( :#> $'1 7 " < (,1 e &F"%$'( A @ 4A$ @ 13*," @��+¦�Y3WAY±_�c d �|c d54
�|_�Y3�|[3b'c.Z £#¤ b?�9¥?^?^ f ]�\0c6.E�|Y t0 ∈ Df

&E$'& BDCE<F7FG & @ f [87'c.W¡^?\0[%¢��X�|c d �|_�Y3�|[3b'c d ¤ .E^'[`_ ¤ A
�+¦'^ t → t0 9 4t(,g,( TU<?8.e 1 < & @El limt→t0 f(t) = A

&E$'&
f(t) → A > IF& t → t0

"2(,(+*,4,13*,"3*94,1 <F< (�: = 12"%$'&
Re f(t)→ ReA

&
Im f(t)→ ImA > IF& t→ t0 ; M © ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f b'YL�+¦�Y§¦�<K]Ab?�t]n\0c6.E�|Y

t0 ∈ Df = 12"%$'& < 1 > IF12I S 4 <FS 40P3*,(,H�*,( eF7 1°121�/'12HF"3*,4,&5*91L$'6 <?8A@ & :#< & :K8A@fe?8 "3*,&�= M> 8 - < ( > 12IF1 B (,I :�C $'&FIF(,4 8 *,6DP3*,&0( > IF1L/'1L$'1 < & @ 4�*,12I : & <FS *,IF&Fp2( < ( : 13*,IF& e 12" 7 (,H 9 > ( 7,8AT.8 *,1L$'6Ah< (,H�: B (,I :#S;T.8+> &F"2& 7 ( :#> $'1 7 " <FSkl�e &F"21L$�M?5@�ACB�@�DFEHG5MJI�KML c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^E¢ f c-, ¦|�+b?^/.5Y3b?��b?� d b'cU¶ Y2[3\0]+Y T ⊆ Df N \0c-, W¡��^\0cL_'a9�|c�\0c-, W¡� N �|c-, W¡�nb?�PO¡\0c dsd b'cU¶ Y2[3\0]+Y�c-, ¦|�+b?^/.5Y3b?� £#¤ b?�9¥?^E¢ |f | : t→ |f(t)| QRSACTUEUV	E�W�@�XZY�[\W�]�A%K^>k"21�4 S *,1 7,8 13*J& T ( e 124,&E/ <FSkl­< 12I 8 4,1 < "3*,4 max{|Re f(t)|, | Im f(t)|} ≤
|f(t)| ≤ |Re f(t)|+ | Im f(t)|. ¤

?5@�ACB�@�DFE_G5Ma`�Kcb ¦�Y3WAY`_ £#¤ b?�9¥?^?^ f ]�\0c6.E�|Y t0 ∈ Df ¦|�,]+Y3b A 6= 0 \0c-, W¡��^�\0cL_'a9�|cª\0c-, W¡� N�|c-, W¡�n[ ¤	d Y2[3\0] ¤	e \ WAY3Z'[3\0]A^?\0Y`_'a9b/<KY £#¤ b?�9¥?^?^ r ^ ϕ \��+�9^'Y N .E\0c
f(t) = r(t)eiϕ(t)

W3_5¢�_ eMf c-,Lc t ∈ Df ^ r(t)→ |A| N ϕ(t)→ argA �+¦'^ t→ t0 Q
0hgjilknmporqsijt�ulkvk Df w_xzy ujtzmp{|o xz}-~ kpilkpulkv�-q6�5�C���-�-�-q-q f, Df w kv�c�ntz�����zt|�-q-kz�;h� ~ ���vql��q�m�u xz� tz��q��ji-u-��ul� yzxz��}-x m�ulkpi xz� t|{|kpuloz� x mp{|q {tn}∞n=1 { xz� kv� tn ∈ Df , m�� x i-�-�^k � m���� t0, }-x m�ulkpi xz� t��{|kpuloz� x mp{|q {Re f(tn)}∞n=1 q {Im f(tn)}∞n=1 m�� x i-�-{zm��s� ReA q ImA m xzx { � kv{zmp{ � kv�-� x �=p� �lt � kz� Re f(tn) → Re f(t0), Im f(tn) → Im f(t0) }-~ q tn → t0, tn ∈ Df .
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RSACTUEUV	E�W�@�XZY�[\W�]�A%K�O C "3*,6 f(t)→ A 6= 0 > IF& t→ t0
M'OD(U$'(.-Q& : r(t) := |f(t)|. ' (,p`/ 8

r(t) =
√

(Re f(t))2 + (Im f(t))2 →
√

(ReA)2 + (ImA)2 = |A|, t→ t0.OD(U$'(.-Q& :
ϕ(t) :=

{

arg{f(t)Ā}+ argA,
12"%$'&

f(t) 6= 0;
0,

12"`$'&
f(t) = 0.® 8+: 1 e?8 1 :m=?e *,(

Re{f(t)Ā} = Re f(t) ReA+ Im f(t) ImA→ (ReA)2 + (ImA)2 = |A|2 > 0, t→ t0,

Im{f(t)Ā} = −Re f(t) ImA+ Im f(t) ReA→ −ReA ImA+ ImAReA = 0, t→ t0.!#"`$'&
tn → t0

&
tn ∈ Df = *,( =´<?8.e & <?8A@ " < 1 7 (+*,(,IF(,p2( < ( : 12I 8 N = 4 Sm> (U$ <5@ 13*," @ < 12I 8 4,1 < "3*,4,(

Re{f(tn)Ā} > 0
& ='TU<?8.e &5* = arg{f(tn)Ā} = arctg Im{f(tn)Ā}

Re{f(tn)Ā}
→ 0
MNiK$'1L/'(,4 8 *,1L$'6 < ( = ϕ(tn) → argA.

¬ *,(n( TU<?8¡e?8 13* = e *,( ϕ(t) → argA > IF& t → t0
M ODIF&�P3*,( : ϕ(t) ∈ Arg {f(t)Ā} + ArgA = Arg f(t).® <?8.e &5* = & : 1213* : 12"L*,( > IF1L/'"3* 8 4A$'1 < &F1 f(t) = r(t)eiϕ(t).³ g,I 8 * < ( ='>5C "3*,6 r(t)→ |A| 6= 0 = ϕ(t)→ argA > IF& t→ t0

&
f(t) = r(t)eiϕ(t)

/F$ @ $ V g,(,p2( t & T
Df

M ' (,p`/ 8 Re f(t) = r(t) cosϕ(t)→ |A| cos argA = ReA = Im f(t) = r(t) sinϕ(t)→ |A| sin argA =
ImA > IF& t→ t0 ='8 P3*,(Q( TU<?8.e?8 13* ='e *,( f(t)→ A > IF& t→ t0

M
¤

« T /'( 798AT.8A<F< (,Hf*,12(,IF1 :#S 4 S *,1 7,8 13*?5@�ACB�@�DFE G5M �/KrL c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^|¢ f N ¤ WAc¡]2_�Y3\0]+c`¦E¢ e d �.¢ ¤ [`_�c¡]A^ e f(t0) 6= 0 N b'Y3�+¦�Y 4¦�<K]Ab?�°]D\0c6.E�|Y t0 ∈ Df \0c-, W¡�ª^Q\0cL_'a9�|c�\0c-, W¡� N �|c-, W¡�°[ ¤	d Y2[3\0] ¤	e \ b'Y3�+¦�Y§¦�<K]Ab/<KY´] O¡\0c.ZQ\0c6.E�|YWAY3Z'[3\0]A^?\0Y`_'a9b/<KY £#¤ b?�9¥?^?^ r ^ ϕ \��+�9^'Y N .E\0c
f(t) = r(t)eiϕ(t) 9 I-:

W3_5¢�_ eMf c-,Lc t ∈ Df .³ * : 13*,& :m=Ae *,( BDCE<F7FG & @ r & Tk> IF1L/'"3* 8 4A$'1 < & @ 9 I-: ( > IF1L/'1L$ @ 13*," @ (U/ < ( TU<?8.eF< ( ) r = |f |. ® <?8.e 1 < & @
BDCE<F7FG &F& ϕ 4 798 -0/'(,H0*,( eF7 1�( > IF1L/'1L$ @ 13*," @ "´*,( eF< (,"3*,6 V /'(�"`$ 8 p 8 1 : (,p2( =E7 I 8 * < (,p2( <?8 & : 1 < 6+o�1 :�C
> 12IF&F(U/ Cf> ( 798AT.8 *,1 $'6 < (,H BDCE<F7FG &F& )

ϕ(t) =

{

arg{f(t)f(t0)}+ arg f(t0) + 2πk(t),
12"%$'&

f(t) 6= 0;
2πk(t),

12"`$'&
f(t) = 0.

® /'12"26
k �s> IF(,& T 4,(U$'6 <?8A@�BDCE<F7FG & @N= ( > IF1L/'1L$�1 <F<?8A@0<?8 (,gA$ 8 "3*,&�( > IF1L/'1L$'1 < & @ Df BDCE<F7FG &F& f, > IF&Eh< & :K8+V���8A@�G 1L$'( e &F"%$'1 <F<FS 1 TU<?8.e 1 < & @ M�rD1 > IF12I S 4 < (,"3*,6 BDCE<F7FG &F& ϕ 4t*,( eF7 1 t0 ( TU<?8¡e?8 13* < 1 > IF1LhI S 4 < (,"3*,6 BDCE<F7FG &F& k 4�P3*,(,HQ*,( eF7 1+M ¬ *,( = 4�"24,( V ( e 12IF1L/'6 = ( TU<?8¡e?8 13* =5e *,(�" C -01 < &F1 BDCE<F7FG &F& k <?8

< 1 7 (+*,(,I CEV ( 7 IF12"3* < (,"3*96�*,( eF7 & t0 @ 4A$ @ 13*," @�7 ( < "3* 8+< *,(,HNM� CE<F7FG & @ <?8ATUS 4 8 13*," @;b'Y3�+¦�Y§¦�<K]Ab'c.Z?= 12"`$'& ( <?8�< 1 > IF12I S 4 <?8 4 798 -0/'(,HX*,( eF7 1f(,gA$ 8 "3*,&q( > IF1Lh/'1L$'1 < & @ M�� CE<F7FG & @ f <?8ATUS 4,13*," @ b'Y3�+¦�Y§¦�<K]Ab'c.Z­b?� d b'cU¶ Y2[3\0]+Y T ⊆ Df = 12"%$'&�121�" C -01 < &F1 <?8:#< (.-�12"3*,4,( T < 1 > IF12I S 4 < (FMU&�12HF"3*,4,&5*,1L$'6 <?8A@ & :#< & :K8A@Re?8 "3*,& 7 ( :#> $'1 7 " < (,H BDCE<F7FG &F& f
( > IF1Lh/'1L$ @FV *," @ (U/ < ( TU<?8¡eF< (FM�OD(,P3*,( :�CJ< 1 > IF12I S 4 < (,"3*,6 BDCE<F7FG &F& f 9 <?8�:#< (.-012"3*,4,1 T :0I 8 4 < (,"2&E$'6 <?8< 1 > IF12I S 4 < (,"3*9&t121´/'12HF"3*,4,&5*91L$'6 < (,Hf& :#< & : (+H e?8 "3*,& 9 <?8°:#< (¡-�12"3*,4,1 T :LM © ( :#> $'1 7 " <?8A@nBDCE<F7FG & @

f ¦|�,]Ab'c d Y§¦'b'c�b'Y3�+¦�Y§¦�<K]Ab?�ªb?� d b'cU¶ Y2[3\0]+Y T ⊆ Df ,
12"`$'&�/F$ @ $ V g,(,p2( ε > 0

" C�� 12"3*94 C 12* δ > 0
* 8 h

7 (,1 =Ee *,(ª/F$ @ 4,"21 l t1, t2 ∈ T =9C /'(,4A$'13*,4,(,I @FV�� & lQC "%$'(,4,& V |t1− t2| < δ,
4 Sm> (U$ <5@ 13*," @t< 12I 8 4,1 < "3*,4,(

|f(t1)− f(t2)| < ε.?5@�ACB�@�DFE G5M � 9 ©ª8+< *,(,I�:2K
	 [`_'^ �|c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^E¢ f b'Y3�+¦�Y§¦�<K]Ab?��b?��c.\�¦�Y  A�|Y [a, b],\0c0c.b?�ª¦|�,]Ab'c d Y§¦'b'c0b'Y3�+¦�Y§¦�<K]Ab?�Qb?�PO¡\0c d c.\�¦�Y% A�EY2Q
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¯ > I 8 - < 1 < &F1+MUI,M�&�( 798 -Q&5*,1 =�e *,( > IF1L/'1L$ 7 ( :#> $'1 7 " < (,H B�CE<F7FG &F& f 4�*,( eF7 1 t0 ∈ Df
I 8 4,1 < A*,(,p`/ 8 &°*,(.$'6 7 (�*,(,p%/ 85=A7 (,p`/ 8 /F$ @ $ V g,(,H > (,"`$'1L/'(,4 8 *,1L$'6 < (,"3*9& {tn}∞n=1

*,( e 1 7 tn ∈ Df ,
" l (U/ @ � 12HF" @

7 t0, > (+"%$'1L/'(,4 8 *,1L$'6 < (,"3*,& {f(tn)}∞n=1

" l (./'&5*," @)7 A
M `EMr&�( 7,8 -Q&5*,1 =me *,( > IF1L/'1L$ 7 ( :#> $'1 7 " < (,H

BDCE<F7FG &F& f 4�*,( eF7 1 t0 ∈ Df

I 8 4,1 < A *,(,p`/ 8 &f*,(U$'6 7 (0*,(,p`/ 85=?7 (,p`/ 8
(∀ε > 0)(∃δ > 0)(∀t ∈ Df : 0 < |t− t0| < δ) : |f(t)− A| < ε.

�5M © ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f < 1 > IF12I S 4 <?8 40*,( eF7 1 t0 ∈ Df
*,(,p`/ 8 &t*,(.$'6 7 (0*,(,p`/ 85=?7 (,p`/ 8

(∀ε > 0)(∃δ > 0)(∀t ∈ Df : |t− t0| < δ) : |f(t)− f(t0)| < ε.
�FMl&�( 7,8 -Q&5*,1 =,e *,( 7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f < 1 > IF12I S 4 <?8°<?8 (+* 7 I S *9( :X:#< (¡-�12"3*,4,1 T ⊆ Df

*,(,p`/ 8&�*,(.$'6 7 (D*,(,p`/ 85=97 (,p`/ 8 ( <?8�< 1 > IF12I S 4 <?8 4 798 -0/'(,H�*,( eF7 1´P3*,(,p2( :#< (.-012"3*,4 8 M��EMl&�( 7,8 -Q&5*,1�*,12(,IF1 :�C
©ª8+< *,(,I 85= ( > &FI 8A@ "26 <?8 121�4 Sm> (U$ < & : (,"3*,6°/F$ @ /'12HF"3*,4,&5*,13$'6 <FSkltBDCE<F7FG &FHn(U/ < (,H�/'12HF"3*,4,&5*,13$'6 < (,H
> 12IF1 : 1 <F< (,HNM

�Nv���������~|��~|��������x'�'zF����~��f�j��y������ ��~|���,}F�'��}F~9���'��x'����~|��~|�D~|����x'�
© ( :#> $'1 7 " <?8A@JBDCE<F7FG & @ f W¡^ £�£ Y§¦�Y3b?¥?^+¦ ¤ Y d �R]�\0c6.E�|Y t0 = 12"`$'& /'& BªB 12IF1 <FG &FI C 1 :KS 4XP3*,(,H*,( eF7 1°121D/'12HF"3*,4,&5*,13$'6 <?8A@ & :#< & :K8A@�e?8 "3*,& u := Re f

&
v := Im f

M'ODIF&�P3*,( : �+¦�c.^5 +]+c.W¡b'c.Z f ′(t0)£#¤ b?�9¥?^?^ f ]�\0c6.E�|Y t0 <?8ATUS 4 8 13*," @�> IF1L/'1L$
lim
t→t0

f(t)− f(t0)

t− t0
:= lim

t→t0

u(t)− u(t0)

t− t0
+ i lim

t→t0

v(t)− v(t0)

t− t0
= u′(t0) + iv′(t0).

� CE<F7FG & V f <?8ATUS 4 8+V * W¡^ £�£ Y§¦�Y3b?¥?^+¦ ¤ Y d c.Z?= 12"`$'& ( <?8 /'& BªB 12IF1 <FG &FI C 1 :K8 4 798 -0/'(,H *,( eF7 1f(,gAh$ 8 "3*,&�( > IF1L/'1L$'1 < & @ M � CE<F7FG & V f <?8ATUS 4 8+V * W¡^ £�£ Y§¦�Y3b?¥?^+¦ ¤ Y d c.ZRb?� d b'cU¶ Y2[3\0]+Y T ⊆ Df = 12"%$'&" C -�1 < &F1 BDCE<F7FG &F& f <?8�:#< (.-�12"3*,4,( T /'& BªB 12IF1 <FG &FI C 1 : (FMj&�& BªB 12IF1 <FG &FI C 1 : (,"3*96 BDCE<F7FG &F& f <?8(+* 7 I S *,( :­:#< (¡-�12"3*,4,1 T I 8 4 < (,"2&E$'6 <?8 /'& BªB 12IF1 <FG &FI C 1 : (,"3*9& BDCE<F7FG &F& f 4 798 -0/'(,Hf*,( eF7 1 :#< (Ah-�12"3*,4 8 T. rD1 > (,"2IF1L/'"3*,4,1 <?< (�& T ( > IF1L/'1L$'1 < & @ 4 S *,1 7,8 13* =�e *,( 7 ( :#> $'1 7 " <?8A@ 7 ( < "3* 8+< * 8�@ 4A$ @ 13*," @/'& BªB 12IF1 <FG &FI C 1 : (,H BDCE<F7FG &F12H�&�& : 1213* <5C $'124 CEVs> IF(,& T 4,(./ <5CEV MiK$'1L/ C 13* > ( :#< &5*,6 =?e *,(�/'& BªB 12IF1 <FG &FI C 1 : (+"2*,6 BDCE<F7FG &F& f 4�*,( eF7 1 t0 ( TU<?8¡e?8 13* = 4 e?8 "3* < (,"3*9& =e *,( P3* 8 *,( eF798X> IF& <?8 /F$'13-Q&5* (,gA$ 8 "3*,&�( > IF1L/'1L$'1 < & @ Df BDCE<F7FG &F& f
& @ 4A$ @ 13*," @ /F$ @J< 121 > IF1Lh/'1L$'6 < (,Hn*,( eF7 (,HNM�&�& BªB 12IF1 <FG &FIF(,4 8+< &F1 BDCE<F7FG &F&f4�& T (U$'&FIF(,4 8+<F< (,Hn*,( eF7 1D(,gA$ 8 "3*,&t( > IF1L/'1L$'1 < & @$'&5o�1 < (ª" :#S "`$ 8 M '�8+7 & : (,g,I 8AT ( :´= /'& BªB 12IF1 <FG &FI C 1 : (,"3*96 BDCE<F7FG &F& > IF1L/ > (U$ 8 p 8 13* =9e *,(ª121�(,gA$ 8 "3*,6( > IF1L/'1L$'1 < & @�< 1ª"2(U/'12I|-Q&5*�& T (.$'&FIF(,4 8+<F<FSkl *,( e 1 7 M

© ( :#> $'1 7 " <?8A@­BDCE<F7FG & @ f
/'& BªB 12IF1 <FG &FI C 1 :K8 4 *,( eF7 1 t0 *,(,p`/ 8 &�*,(U$'6 7 ( *,(,p`/ 85=�7 (,p`/ 8 121> IF&FI 8 � 1 < &F1 f(t)− f(t0) > IF1L/'"3* 8 4A$ @ 13*9" @ 404,&E/'1

f(t)− f(t0) = A(t− t0) + γ(t)(t− t0), t ∈ Df\{t0},p`/'1
A ∈ C, γ(t) → 0 > IF& t → t0. © ( :#> $'1 7 " <?8A@;7 ( < "3* 8+< * 8 A

( > IF1L/'1L$ @ 13*," @ (U/ < ( TU<?8.eF< (q&"2(,4 >?8 / 8 13*�" > IF(,& T 4,(U/ < (,H f ′(t0) = u′(t0)+iv′(t0).
&°12HF"3*,4,&5*91L$'6 < ( =ABDCE<F7FG & @ f /'& BªB 12IF1 <FG &FI C 1 :K84�*,( eF7 1 t0 ∈ Df

*,(+p%/ 8 &f*,(U$'6 7 (0*,(,p%/ 85=?7 (,p%/ 8 & : 1 V * : 12"3*,( > IF1L/'"3* 8 4A$'1 < & @
u(t)− u(t0) = a(t− t0) + α(t)(t− t0), v(t)− v(t0) = b(t− t0) + β(t)(t− t0), t ∈ Df\{t0},p`/'1
a = u′(t0) = b = v′(t0), α(t), β(t) → 0 > IF& t → t0.

³ "3* 8 13*," @qT.8+: 13*,&5*,6 =#e *,( f(t) − f(t0) =
(u(t)− u(t0))+ i(v(t)− v(t0))

M '�8+7 & : (,g,I 8AT ( :m=
f(t)− f(t0) = df(t0) + γ(t)(t− t0), t ∈ Df\{t0},p`/'1

df(t0) = du(t0) + idv(t0) � W¡^ £�£ Y§¦�Y3b?¥?^?�U_ £#¤ b?�9¥?^?^ f ]�\0c6.E�|Y t0.� < (¡-�12"3*,4,(�4,"21 l *,( e 1 7 & T Df = 4 7 (+*,(,I Skl�BDCE<F7FG & @ f ( 7,8ATUS 4 8 13*," @ /'& BªB 12IF1 <FG &FI C 1 : (,H @ 4Ah$ @ 13*," @ (,gA$ 8 "3*,6 V ( > IF1L/'1L$'1 < & @ BDCE<F7FG &F& t → f ′ (t)
M ¬ * 8 BDCE<F7FG & @)<?8ATUS 4 8 13*," @ �+¦�c.^5 +]+c.W¡b'c.Z
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£#¤ b?�9¥?^'Y3ZnBDCE<F7FG &F& f &0(,g,( TU<?8.e?8 13*," @ f ′ M9ODIF(,& T 4,(U/ <?8A@0BDCE<F7FG & @�7 ( :#> $'1 7 " < (,H BDCE<F7FG &F& > (,4+*,(AhI @ 13*Q(," < (,4 <FS 1ª"24,(,HF"3*,4 80> IF(,& T 4,(U/ < (,Hf/'12HF"L*,4,&5*91L$�6 < (,H BDCE<F7FG &F&NM�r 8+> IF& : 12I =
(f1 + f2)

′ = f ′
1 + f ′

2, (f1f2)
′ = f ′

1f2 + f1f
′
2, (f1/f2)

′ =
f ′
1f − f1f

′
2

f 2
2

.

ODIF&�P3*,( : (,gA$ 8 "3*,& D(f1+f2)′ = D(f1f2)′
( > IF1L/'1L$'1 < & @�BDCE<F7FG &FH (f1 + f2)

′ & (f1f2)′ 4 7 $ V�e?8AV * :#< (Ah-�12"3*,4,(
Df ′1

⋂

Df ′2
=D8 (,gA$ 8 "3*,6 D(f1/f2)

′

( > IF1L/'1L$'1 < & @ BDCE<F7FG &F& (f1/f2)
′ 4 7 $ V�e?8 13* :#< (.-013"3*,4,(

(Df ′1

⋂

Df ′2
)\{t : f2(t) = 0} M^> Sm> (U$ < & : (+"3*,6 > 12IF4,(,p2(X"2(,(+* < (+o�1 < & @ ( e 124,&E/ <?8 M^> Sm> (.$ < & : (,"3*,64+*,(,IF(,p2(�4 S *,1 7,8 13*n& T I 8 4,1 < "3*,4

(f1f2)
′ = [(u1 + iv1)(u2 + iv2)]

′ = (u1u2 − v1v2)
′ + i(u1v2 + v1u2)

′ =

= u′1u2 + u1u
′
2 − v′1v2 − v1v

′
2 + i(u′1v2 + u1v

′
2 + v′1u2 + v1u

′
2) =

= [u′1u2 − v′1v2 + i(u′1v2 + u1v
′
2)] + [u1u

′
2 − v1v

′
2 + i(u1v

′
2 + v1u

′
2] = f ′

1f2 + f1f
′
2.³ *," V / 8 4 S *,1 798 13* = 4 e?8 "3* < (,"3*,& = e *,( 7 ( :#> $'1 7 " <5CEV 7 ( < "3* 8+< * C�: (.- < (�4 Sm< (,"2&5*,6 T.80TU<?8+7�> IF(,& T h4,(U/ < (,H ) (cf)′ = cf ′ M�> Sm> (.$ < & : (,"L*,6 > (,"`$'1L/ < 12p2(0"2(,(+* < (+o�1 < & @f> IF1L/F$ 8 p 8 13*," @ /'( 7,8AT.8 *,6 e &5* 8 *,1L$ V4 798.e 12"3*,4,1 CE> I 8 - < 1 < & @ M> 8 - < (q" B (,I :�C $'&FIF(,4 8 *,6 C "`$'(,4,&F1�/'& BªB 12IF1 <FG &FI C 1 : (,"3*9& 7 ( :#> $'1 7 " < (,H BDCE<F7FG &F&­/'12HF"3*,4,&Eh*,1L$'6 < (,H > 12IF1 : 1 <F< (,H�4�*,12I : & <?8¡l *,IF&Fp3( < ( : 13*9IF& e 1U" 7 (,H B (,I :#S;T.8+> &F"2& 7 ( :K> $'1 7 " < (,p2( e &F"`$ 8 M?5@�ACB�@�DFE G5M ��K 	 [`_'^ f(t0) 6= 0 N \0c�W¡^ £�£ Y§¦�Y3b?¥?^+¦ ¤ Y d c¡[3\�aq�Ec d �|_�Y3�|[3b'c.Z £#¤ b?�9¥?^?^ f ]

\0c6.E�|Y t0 c2 Ab?�j.|�,Y3\ N .E\0c [ ¤	d Y2[3\0] ¤	e \ W¡^ £�£ Y§¦�Y3b?¥?^+¦ ¤ Y d <KY�]#O¡\0c.Z;\0c6.E�|Y�W¡Y3Z'[3\0]A^?\0Y`_'a9b/<KY£#¤ b?�9¥?^?^ r ^ ϕ \��+�9^'Y N .E\0c
f(t) = r(t)eiϕ(t)

W3_5¢�_ eMf c-,Lc t ∈ Df Q b ¦'^ O¡\0c d

f ′(t0) = (r′(t0) + ir(t0)ϕ
′(t0))e

iϕ(t0) = f(t0)

(

r′(t0)

r(t0)
+ iϕ′(t0)

)

,

[`_�Y3WAc¡]A�+\0Y`_'a9b'c N �+¦�c.^5 +]+c.W¡b?�.¢ £#¤ b?�9¥?^?^ ϕ ]�\0c6.E�|Y t0 c.�+¦�Y3WAY`_5¢'Y3\0[%¢�c.W¡b'c2 Ab?�j.Eb'c
ϕ′(t0) =

1

i

(

f ′(t0)

f(t0)
− r′(t0)

r(t0)

)

.

RSACTUEUV	E�W�@�XZY�[\W�]�A%KC&�& BªB 12IF1 <FG &FI C 1 : (,"2*,6 BDCE<F7FG &F& f 4�*,( eF7 1 t0 4A$'1 e 13*D121 < 1 > IF12I S 4 < (,"3*964nP3*,(,H�*,( eF7 1+MjOD(�*,12(,IF1 : 1 G5M �Q" C�� 12"3*94 CEV * < 1 > IF12I S 4 <FS 1�4Q*,( eF7 1 t0 /'12HF"3*,4,&5*,13$'6 <FS 1 BDCE<F7FG &F&
r
&
ϕ
* 8+7 &F1 =me *,( f(t) = r(t)eiϕ(t) = r(t)(cosϕ(t) + i sinϕ(t))

MmODIF&�P3*,( :µBDCE<F7FG & @ r : t →
√

u2(t) + v2(t) = ( e 124,&E/ < ( = /'& BªB 12IF1 <FG &FI C 1 :K8 4D*,( eF7 1 t0 M ³ / < (°& T�e &F"21L$ u(t0)
r(t0)

& v(t0)
r(t0)

(,g @5T.8 *,1L$'6 < (
> IF& <?8 /F$'13-Q&5*Q& < *,12IF4 8 $ C (−1, 1) M ® <?8.e &5* = & T°> IF1L/'"3* 8 4A$'1 < &FH

ϕ(t) = arccos
u(t)

r(t)
, ϕ(t) = arcsin

v(t)

r(t)4 S *,1 7,8 13* ='e *,( BDCE<F7FG & @ ϕ *,(¡-�1�/'& BªB 12IF1 <FG &FI C 1 :K8 4�*,( eF7 1 t0 M'iK$'1L/'(,4 8 *,1L$'6 < ( =
u′(t0) = r′(t0) cosϕ(t0)− r(t0)ϕ

′(t0) sinϕ(t0),

v′(t0) = r′(t0) sinϕ(t0) + r(t0)ϕ
′(t0) cosϕ(t0).® <?8.e &5* = f ′(t0) = u′(t0) + iv′(t0) = (r′(t0) + ir(t0)ϕ

′(t0))e
iϕ(t0).³ g,I 8 * < (FM5!#"`$'& BDCE<F7FG &F& r & ϕ /'& BªB 12IF1 <FG &FI C 1 :#S 4°*,( eF7 1 t0, *,( BDCE<F7FG &F& u & v = ( e 124,&E/ < ( =/'& BªB 12IF1 <FG &FI C 1 :#S 4�*,( eF7 1 t0, 8 P3*,(Q( TU<?8.e?8 13*0/'& BªB 12IF1 <FG &FI C 1 : (,"3*,6 BDCE<F7FG &F& f M ¤
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OD( 798AT.8 *,1L$'6 <?8A@�BDCE<F7FG & @ /'& BªB 12IF1 <FG &FI C 1 :K8 4´$ V g,(,H°*,( eF7 1+M,r 8 HE/'1 : 121 > IF(,& T 4,(U/ <5CEV�B�CE<F7 h
G & V

(

eit
)′
= (cos t)′ + i(sin t)′ = − sin t+ i cos t = i(cos t+ i sin t) = ieit.

® 8+: 1 e?8 1 :m=?e *,( eib − eia = 0,
12"`$'&

= 0
&
b = 2π.

ODIF&�P3*,( :�> IF(,& T 4,(U/ <?8A@ (eit)′ (+*U$'& eF<?8 (+* <5C $ @
<?8 (+*,IF1 TU7 1 [0, 2π]. ¬ *,(+* > IF& : 12I > ( 798ATUS 4 8 13* =Ke *,( > IF&F4 SmeF<?8A@ /F$ @ /'12HF"3*,4,&5*91L$'6 <FS�lJBDCE<F7FG &FH*,12(,IF1 :K8 (0"2IF1L/ < 1 :

f(b)− f(a) = f ′(c)(b− a), c ∈ (a, b)

< 1�4 Sm> (U$ <5@ 13*," @ /F$ @�7 ( :#> $'1 7 " <FSkl�BDCE<F7FG &FHNM�> : 12"3*,10"°*,1 : ( 798ATUS 4 8 13*," @ " > I 8 4,1L/F$'&F4,(,H�"%$'1L/ C h
V���8A@ *,12(,IF1 :K8 M?5@�ACB�@�DFE G5M �/K%b ¤ [L\0at�|c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^E¢ f b'Y3�+¦'Y§¦�<K]Ab?�tb?�fc.\�¦�Y  A�|Y [a, b] ^�W¡^ £�£ Y 4
¦�Y3b?¥?^+¦ ¤ Y d �nb?�Q^?b?\0Y§¦�]A�U_�Y (a, b) Q��?c-, W¡�n[ ¤	d Y2[3\0] ¤ Y3\ c ∈ (a, b) \0�+�|c¡Y N .E\0c

|f(b)− f(a)| ≤ |f ′(c)|(b− a). 9 ` :RSACTUEUV	E�W�@�XZY�[\W�]�A%K�O C "3*,6 M := sup(a,b) |f ′|. > S g,12IF1 : ε > 0
&
t0 ∈ (a, b) .

³ g,( TU<?8.e & :
τ
*,( eF<5CEV 4,12I l5<FV�V p2I 8+< 6 :#< (.-�12"3*,4 8 *,( e 1 7 t

& T (+*,IF1 TU7,8 [t0, b],
/F$ @�7 (+*,(,I Skl 4 Sm> (.$ <5@ 13*," @

< 12I 8 4,1 < "3*,4,(
|f(t)− f(t0)| ≤M(t− t0) + ε(t− t0). 9 �	:³ e 124,&E/ < ( ='e *,( t0 < τ ≤ b.
ODIF1L/ > (.$'(.-Q& :m='e *,( τ < b. ' (,p`/ 80<?8 HE/'13*," @ ( 7 IF12"3* < (,"3*,6 U(τ)

*,( eF7 &
τ
* 8+798A@N= e *,(Q/F$ @ 4,"21 l t & T P3*,(+H�( 7 IF12"3* < (,"3*9&�4 Sm> (U$ <5@ 13*," @�< 12I 8 4,1 < "3*,4,( |f(t) − f(τ)| ≤ M |t −

τ | + ε|t − τ |. !#"%$'& t1 ∈ U(τ)
&
τ < t1 = *,( |f(t1) − f(t0)| ≤ |f(t1) − f(τ)|+ |f(τ) − f(t0)| ≤

M(t1 − τ)+ ε(t1 − τ) + M(τ − t0) + ε(τ − t0) ≤ M(t1 − t0) + ε(t1 − t0). ¬ *,( > IF(+*,&F4,(,IF1 e &5*( > IF1L/'1L$'1 < & V *,( eF< (,HQ4,12I l5< 12Hnp2I 8+< & τ M '�8+7 & : (,g,I 8AT ( :m= (,"3* 8 13*," @ /'( >5C "3*,&5*96 =Ee *,( τ = b.
® <?8.e &5* =

|f(b) − f(t0)| ≤ M(b − t0) + ε(b − t0). ��<?8 $'(,p2& eF< (Q/'( 798ATUS 4 8 13*," @N=Ne *,( |f(t0) − f(a)| ≤ M(t0 −
a)+ε(t0−a).

iK$'1L/'(,4 8 *,1L$'6 < ( = |f(b)−f(a)| ≤ |f(b)−f(t0)|+ |f(t0)−f(a)| ≤M(b−a)+ε(b−a).« T°> IF(,& T 4,(U$'6 < (,"3*,&�4 S g,(,I 8 ε > 0
4 S *,1 7,8 13* ='e *,(
|f(b)− f(a)| ≤M(b− a).& 8 $'121 = 12"`$'& > IF(,& T 4,(U/ <?8A@JBDCE<F7FG & @ f ′ @ 4A$ @ 13*," @�7 ( < "3* 8+< *,(,H = *,( M = |f ′(c)| /F$ @ $ V g,(,p2(

c ∈ (a, b)
M�!#"`$'& > IF(,& T 4,(U/ <?8A@�BDCE<F7FG & @ f ′ (+*U$'& eF<?8 (+* 7 ( < "3* 8+< * SD= *,(Q" C�� 12"3*94 CEV * a1, b1 ∈ (a, b)* 8+7 &F1 =ke *,( a1 < b1

& |f(b1) − f(a1)| < M(b1 − a1)
M ® <?8.e &5* = |f(b) − f(a)| ≤ |f(b) − f(b1)|+

|f(b1) − f(a1)|+ |f(a1) − f(a)| < M(b − b1)+ M(b1 − a1)+ M(a1 − a) < M(b − a)
M���*,( &

*,IF12g,(,4 8 $'(,"26�/'( 7,8AT.8 *,6FM ¤

!#"3*,12"3*94,1 <?<FSm: (,g,I 8AT ( : ( > IF1L/'1L$ @FV *," @�> IF(,& T 4,(U/ <FS 1°4 S "3o�& l�> (,I @ / 7 (,4 )
f ′′ := (f ′)′, ..., f (n) := (f (n−1))′, . . . .> e?8 "3* < (,"3*9& = &F" > (.$'6 T2C+@ "24,(,HF"3*,4,( (cf)′ = cf ′ =F> (.$ CEe?8 1 :
(

eit
)′′

= i2eit, ...,
(

eit
)(n)

= ineit, . . . .&�I C p2& : &R"%$'(,4 8+: & =�> ( 798AT.8 *,1L$'6 <?8A@RBDCE<F7FG & @ /'12HF"3*,4,&5*91L$�6 < (+H > 12IF1 : 1 <F< (,Hq( 798¡TUS 4 8 13*," @ g+12" 7 (Ah
< 1 eF< (�/'& BªB 12IF1 <FG &FI C 1 : (,H BDCE<F7FG &F12HNM!#"%$'& 7 ( :#> $'1 7 " <FS 1 BDCE<F7FG &F& f, g /'& BªB 12IF1 <FG &FI C 1 :#S /'( > (,I @ / 7,8 n = *,(´/F$ @�< & l " > I 8 4,1L/F$'&F4 8
B (,I :�C $ 8�� 12HFg < & G?8

(f1f2)
(n) =

n
∑

i=0

(

n

i

)

f
(n−i)
1 f

(i)
2 ,

(

n

i

)

=
n(n− 1)× ...× (n− i+ 1)

i!
.



�z��
��������j� � ����

$ � � � �
&�12HF"3*,4,&5*91L$'6 < ( = /F$ @QT2<?8¡e 1 < & @ n = 1

/'( 798ATUS 4 8 1 : (,1�I 8 4,1 < "3*,4,(�" > I 8 4,1L/F$'&F4,( > (," 7 (U$'6 75CQ> IF&Eh
< & :K8 13*ª4DP3*,( : "`$ CEe?8 1´"`$'1L/ CEV�� &FH�4,&E/ (f1f2)′ = f ′

1f2+f1f
′
2

M,ODIF1L/ > (U$'(¡-Q& :m=+e *,( B (,I :�C $ 8 4,12I <?8/F$ @fTU<?8.e 1 < & @ n− 1
&n/'( 798 -�1 : 121ª4 Sm> (.$ < & : (,"3*,60/F$ @tTU<?8.e 1 < &F& n M?« : 121 :

(f1f2)
(n) =

(

(f 1f2)
(n−1)

)′
=

(

n−1
∑

i=0

(

n− 1

i

)

f1
(n−i−1)f

(i)
2

)′

=

=
n−1
∑

i=0

(

n− 1

i

)

f
(n−i)
1 f

(i)
2 +

n−1
∑

i=0

(

n− 1

i

)

f
(n−i−1)
1 f

(i+1)
2 =

=
n−1
∑

i=0

(

n− 1

i

)

f
(n−i)
1 f

(i)
2 +

n
∑

i=1

(

n− 1

i− 1

)

f
(n−i)
1 f

(i)
2 =

= f
(n)
1 f2 +

n−1
∑

i=1

[(

n− 1

i

)

+

(

n− 1

i− 1

)]

f
(n−i)
1 f

(i)
2 + f1f

(n)
2 .

¯ e &5* S 4 8A@ "2(,(+* < (+o�1 < &F1 (n−1
i

)

+
(

n−1
i−1

)

=
(

n
i

)

, > (U$ CEe?8 1 : *,IF13g C 1 : (,1°I 8 4,1 < "3*,4,(FM
��v�����}F~��+��z5�	�°���DzF��z

³ *,(,g,I 8 -01 < &F1�& T R 4 R2 & < *,12p2IF&FI C 1 : ( 9 > (�
#& :K8+<5C : > (�(+*,IF1 TU75C [a, b] = 12"`$'& <?8 P3*,( : (+*,IF1 TU7 1& < *,12p2IF&FI C 1 :#S 9 > (�
#& :K8+<5C :�12p2( 7 (,(,I,/'& <?8 * <FS 1 BDCE<F7FG &F&NM '�8+7 & : (,g,I 8AT ( :m=F7 ( :#> $'1 7 " <?8A@�B�CE<F7 hG & @ f ^?b?\0Y2, ¦'^+¦ ¤ Y d ��<?8 (+*,IF1 TU7 1 [a, b] = 12"%$'& <?8 P3*,( : (+*,IF1 TU7 1�& < *,12p3I?&FI C 1 :#S�BDCE<F7FG &F& u := Re f&
v := Im f

M'ODIF&fP3*,( : ^?b?\0Y2, ¦|�U_�c d�
 ^ d �+b?�fBDCE<F7FG &F& f > (0(+*,IF1 TU75C [a, b] <?8ATUS 4 8 13*," @ " CE:#:K8
∫ b

a

fdt :=

∫ b

a

udt+ i

∫ b

a

vdt.

« < *,12p2I 8 $ ∫ b

a
fdt
"2(,4 >?8 / 8 13*�" > IF1L/'1L$'( :�� & < *,12p2I 8 $'6 <FS�l " CE:#:

στ (f) :=
n−1
∑

i=0

f(ξi)(ti+1 − ti), ξi ∈ [ti, ti+1],

"2(,"3* 8 4A$'1 <F<FS�l�> (QI 8AT g,&F1 < & @F: τ = {ti}ni=0 = a = t0 < ... < tn = b = (+*,IF1 TU798 [a, b] ='> IF&�"3*,IF1 : $'1 < &F&& lf: 1L$ 7 (,"3*,& δτ := maxi=0,..,n−1(ti+1 − ti) 7f<5C $ V M�&�12HF"3*,4,&5*,13$'6 < ( = στ (f) = στ (u) + iστ (v),
p`/'1

στ (u) :=
n−1
∑

i=0

u(ξi)(ti+1 − ti), στ (v) :=
n−1
∑

i=0

v(ξi)(ti+1 − ti), ξi ∈ [ti, ti+1],

�
& < *,12p2I 8 $'6 <FS 1�" CE:#:#S BDCE<F7FG &FH u & v "2(,(+*,4,1L*,"3*94,1 <?< (FM�ODIF&�P3*,( :

max{|στ (u)− Re I|, |στ (v)− Im I|} ≤ |στ (f)− I| ≤ |στ (u)− Re I|+ |στ (v)− Im I|.ik4,(,HF"3*,4 8 & < *,12p2I 8 $'(,4 7 ( :#> $'1 7 " <FSklQBDCE<F7FG &FH > (,4+*,(,I @FV *�"24,(,HF"3*,4 8 & l /'12HF"3*,4,&5*91L$'6 <FS�ln8A<?8 h$'(,p2(,4FM
?5@�ACB�@�DFE G5M���K�	 [`_'^ £#¤ b?�9¥?^?^ f N f1 N f2 ^?b?\0Y2, ¦'^+¦ ¤ Y d <sb?��c.\�¦�Y  A�|Y [a, b] ^ c ∈ C N \0c£#¤ b?�9¥?^?^ cf N f1 + f2 ^?b?\0Y2, ¦'^+¦ ¤ Y d <­b?�PO¡\0c d c.\�¦�Y  A�|Yª^��+¦'^ O¡\0c d

∫ b

a

cfdt = c

∫ b

a

fdt,

∫ b

a

(f1 + f2)dt =

∫ b

a

f1dt+

∫ b

a

f2dt.

��� t|� xzy � � � x ��� � � δτ→0στ (f) = I q6ulq στ (f) → I }-~ q δτ → 0, knm�ulq i-u-� ul� yzx � x ε > 0 mp���^knmp{ � �zkv{ δ > 0{vt|� x kz� � { x i-u-� � m��-� x � x ~ t|� y q6kv�-q6� τ x { ~ kv�v�zt [a, b] ����kpul� x mp{|o δτ � x { xz~-x � x ��kv�-o��^k δ � � }-x ul�6�-kv{zm����-k ~ t � kv�lmp{ �zx
|στ (f)− I| < ε.
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?5@�ACB�@�DFE G5M �/K 	 [`_'^ a, b, c ∈ [α, β] ^ £#¤ b?�9¥?^E¢ f ^?b?\0Y2, ¦'^+¦ ¤ Y d �QbF�nc.\�¦�Y  A�|Y [α, β] N \0c

∫ b

a

fdt =

∫ c

a

fdt+

∫ b

c

fdt.

!#"%$'& BDCE<F7FG & @ F < 1 > IF12I S 4 <?8�<?8�> IF( : 13- C * 7 1 〈a, b〉 = /'& BªB 12IF1 <FG &FI C 1 :K8�<?8 & < *,12IF4 8 $'1 (a, b)&
F ′ = f <?8 & < *,12IF4 8 $'1 (a, b) , *,(�121 <?8ATUS 4 8+V * �'Y§¦�]+c¡c f ¦|�¡ Ab'c.Z £#¤ b?�9¥?^'Y3Z /F$ @qBDCE<F7FG &F& f <?8
> IF( : 13- C * 7 1 〈a, b〉 M?5@�ACB�@�DFE G5M �/K
	 [`_'^ £#¤ b?�9¥?^E¢ F ¢']2_5¢'Y3\0[%¢ �'Y§¦�]+c¡c f ¦|�¡ Ab'c.Z W3_5¢ £#¤ b?�9¥?^?^ f b?��c.\�¦�Y% A�EY
[a, b] N \0c

∫ b

a

fdt = F (b)− F (a),

∣

∣

∣

∣

∫ b

a

fdt

∣

∣

∣

∣

≤ |f(c)|(b− a),

�+¦'^�b'Y3�|c.\0c`¦�c d c ∈ (a, b) QRSACTUEUV	E�W�@�XZY�[\W�]�A%K�OD12IF4,(,1K"2(,(+* < (+o�1 < &F1k4 S *,1 7,8 13*�& TkB (,I :�C $ S r�6 V *,( <?8 h � 12HFg < & G?85=.7 (+*,(AhI CEV /'(,"3* 8 *,( eF< ( > IF& : 1 < &5*,60(+*U/'1L$'6 < ( 7 /'12HF"3*,4,&5*91L$�6 < (,Hf& :#< & : (,H e?8 "3* @F:qBDCE<F7FG &F& f M�>�*,(,IF(,1"2(,(+* < (+o�1 < &F1�4 S *,1 7,8 13*n& T°> 12IF4,(,p2(�&f*,12(,IF1 :#S G5M �5M
¤!#"%$'& 7 ( :#> $'1 7 " <?8A@qBDCE<F7FG & @ f < 1 > IF12I S 4 <?8�<?8 (+*,IF1 TU7 1 [a, b], *,( ^?b?\0Y2, ¦|�U_�[t�'Y§¦�Y d Y3b?b/< d

]+Y§¦�7?b?^ d �+¦�Y3WAY`_�c d
t→

∫ t

a

f(ξ)dξ

@ 4A$ @ 13*," @ 121 > 12IF4,(,(+g,I 8ATU< (,H <?8 P3*,( : (+*,IF1 TU7 1+M�iK$'1L/'(,4 8 *,1 $'6 < ( =m> (,"`$'1L/ <5@5@ *,12(,IF1 :K8 (,"3* 8+< 13*," @" > I 8 4,1L/F$'&F4,(,H = 12"`$'&�121 > (," S $ 75C�T.8+: 1 < &5*,6 C "%$'(,4,&F1 :M)#�|c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^E¢ f b'Y3�+¦�Y§¦�<K]Ab?��b?�
c.\�¦�Y  A�|Y [a, b], F � Y��ª�'Y§¦�]+c¡c f ¦|�¡ Ab?�.¢ £#¤ b?�9¥?^E¢�b?� O¡\0c d c.\�¦�Y  A�|Y�Q?5@�ACB�@�DFE G5MJI6G/K 	 [`_'^f�|c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^E¢ f ^?b?\0Y2, ¦'^+¦ ¤ Y d ��b?��c.\�¦�Y  A�|Y [a, b] N \0cDWAY3Z 4[3\0]A^?\0Y`_'a9b?�.¢ £#¤ b?�9¥?^E¢ |f | ^?b?\0Y2, ¦'^+¦ ¤ Y d �Qb?�Qb�� d ^��+¦'^ O¡\0c d

∣

∣

∣

∣

∫ b

a

fdt

∣

∣

∣

∣

≤
∫ b

a

|f |dt.
RSACTUEUV	E�W�@�XZY�[\W�]�A%K�!#"`$'& BDCE<F7FG & @ f := u+ iv

& < *,12p2IF&FI C 1 :K8�<?8 (+*,IF1 TU7 1 [a, b] = *,( BDCE<F7FG &F&
u
&
v
& < *,12p2IF&FI C 1 :#S <?8 P3*,( : (+*,IF1 TU7 1+M ® <?8.e &5* = Sτ (u) − sτ (u), Sτ (v) − sτ (v) → 0 > IF& δτ → 0

M
® /'12"26

Sτ , sτ �
" CE:#:#S & 8 IFg C�CE7,8AT.8+<F<FSkl�BDCE<F7FG &FH = δτ � : 1L$ 7 (,"3*,6fI 8AT g,&F1 < & @ τ (+*,IF1 TU7,8 [a, b] M« T ( e 124,&E/ <FS�l�< 12I 8 4,1 < "3*,4
||f(t1)| − |f (t2) || ≤ |f(t1)− f (t2) | ≤ |u(t1)− u(t2)|+ |v(t1)− v(t2)|4 S *,1 7,8 13* =5e *,( Sτ (|f |)− sτ (|f |) ≤ Sτ (u)− sτ (u)+Sτ (v)− sτ (v)→ 0 > IF& δτ → 0

M5iK$'1L/'(,4 8 *,1L$'6 < ( =
BDCE<F7FG & @ |f | & < *,12p2IF&FI C 1 :K8 <?8 (+*,IF1 T27 1 [a, b]

M ³ "3* 8 $'6 < (,1�4 S *,1 7,8 13* & T�< 12I 8 4,1 < "3*,4 8 |στ (f)| ≤
στ (|f |)

M ® /'12"26
στ (f), στ (|f |) �

& < *,12p2I 8 $'6 <FS 1�" CE:#:#S;CE798AT.8+<F<FSkl�BDCE<F7FG &FHNM ¤
¯ > I 8 - < 1 < &F1+M &�( 7,8 -Q&5*,1 =9e *,(°& < *,12p2I 8 $t" > 12IF1 : 1 <F<FSm: 4,12I l5< & : > IF1 /'1L$'( : t→

∫ t

a
f(ξ)dξ

/F$ @
< 1 > IF12I S 4 < (,H <?8 (+*,IF1 TU7 1 [a, b] 7 ( :#> $'1 7 " < (,H BDCE<F7FG &F& f @ 4A$ @ 13*," @ 121 > 12IF4,(,(,g,I 8ATU< (,H BDCE<F7FG &F12H
<?8 P3*,( : (+*,IF1 TU7 1+M

	Nvt���j��y�������x �+��zF����
�~|����x'���'zF����zF�����
© ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f & : 1213* c-, ¦|�+b?^/.5Y3bFb ¤	e ]A�L¦'^?�+¥?^ e <?8 (+*,IF1 TU7 1 [a, b], 12"`$'&0/F$ @ $ V g,(,p2(I 8AT g,&F1 < & @ τ = {ti}ni=0 = a = t0 < ... < tn = b = (+*,IF1 TU798 [a, b] " CE:#:K8

υτ (f) :=
n−1
∑

j=0

|f(tj+1)− f(tj)|
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(,p2I 8+< & e 1 <?8 (U/ < & : &X*,1 : -�1 e &F"`$'( : M ' ( eF<?8A@ 4,12I l5<5@5@ p2I 8+< 6 supτ υτ (f)
P3*,(,HR" CE:#:#S�> (�4,"21 :I 8AT g,&F1 < & @F: (+*,IF1 TU7,8 [a, b] <?8ATUS 4 8 13*," @J]A�L¦'^?�+¥?^'Y3ZRBDCE<F7FG &F& f <?8 (A*,IF1 TU7 1 [a, b] &�(,g,( TU<?8.e?8 13*," @

V b
a (f).« T ( e 124,&E/ <FSkl�< 12I 8 4,1 < "3*,4

max{υτ (Re f), υτ (Im f)} ≤ υτ (f) ≤ υτ (Re f) + υτ (Im f)"`$'1L/ C 13* =�e *,( 7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f & : 1213*�(+p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V <?8 (+*,IF1 TU7 1 [a, b] 4t*,( :&n*,(U$'6 7 (04�*,( : "`$ CEe?8 1 =F7 (,p%/ 8�7,8 -0/ 8A@ & T /'12HF"3*,4+&5*913$'6 <FSklfBDCE<F7FG &FH Re f & Im f
& : 1213*�(,p2I 8+< &Eh

e 1 <F<5CEV 4 8 IF& 8+G & V�<?8 P3*,( : (+*,IF1 TU7 1+M�ODIF&�P3*,( :
max{V b

a (Re f), V
b
a (Im f)} ≤ V b

a (f) ≤ V b
a (Re f) + V b

a (Im f).OD(,"%$'1L/ < &F1 < 12I 8 4,1 < "3*,4 8 / 8+V *�4,( TU: (¡- < (,"3*,6 > 12IF1 < 12"3*9& < 1 7 (+*,(,I S 1�"24,(,HF"3*,4 8 4,1 � 12"3*,4,1 <F<FSkl
BDCE<F7FG &FH�(,p2I 8+< & e 1 <F< (,H�4 8 IF& 8+G &F& <?8 "`$ CEe?8 H 7 ( :#> $'1 7 " <FSkl�BDCE<F7FG &FH )I-:#12"`$'& 7 ( :#> $'1 7 " <?8A@tBDCE<F7FG & @ f & : 1213*�(,p2I 8A< & e 1 <F<5CEV > IF(,& T 4,(U/ <5CEV)<?8 & < *,12IF4 8 $'1 (a, b), *,(( <?8 & : 1213*Q(,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V <?8 (+*,IF1 TU7 1 [a, b] �` : 7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f = & : 1 V���8A@ (,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V <?8 (+*,IF1 TU7 1 [a, b], (,p2I 8+< &Eh
e 1 <?8�<?8 P3*,( : (+*,IF1 TU7 1�&q121 7 (U$'12g 8+< &F1 <?8 (+*,IF1 TU7 1 [a, b] < 1 > IF124,(," l (U/'&5*X121f4 8 IF& 8+G &F& <?8 P3*,( :(+*,IF1 TU7 1 )

ωb
a(f) := sup

t1,t2∈[a,b]

|f(t1)− f(t2)| ≤ V b
a (f).

�	:�12"%$'& 7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f
& : 1213* (,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V <?8 (+*,IF1 TU7 1 [a, b] = *,(X121" C -�1 < &F1 <?8 $ V g,(,H e?8 "3*,& eF<FS H�(+*,IF1 T ( 7 [c, d] ⊂ [a, b]

& : 1213* <?80< 1 : (,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V����:�12"`$'& 7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f & : 1213*�(,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V <?8 (+*,IF1 TU7 1 [a, b], *,(�( <?8& : 1213* <?8 P3*,( : (+*,IF1 TU7 1 < 1ªg,(U$'121 e 1 : " e 13* < (,1 :#< (¡-�12"3*,4,(0*,( e 1 7 I 8AT I S 4 8 M&ª$ @ /'I C p2& l "24,(,HF"3*,4 > IF(,4,1L/�1 : /'( 7,8AT.8 *,1L$'6,"3*,4 8 M?5@�ACB�@�DFE G5MJI I�K 	 [`_?^��|c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^E¢ f ^ d Y2Y3\ c-, ¦|�+b?^/.5Y3bFb ¤	e ]A�L¦'^?�+¥?^ e b?�nc.\ 4
¦�Y  A�|Y [a, b] ^ c ∈ (a, b) N \0c

V b
a (f) = V c

a (f) + V b
c (f).RSACTUEUV	E�W�@�XZY�[\W�]�A%K^> S g,12IF1 :J> IF(,& T 4,(U$'6 < (,1DI 8AT g,&F1 < &F1 τ (+*,IF1 TU798 [a, b]. O C "3*,6 τ ′ := τ∪{c},

τ ′1 := τ ′∩[a, c], τ ′2 := τ ′∩[c, b]. ' (,p`/ 8
υτ (f) ≤ υτ ′(f) = υτ ′1

(f) + υτ ′2
(f).

® <?8.e &5* = V b
a (f) ≤ supτ υτ ′(f) = V c

a (f) + V b
c (f).

i�/'I C p2(,H�"3*,(,IF( <FSD='>5C "3*,6 τ1, τ2 �µ> IF(,& T 4,(.$'6 <FS 1I 8AT g,&F1 < & @ (+*,IF1 TU7 (,4 [a, c] & [c, b] "2(,(A*,4,13*,"3*94,1 <?< (Q& τ := τ1∪τ2. ' (+p%/ 8
υτ1(f) + υτ2(f) = υτ (f).iK$'1L/'(,4 8 *,1L$'6 < ( = V c

a (f) + V b
c (f) = supτ=τ1∪τ2 υτ (f) ≤ V b

a (f). ¤?5@�ACB�@�DFE G5MJI-`�K 	 [`_'^��|c d �|_�Y3�|[3b?�.¢ £#¤ b?�9¥?^E¢ f b'Y3�+¦�Y§¦�<K]Ab?�Q^�^ d Y2Y3\ c-, ¦|�+b?^/.5Y3b?b ¤	e ]A� 4
¦'^?�+¥?^ e b?�tc.\�¦�Y  A�|Y [a, b] N \0c�WAY3Z'[3\0]A^?\0Y`_'a9b?�.¢ £#¤ bF�|¥F^E¢ t → V t

a (f) b?Y3�+¦�Y§¦�<K]Ab?�tb?� O¡\0c d c.\ 4¦�Y  A�|Y�QRSACTUEUV	E�W�@�XZY�[\W�]�A%K�O C "3*,6 t ∈ [a, b)
&
∆t > 0. ' (,p`/ 8

|V t+∆t
a (f)− V t

a (f)| = V t+∆t
t (f) ≤ V t+∆t

t (Re f) + V t+∆t
t (Im f)→ 0

> IF& ∆t→ 0 + 0.
!#"%$'&

t ∈ (a, b]
&
∆t < 0,

*,(
|V t+∆t

a (f)− V t
a (f)| = V t

t+∆t(f) ≤ V t
t+∆t(Re f) + V t

t+∆t(Im f)→ 0

> IF& ∆t→ 0− 0. ¤
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?5@�ACB�@�DFE G5MJI �/K 	 [`_'^t�|c d �|_�Y3�|[3b/<KY £#¤ b?�9¥?^?^ f1 ^ f2 ^ d Y e \�c-, ¦|�+b?^/.5Y3b?b/<KY�]A�L¦'^?�+¥?^?^fb?�c.\�¦�Y  A�|Y [a, b] N \0c £#¤ b?�9¥?^?^ f1 + f2 ^ f1f2 ^ d Y e \ c-, ¦|�+b?^/.5Y3b?b/<KYª]A�L¦'^?�+¥?^?^�b?��O¡\0c d c.\�¦�Y  A�|Yª^

V b
a (f1 + f2) ≤ V b

a (f1) + V b
a (f2), V

b
a (f1f2) ≤M1V

b
a (f2) +M2V

b
a (f1),

, WAY M1 := sup[a,b] |f1|, M2 := sup[a,b] |f2|.RSACTUEUV	E�W�@�XZY�[\W�]�A%KC&ª$ @�> IF(,& T 4,(U$'6 < (,p2( I 8AT g,&F1 < & @ τ = {ti}ni=0 = a = t0 < ... < tn = b =(+*,IF1 TU7,8 [a, b] & : 121 :
υτ (f1 + f2) ≤

n−1
∑

j=0

|f1(tj+1)− f1(tj)|+
n−1
∑

j=0

|f2(tj+1)− f2(tj)| = υτ (f1) + υτ (f2),

υτ (f1f2) ≤
n−1
∑

j=0

|f1(tj+1)||f2(tj+1)− f2(tj)|+
n−1
∑

j=0

|f2(tj)||f1(tj+1)− f1(tj)| = M1υτ (f1) +M2υτ (f2).

¤

�Nv ����}F~��+��z5�	�°���DzF��z�����}F����}F�'~E�,z
O C "3*,6 <?8ª> IF( : 13- C * 7 1 [a, b] ( > IF1L/'1L$'1 <FS�7 ( :#> $'1 7 " <FS 1 BDCE<F7FG &F& f & λ. > S g,12IF1 : > IF(,& T 4,(.$'6Ah

< (,1�I 8AT g,&F1 < &F1 τ = {tj}nj=0, a = t0 < ... < tn = b
(+*,IF1 TU7,8 [a, b]

&�"2(,"3* 8 4,& : & < *,12p2I 8 $'6 <5CEV" CE:#:�C
στ (f, λ) :=

n−1
∑

j=0

f(ξj)(λ(tj+1)− λ(tj)), ξj ∈ [tj, tj+1]

!#"`$'& " C�� 12"3*,4 C 13* > IF1L/'1L$ limδτ→0 στ (f, λ) 	
&q( <R< 1 T.8 4,&F"2&5*�(+*�4 S g,(,I 8 *,( e 1 7 ξj,

*,( BDCE<F7FG & V
f <?8ATUS 4 8+V * ^?b?\0Y2, ¦'^+¦ ¤ Y d c.Z �'c £#¤ b?�9¥?^?^ λ =�8 CE> ( :#@F<5C * S H > IF1L/'1L$ <?8ATUS 4 8+V * ^?b?\0Y2, ¦|�U_�c d
 ^ d �+b?� 4 ( \�^|_'\�a|Y2[±��BDCE<F7FG &F& f > ( BDCE<F7FG &F& λ &�(,g,( TU<?8.e?8+V * ∫ b

a
f(t)dλ(t)

M
¯K"`$'(,4,& @ " C�� 12"3*94,(,4 8+< & @ & < *,12p2I 8 $ 8 
#& :K8+<?8 h±i�*,&E$?*,6,12" 8�: (.- < (�& T 4A$'1 e 6�& TfC "`$'(,4,&FH " C�� 1Lh"3*,4,(,4 8+< & @ 12p2(�/'12HF"3*,4,&5*,13$'6 < (,p2( 8+<?8 $'(,p 8 M ¬ * C 4,( TU: (.- < (,"3*,6�/ 8 13*�( e 124,&E/ < (,1 > IF1L/'"3* 8 4A$'1 < &?1

∫ b

a

f(t)dλ(t) =

∫ b

a

u(t)dα(t)−
∫ b

a

v(t)dβ(t) + i

∫ b

a

v(t)dα(t) + i

∫ b

a

u(t)dβ(t),

p`/'1
u := Re f, v := ImF, α := Reλ, β := Imλ.

« T P3*,(,p2( > IF1L/'"3* 8 4A$'1 < & @ 4 S *,1 7,8 13* =A<?8+> IF& : 12I =Ae *,(& < *,12p2I 8 $ 
#& :K8+<?8 h±i�*,&E$?*,6,12" 8 " C�� 12"3*94 C 12* = 12"`$'& BDCE<F7FG & @ f @ 4A$ @ 13*," @�< 1 > IF12I S 4 < (,H =+8�B�CE<F7FG & @ λ& : 1213*�(,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8AG & V MA!#"%$'& > IF1L/ > (.$'(.-Q&5*,6´/'( > (U$ < &5*,1L$'6 < ( =+e *,( BDCE<F7FG & @ λ, 8mTU<?8.e &5* =& BDCE<F7FG &F& α & β, < 1 > IF12I S 4 < (0/'& BªB 12IF1 <FG &FI C 1 :#S <?8 (+*,IF1 TU7 1 [a, b], *,(�4 Sme &F"`$'1 < &F1°& < *,12p2I 8 $ 8
#& :K8+<?8 h±i�*,&E$?*,6,12" 8 "24,(U/'&5*," @�7 4 Sme &F"`$'1 < & V & < *,12p2I 8 $ 8 
#& :K8+<?8 M�&�12HF"3*,4,&5*91L$'6 < ( =
∫ b

a

f(t)dλ(t) =

∫ b

a

u(t)dα(t)−
∫ b

a

v(t)dβ(t) + i

∫ b

a

v(t)dα(t) + i

∫ b

a

u(t)dβ(t) =

=

∫ b

a

u(t)α′(t)dt−
∫ b

a

v(t)β ′(t)dt+ i

∫ b

a

v(t)α′(t)dt+ i

∫ b

a

u(t)β ′(t)dt =

∫ b

a

f(t)λ′(t)dt.

OD(Q*,(,H�-01�" l 1 : 1 : (.- < ( > 12IF1 < 12"3*9& <?8n7 ( :#> $'1 7 " <FS H�"%$ CEe?8 H�&�/'I C p2&F1�"24,(,HF"3*,4 8 & < *,12p2I 8 $ 8
#& :K8+<?8 h±i�*,&E$?*,6,12" 8�)
∫ b

a

(f1(t) + f2(t))dλ(t) =

∫ b

a

f1(t)dλ(t) +

∫ b

a

f2(t))dλ(t),

	 στ (f, λ) → I }-~ q δτ → 0, knm�ulq�i-u6��ul� yzx � x ε > 0 mp���^knmp{ � �zkv{ δ > 0 {nt|� x kz� � { x i-u-� � m��-� x � x ~ t|� y q-kv�-q6� τx { ~ kv�v�zt [a, b] �l��k ul� x mp{|o δτ � x { xz~-x � x ��kv�-o��^k δ � � }-x u-�6�-kv{zm��s�-k ~ t � kv�lmp{ �zx |στ (f, λ)− I| < ε.
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∫ b

a

f(t)d(λ1(t) + λ2(t)) =

∫ b

a

f(t)dλ1(t) +

∫ b

a

f(t))dλ2(t),

∫ b

a

kf(t)dlλ(t) = kl

∫ b

a

f(t)dλ(t), k, l ∈ C,

∫ c

a

f(t)dλ(t) +

∫ b

c

f(t)dλ(t) =

∫ b

a

f(t)dλ(t), c ∈ [a, b],

∫ b

a

f(t)dλ(t) = fλ|ba −
∫ b

a

λ(t)df(t)

9 4,(�4,"21 l "%$ CEe?8A@El " C�� 12"3*94,(,4 8+< &F1m& < *,12p3I 8 $'(,4D4 > I 8 4,(,H e?8 "3*,&�4A$'1 e 13*ª" C�� 12"3*94,(+4 8+< &F1m& < *,12p2I 8 $'(,44n$'124,(,H e?8 "3*,& =�8 /F$ @�> (,"`$'1L/ < 12H B (,I :�C $ S 4,12I < (�&�(,g,I 8 * < (,16:LM�> : 12"3*,1�"�*,1 :m=�7,8 -0/'(,1�& T P3*,& l"24,(,HF"3*,4 > IF( � 10& > (U$'1 TU< 12H�/'( 798AT.8 *,6 < 1 T.8 4,&F"2& : (FM�> 798.e 12"3*,4,1 > IF& : 12I 8 /'( 798 -�1 : *,IF&�"24,(,HF"3*,4 8& < *,12p2I 8 $ 8 
#& :K8+<?8 h±i�*,&E$?*,6,12" 8 M>k(Ah > 12IF4 Skl = 12"%$'& BDCE<F7FG & @ f < 1 > IF12I S 4 <?85='8�BDCE<F7FG & @ λ & : 1213*Q(,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V�<?8(+*,IF1 TU7 1 [a, b] = *,(
∣

∣

∣

∣

∫ b

a

f(t)dλ(t)

∣

∣

∣

∣

≤
∫ b

a

|f(t)|dV t
a (λ) ≤M V b

a (λ),

p`/'1
V t
a (λ), V

b
a (λ) �

4 8 IF& 8+G &F& BDCE<F7FG &F& λ <?8 (+*,IF1 TU7,8¡l [a, t]
&

[a, b]
"2(,(+*,4,13*,"3*94,1 <F< ( = M :=

sup[a,b] |f |.
&�12HF"3*,4+&5*91L$'6 < ( = "�(U/ < (,H�"3*,(,IF( <FSD= /F$ @ $ V g,(,p2( I 8AT g,&F1 < & @ τ = {tj}nj=0, a = t0 <

... < tn = b
(+*,IF1 TU7,8 [a, b] & : 121 :

|στ (f, λ)| ≤
n−1
∑

j=0

|f(ξj)||λ(tj+1)− λ(tj)| ≤
n−1
∑

j=0

|f(ξj)| V tj+1

tj (λ) =
n−1
∑

j=0

|f(ξj)|(V tj+1
a (λ)− V tj

a (λ)).

i�/'I C p2(,H�"3*,(,IF( <FSD=
στ (|f |, V t

a (λ)) :=
n−1
∑

j=0

|f(ξj)|(V tj+1
a (λ)− V tj

a (λ)) ≤M
n−1
∑

j=0

V
tj+1

tj (λ) = M V b
a (λ).

>k(Ah§4+*,(,I Skl =j> ( 7,8 -01 :m= e *,(�& < *,12p2IF&FI C 1 : (,"3*96 BDCE<F7FG &F& f > ( BDCE<F7FG &F& λ 4A$'1 e 13*�& < *,12p2IF&?I C h1 : (,"3*,6 BDCE<F7FG &F& f ∗ := f ◦ ϕ > ( BDCE<F7FG &F& λ∗ := λ ◦ ϕ = p`/'1 ϕ � < 1 > IF12I S 4 <?8A@R< 1 C g S 4 8+V���8A@
BDCE<F7FG & @N= (+*,(,g,I 8 - 8+V���8A@ (+*,IF1 T ( 7 [c, d] <?8 (+*,IF1 T ( 7 [a, b] = &

∫ b

a

f(t)dλ(t) =

∫ d

c

f ∗(t)dλ∗(t).

&�12HF"3*,4,&5*,1L$�6 < ( = 4 S g,12IF1 : > IF(,& T 4,(U$'6 < (,1�I 8AT g,&F1 < &F1 τ = {tj}nj=0, c = t0 < ... < tn = d
(+*,IF1 TU7,8

[c, d]
M ¬ *,( :�C I 8AT g,&F1 < & V (+*,4,1 e?8 13*Q& < *,12p2I 8 $'6 <?8A@ " CE:#:K8

στ (f
∗, λ∗) =

n−1
∑

j=0

f(ϕ(ξj))(λ(ϕ(tj+1))− λ(ϕ(tj))), ξj ∈ [tj, tj+1],

7 (+*,(,I 8A@ "2(,4 >?8 / 8 13*�"ª& < *,12p2I 8 $'6 < (,H�" CE:#: (,H

στ ′(f, λ) =
n−1
∑

j=0

f(ξ′j)(λ(t
′
j+1)− λ(t′j)), ξ

′
j ∈ [t′j, t

′
j+1],

(+*,4,1 e?8+V�� 12HqI 8AT g,&F1 < & V τ ′ = {t′j}nj=0, a = t′0 ≤ ... ≤ t′n = b �
(+*,IF1 TU798 [a, b].

® /'12"26
ξ′j = ϕ(ξj),

t′j := ϕ(tj), j = 0, ..., n
M ³ "3* 8 13*," @QT.8+: 13*,&5*96 =Ee *,( BDCE<F7FG & @ ϕ @ 4A$ @ 13*," @ I 8 4 < ( : 12I < ( < 1 > IF12I S 4 < (,H

�
� xz�z} t�ijt|�
�^q-k�{ xz� �-q �Z} k ~ k � qlm�ulkv�-q-q t′0, ..., t

′
n { xz� kv� ~ t|� y q-kv�-q6� τ ′ � x�� � x �|ijt�ulq-{|oZq��2{|kn� mvtz�����\�zi xzy q-{|o2m��}-x u-� x � x m xzx { � kv{zmp{ � q6� xz}-~ kpilkpulkv�-q-� ~ t|� y q-kv�-q6� x { ~ kp�v�2t-�
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<?8 (+*,IF1 TU7 1 [c, d], > (,P3*,( :�C�: 1L$ 7 (,"3*,6�I 8AT g,&F1 < & @ τ ′ "3*,IF1 : &5*9" @ 7�<5C $ V > IF&�"3*,IF1 : $'1 < &F& 7�<5C $ V
: 1L$ 7 (,"3*,&�I 8AT g,&F1 < & @ τ.>Kh *,IF13*,6,& l = /'( 798 -�1 :m=�e *,(n& < *,12p2IF&FI C 1 : (,"3*96 BDCE<F7FG &F& f > ( B�CE<F7FG &F& λ 4A$'1 e 13*f& < *,12p2IF&FI C 1Lh
: (,"3*,6 BDCE<F7FG &F& f− : [a, b]→ C| t → f(a + b − t) > ( BDCE<F7FG &F& λ− : [a, b]→ C| t → λ(a + b − t)&

∫ b

a

f(t)dλ(t) = −
∫ b

a

f−(t)dλ−(t).

&ª$ @ P3*,(,p2(�4 S g,12IF1 : > IF(,& T 4,(U$'6 < (,10I 8AT g,&F1 < &F1 τ = {tj}nj=0, a = t0 < ... < tn = b
(+*,IF1 TU7,8 [a, b] M

¬ *,( :�C I 8AT g,&F1 < & V (+*,4,1 e?8 13*n& < *,12p2I 8 $'6 <?8A@ " CE:#:K8
στ (f, λ) =

n−1
∑

j=0

f(ξj)(λ(tj+1)− λ(tj)), ξj ∈ [tj, tj+1],

7 (+*,(,I 8A@ (+*U$'& e?8 13*," @ $'&5o�6 TU<?8+7 ( : (+*�& < *,12p2I 8 $'6 < (,H�" CE:#:#S
στ ′(f

−, λ−) =
n−1
∑

j=0

f(a+ b− ξ′j)(λ(a+ b− t′j+1)− λ(a+ b− t′j)), ξ
′
j ∈ [t′j, t

′
j+1],

(+*,4,1 e?8+V�� 12H�I 8AT g,&F1 < & V τ ′ = {t′j}nj=0, a = t′0 < ... < t′n = b
(+*,IF1 T2798 [a, b]. ® /'12"26 ξ′j = a+b−ξn−j−1,

j = 0, ..., n− 1
&
t′j := a+ b− tn−j, j = 0, ..., n.

&�12HF"3*,4,&5*,13$'6 < ( =

στ ′(f
−, λ−) =

n−1
∑

j=0

f(ξn−j−1)(λ(tn−j−1)− λ(tn−j)) =
n−1
∑

j=0

f(ξj)(λ(tj)− λ(tj+1)) = −στ (f, λ).

ODIF&�P3*,( :�: 1L$ 7 (,"3*,6QI 8AT g,&F1 < & @ τ "2(,4 >?8 / 8 13*Q" : 1L$ 7 (,"3*,6 V I 8AT g,&F1 < & @ τ ′.
� v���x'�D����~|yj�,�
+0~��D~|�
+fv �f{|�D~|�����5+0~��f�j��y������

rD1 >5C "3*,(,1�"21 : 12HF"3*94,( R :#< (.-�12"3*,4 <?8ATUS 4 8 13*," @t�|cL_'a9¥'c d­d b'cU¶ Y2[3\0]A= 12"%$'&�( < ( T.8+:#7F<5C *,(D(+* < (Ah"2&5*,1L$'6 < (0( > 12I 8+G &FHt(,g���1L/'& < 1 < & @N=5> 12IF12"21 e 1 < & @ &n*,12(,IF13*,& 7 (Ah :#< (.-012"3*,4,1 <F< (,H�I 8AT2< (,"3*,&NM � < (.-�1Lh"3*,4,(
E ∈ R <?8ATUS 4 8 1L*," @qY3W¡^?b?^?¥'Y3Z 7 (U$'6 G?8�:#< (¡-�12"3*,4 R,

12"`$'&�/F$ @ $ V g,(,p2( A ∈ R
4 Sm> (U$ <5@ 13*," @I 8 4,1 < "3*,4,( A ∩ E = A.

!#"`$'& 7 (U$'6 G ( :#< (¡-�12"3*,4J"2(U/'12I9-Q&5*�1L/'& < & G5C+= *,( 12p2( <?8ATUS 4 8+V * �U_ ,LY 4f ¦�c.Z d b'cU¶ Y2[3\0] M © (.$'6 G ( :#< (.-012"3*,4 <?8ATUS 4 8 13*," @ σ 4 �|cL_'a9¥'c d = 12"`$'&�( < ( T.8+:#7F<5C *,(f(+* < (,"2&5*,1L$'6 < ((,g,I 8AT (,4 8+< & @ " e 13* <FSkl (,g���1L/'& < 1 < &FHNM � $'p212g,I 8f:#< (.-�12"3*,4 =N@ 4A$ @FV���8A@ " @ σ h 7 (.$'6 G ( :m= <?8ATUS 4 8 13*," @
σ
4 �U_ ,LY f ¦�c.Z M © (U$'6 G ( 9 σ h 7 (.$'6 G ( =58 $'p212g,I 85= σ h 8 $'p212g,I 8 : �'c`¦�cU¶)W¡�,Y3\0[%¢�[2Y d Y3Z'[3\0]+c d�d b'cU¶ Y2[3\0] Σ,12"`$'&X( < (f"2(,4 >?8 / 8 13*�" > 12IF12"21 e 1 < &F1 : 4,"21 l�7 (U$'1 G 9 σ h 7 (.$'1 GN=j8 $'p212g,I = σ h 8 $'p212g,I�: = 4 7 $ V�e?8+V�� & l Σ.
¬ $'1 : 1 < * S σ

h 8 $'p212g,I S B, > (+IF(¡-0/ 8 1 : (,HX"2(,4,( 75CE>F< (,"3*,6 V 4,"21 l & < *,12IF4 8 $'(,4 <?8�> I @F: (,H =�<?8ATUS 4 8 h
V *," @ f c`¦�Y`_�Y2]+[3�9^ d ^ d b'cU¶ Y2[3\0]A� d ^ M�OD(�*,12(,IF1 : 1n(�"3*,IF(,1 < &F&R(+* 7 I S * S�lR:#< (.-012"L*,4 <?8�> I @F: (,H4,"21ª(+* 7 I S * S 1�& T.8+:#7F<5C * S 1 :#< (.-012"L*,4 80<?80> I @F: (,H @ 4A$ @FV *," @ g,(,IF1L$'124," 7 & : &NM� Y§¦�c.Z <?8�7 (U$'6 G 1 :#< (¡-�12"3*,4 R <?8ATUS 4 8 13*," @ /'13HF"3*,4,&5*91L$�6 <?8A@ < 12(+*,IF& G?8 *,1L$'6 <?8A@ BDCE<F7FG & @ µ,( > IF1L/'1L$�1 <F<?8A@�<?8 R

&�(,gA$ 8 / 8+V���8A@ "24,(,HF"3*,4,( :)�+W¡W¡^?\�^']Ab'c¡[3\�^U)
A,B ∈ R, A ∩B = ∅ =⇒ µ(A ∪B) = µ(A) + µ(B).!#"`$'& > IF1L/ > (U$'(.-Q&5*,6 = e *,( BDCE<F7FG & @ µ > IF& < & :K8 13* > IF(,& T 4,(U$'6 <FS 1°/'12HF"3*,4,&5*,13$'6 <FS 1 TU<?8.e 1 < & @N= *,(121 <?8ATUS 4 8+V *  AbF�+�EcU�'Y§¦�Y d Y3b?b'c.Z d Y§¦�c.Z &E$'&  A�L¦5¢?WAc dDMF!#"`$'& BDCE<F7FG & @ µ > IF& < & :K8 13* 7 ( :#> $'1 7 " <FS 1

TU<?8.e 1 < & @N= *,(ª121 <?8ATUS 4 8+V * �|c d �|_�Y3�|[3b'c.Z d Y§¦�c.Z M���12I 8 9 T.8 I @ / =,7 ( :#> $'1 7 " <?8A@0: 12I 8 : µ <?8ATUS 4 8 13*," @
σ
4 �+W¡W¡^?\�^']Ab'c.Z?= 12"`$'&�( <?8 (,gA$ 8 / 8 13*�"%$'1L/ CEV�� & : "24,(+HF"3*,4,( :M)

A :=
∞
⋃

j=1

Aj ∈ R, Aj ∈ R, Ak ∩ As = ∅, k 6= s =⇒ µ(A) =
∞
∑

j=1

µ(Aj).



�|��
��������j� � �#��������� � · �
� < (¡-�12"3*,4,( A ∈ R <?8ATUS 4 8 13*," @q�'cL_�cU¶)^?\0Y`_'a9b/< d 9 cU\�¦?^?¥?�+\0Y`_'a9b/< d :´(+* < (,"2&5*,1L$'6 < ( T2<?8+7 (Ah> 12IF1 : 1 <F< (,H : 12I S µ,

( > IF1L/'1L$�1 <F< (,H <?8 σ h 8 $'p212g+IF1 R = 12"`$'&J/F$ @ $ V g,(,p2( B ∈ R
4 Sm> (U$ <5@ 13*," @

< 12I 8 4,1 < "3*,4,( µ(B ∩ A) ≥ 0 9 ≤ 0
:LM�OD(�"24,(,HF"3*,4 8+: TU<?8+7 ( > 12IF1 : 1 <F<FSklq: 12I = /F$ @R798 -0/'(,H & Tt< & l1L/'& < & G?8 E σ

h 8 $'p212g,I S R : (.-01L*�g S *,6 > IF1L/'"3* 8 4A$'1 <?8 404,&E/'1 9 ¦|�¡ 2_�cU¶ Y3b?^'Y � �+b?� :
E = E+ ∩ E−,p`/'1 :#< (.-�12"3*,4 8 E+, E− > IF& <?8 /F$'13- 8 * R =j< 1 > 12IF12"21 798+V *9" @ & @ 4A$ @FV *," @�> (.$'(.-Q&5*,1L$'6 <FSm: &�(+*AhIF& G?8 *,1L$'6 <FSm: "2(,(+*,4,13*,"3*94,1 <F< (FMN« T 4,12"3* < ( = e *,( BDCE<F7FG &F& :#< (.-�12"3*,4 8 µ+

&
µ−,
( > IF1L/'1L$�1 <F<FS 1 <?8

σ
h 8 $'p212g,IF1 R

" > ( : ( � 6 V "2(,(+* < (+o�1 < &FH
µ+(A) := µ(A ∩ E+), µ−(A) := µ(A ∩ E−),& <?8ATUS 4 8 1 :#S 1 ]+Y§¦�7?b'Y3Z & b?^F¶)b'Y3Z 4 8 IF& 8+G & @F: & TU<?8+7 ( > 12IF1 : 1 <F< (,H 9 σ h 8 /F/'&5*,&F4 < (,H�: : 12I S µ

"2(Ah
(+*,4,13*,"3*,4,1 <F< ( =�@ 4A$ @FV *," @ 9 σ h 8 /F/'&5*,&F4 <FSm: &�: : 12I 8+: &NMmODIF1L/'"3* 8 4A$'1 < &F1 T.8 I @ / 8 4R4,&E/'1�I 8ATU< (,"3*,&4,12I l5< 12H�& < &5- < 12H�4 8 IF& 8+G &FH

µ = µ+ − µ−

<?8ATUS 4 8 13*," @t¦|�¡ 2_�cU¶ Y3b?^'Y d�� c`¦'W¡�+b?� P3*,(,p2( T.8 I @ / 8 M�>k" @F7,8A@t7 ( :#> $'1 7 " <?8A@ 9 σ h 8 /F/'&5*,&F4 <?8A@ : : 12I 85=( > IF1L/'1L$�1 <F<?8A@�<?8 σ h 8 $'p212g,IF1 R = /'( >5C " 7,8 13* > IF1L/'"3* 8 4A$'1 < &F1

µ = µ′
+ − µ′

− + iµ′′
+ − iµ′′

−,p`/'1
µ′ := Reµ, µ′′ := Imµ � TU<?8+7 ( > 12IF1 : 1 <F<FS 1 9 σ h 8 /F/'&5*,&F4 <FS 16: : 12I S�<?8 σ h 8 $'p212g,IF1 R = µ′ =

µ′
+ − µ′

−, µ
′′ = µ′′

+ − µ′′
− �
& l I 8AT $'(.-�1 < & @�� (,I,/ 8+<?8 M �&�12HF"3*,4,&5*91L$'6 <?8A@­BDCE<F7FG & @ f,

( > IF1L/'1L$�1 <F<'8A@�<?8XB & 7 "2&FIF(,4 8+<F< ( : :#< (.-�12"3*,4,1�& T σ h 8 $'p212g,I S
R =F<?8ATUS 4 8 13*," @ R− ^5  d Y§¦'^ d c.Z?= 12"`$'& > IF(,(,g,I 8AT f−1(B)

$ V g,(,p2(0g,(,IF1L$'134," 7 (,p2( :#< (.-012"3*,4 8 B ∈ B

> IF& <?8 /F$'13-Q&5* R
M © ( :#> $'1 7 " <?8A@ BDCE<F7FG & @ f,

( > IF1L/'1L$�1 <F<?8A@ <?8�B & 7 "2&FIF(,4 8+<F< ( :s:#< (.-012"3*,4,1t& T
σ
h 8 $'p212g,I S R =�<?8ATUS 4 8 13*," @ R− ^E  d Y§¦'^ d c.Z?= 12"`$'&R/'12HF"3*,4,&5*,13$'6 <FS 1 BDCE<F7FG &F& Re f

&
Im f @ 4A$ @ h

V *," @ R
h§& TU: 12IF& :#Sm: &NM?« T & T 4,12"3* <FSkl "24+(,HF"3*,40& TU: 12IF& :#Skl /'12HF"3*,4,&5*91L$'6 <FS�lfBDCE<F7FG &FHf4 S *,1 798AV *"24,(,HF"3*,4 8 & TU: 12IF& :#Skl�7 ( :#> $'1 7 " <FSkl�BDCE<F7FG &FH )I-:�13"%$'& 7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f R

h§& TU: 12IF& :K85= *,( BDCE<F7FG & @ |f | R h§& TU: 12IF& :K8 �` :�13"%$'& 7 ( :#> $'1 7 " <FS 1 BDCE<F7FG &F& f & g R
h§& TU: 12IF& :#SD= *,( BDCE<F7FG &F& f + g

&
fg R

h§& TU: 12IF& :#S M
�Nv�����}F~��+��z5�
	�~��'~��3z

O C "3*,6 E �
1L/'& < & G?8 σ h 8 $'p212g,I S R, µ � σ

h 8 /F/'&5*,&F4 <?8A@�: 12I 8�<?8 R = f � (,p2I 8+< & e 1 <F<?8A@�< 12(+*,IF&Eh
G?8 *,1L$'6 <?8A@ R

h§& TU: 12IF& :K8A@�BDCE<F7FG & @�<?8 E, A ∈ R, [a, b) � > IF(,& T 4,(U$'6 <FS H > (U$ C & < *,12IF4 8 $ = 4 7 $ V h
e?8+V�� &FH :K< (.-�12"3*,4,( f(A). > S g,12IF1 :�> IF(,& T 4,(U$'6 < (,1ªI 8AT g,&F1 < &F1 τ := {tj}nj=0, a = t0 < ... < tn = b(+*,IF1 TU7,8 [a, b] &�"2(,"3* 8 4,& : & < *,12p2I 8 $'6 <5CEV " CE:#:�C � 12g,12p 8

στ (f, µ) :=
n−1
∑

j=0

ηjµ(ej).

® /'12"26
ηj ∈ [tj, tj+1), ej := {x ∈ A : f(x) ∈ [tj, tj+1)} = f−1([tj, tj+1)) ∩ A.

« T 4,12"3* < ( =�e *,( > IF&& TU: 1L$'6 e 1 < &F&tI 8AT g,&F1 < & @ τ & < *,12p2I 8 $'6 <FS 1�" CE:#:#S � 12g,12p 8 "3*,IF1 :�@ *9" @t7Q7 ( < 1 eF< ( :�C�> IF1L/'1L$ C M ¬ *,(+*
��
 k ~ � µ′+, µ′−, µ

′′
+, µ′′− i xz} �zmp�2t|�
{rqF�-kv�nt � qlmpql����k x { ~ t|�pu x�� kv�-q6���Ut|�lt xz}-~ kpilkpulkv�-q6���

µ′+(A) := sup
B⊆A,B∈R

µ′(B), µ′−(A) := sup
B⊆A,B∈R

(−µ′(B)),

µ′′+(A) := sup
B⊆A,B∈R

µ′′(B), µ′′−(A) := sup
B⊆A,B∈R

(−µ′′(B)).
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> IF1L/'1L$ <?8¡TUS 4 8 13*," @ ^Fb?\0Y2, ¦E�U_'c d�� Y f Y2, � 9 > ( : 12IF1 µ) BDCE<F7FG &F& f <?8�:#< (¡-�12"3*,4,1 A & (,g,( TU<?8 h
e?8 13*," @ ∫

A
fdµ.

!#"`$'&­( >5C "3*,&5*96 *,IF12g,(,4 8+< &F1�(,p2I 8+< & e 1 <F< (,"3*,& BDCE<F7FG &F& f,
*,( & < *,12p2I 8 $ � 12g,12p 8( > IF1L/'1L$ @ 13*," @ * 8+7

∫

A

fdµ := lim
k→+∞

∫

A

fkdµ, 9 ��:p`/'1
fk(t) :=

{

f(t) > IF& f(t) < k,
k > IF& f(t) ≥ k.!#"`$'& > IF1L/'1 $ 9 ��:�" C�� 12"3*94 C 13* = *,( BDCE<F7FG & V f <?8ATUS 4 8+V * ^?b?\0Y2, ¦'^+¦ ¤ Y d c.Z�<?8�:#< (.-012"3*,4,1 A. !#"`$'&( >5C "3*,&5*96�*,IF12g,(,4 8+< &F1 < 12(+*,IF& G?8 *91L$'6 < (,"3*9& = *,(

∫

A

fdµ :=

∫

A

f+dµ−
∫

A

f−dµ, 9 � :
p`/'1

f+(t) :=

{

f(t) > IF& f(t) > 0,
0 > IF& f(t) ≤ 0,

f � (t) :=
{

−f(t) > IF& f(t) < 0,
0 > IF& f(t) ≥ 0.ODIF&JP3*,( : BDCE<F7FG & @ f <?8ATUS 4 8 13*," @ ^?b?\0Y2, ¦'^A¦ ¤ Y d c.Z;<?8�:#< (.-�12"3*,4,1 A, 12"`$'&�& < *,12p2IF&?I C 1 :#S <?8

:#< (.-�12"3*,4,1 A BDCE<F7FG &F& f+ & f−.
�Nv ����}F~��+��z5�
	�~��'~��3z�����}F����}F�'~E�,z

u��jv ������� +0~��XyNx'�D����~|yj�,��x'������x��,yNx��,}F�
© IF&F4 S 1�4 7 ( :#> $'1 7 " < (,H > $'(," 7 (,"3*,& T.8+< & :K8+V *�(,"2(,g,(,1 : 12"3*,(�4°*,12(,IF&F& BDCE<F7FG &FH 7 ( :#> $'1 7 " < (,H

> 12IF1 : 1 <F< (,HNMkODIF(,gA$'1 :K8�T.8+7 $ V�e?8 13*," @ 4�*,( :m=Ke *,( " C�� 12"3*,4 C5V *RI 8AT $'& eF<FS 1 > (./ l (U/ S 7 ( > IF1L/'1Lh$'1 < & V 7 IF&F4,(,H =�7 (+*,(,I S 1�IF(¡-0/ 8+V * I 8AT $'& eF<FS 1�*,12I : & < (U$'(,p2& e 1U" 7 &F1�g 8ATUS &�I 8AT $'& eF<FS 1 7 I C p2&4,( > IF(,"2(,4FM &ª$ @n<?8 "�4 8 - < (°( > IF1L/'1L$'&5*96," @ &n(,g,( TU<?8.e &5*,6 7 ( <F7 IF13* <5C5V *,12I : & < (U$'(,p2& V &n&F" > (U$'6 T2C h1 :�CEV / 8 $'121°"2& : 4,(U$'& 75C M
u��jv u?v��0����~,��~9��~|����~ y������'x'��v � < (.-�12"3*,4,( <?8ATUS 4 8 13*," @ .E�,[3\�^/.Eb'c ¤ �'c`¦5¢?WAc6.5Y3bFb/< d = 12"%$'&/F$ @�< 1 7 (+*,(,I Skl­>?8 I­12p2(RP`$'1 : 1 < *,(,4 x

&
y
( > IF1L/'1L$'1 < (q(+* < (+o�1 < &F1�"3*,IF(+p2(,p2( > (,I @ / 7,8	� ≺ �A= *,(12"3*,6 < 1 7 (+*,(,IF(,1�(+* < (+o�1 < &F1 = C /'(,4A$'13*,4,(,I @FV�� 121�"`$'1L/ CEV�� & :­C "%$'(,4,& @F:M) x ≺ y

&F" 7 $ V�e?8 13* x = y �12"`$'&
x ≺ y

&
y ≺ z = *,( x ≺ z

M/&�4 8 P`$'1 : 1 < * 8te?8 "3*,& eF< ( CE> (,I @ /'( e 1 <F< (,p2( :#< (¡-�12"3*,4 8�[§¦|�,]Ab?^ d <#=12"`$'&X& : 1213* : 12"3*,(�(./ < (�& T *,IF1 l "2(,(+* < (+o�1 < &FH x ≺ y = y ≺ x = x = y
M � 8 "L*,& eF< ( CE> (,I @ /'( e 1 <F< (,1

:#< (.-�12"3*,4,( <?8ATUS 4 8 13*," @ ¤ �'c`¦5¢?WAc6.5Y3b?b/< d = 12"`$'&q$ V g S 1t/'4 8 12p2(XP`$'1 : 1 < * 8 "2I 8 4 < & :#S M � 8 "3*,& eF< (
CE> (,I @ /'( e 1 <F< (,1 :#< (.-012"3*,4,(t"�(+* < (+o�1 < &F1 : > (,I @ / 798
� ≺ �3: (.-�13*fI 8 "2" :K8 *,IF&F4 8 *,6," @�798+7�e?8 "3*,& eF< (
CE> (,I @ /'( e 1 <F< (,1 :#< (¡-�12"3*,4,(n" c f ¦|�+\�b/< d c.\�b'c��0Y3b?^'Y d > (,I @ / 798
� Â �l) x Â y

*,(,p`/ 8 &�*,(U$'6 7 (Q*,(Ahp`/ 85=A7 (,p`/ 8 y ≺ x
MAODIF& > 12IF1 l (U/'1 7 (,g,I 8 * < ( :#Cª> (,I @ / 75CªT.8+>?8 "�"2I 8 4 < & :#Skl P`$'1 : 1 < *,(,4 < 1 : 1 <5@ 13*," @N=4 e?8 "3* < (,"3*,& =?CE> (,I @ /'( e 1 <F< (,1 :#< (.-012"3*,4,(0* 8+7 (,4 Sm: &f(,"3* 8 13*," @ M� 8 "3*,& eF< ( CE> (,I @ /'( e 1 <F< (,1 :#< (.-012"3*,4,( l ⊆ C <?8ATUS 4 8 13*," @��2¦'^']+c.Z 9 *,( eF< 121 =��2¦'^']+c.Z � c`¦'W¡�+b?� : =12"`$'& T.8 / 8+<?8�< 1 > IF12I S 4 <?8A@�<?8�< 1 7 (+*,(,IF( :J> IF( : 13- C * 7 1 〈a, b〉 ⊆ R, a 6= b =57 ( :#> $'1 7 " <?8A@fBDCE<F7FG & @

λ =5C /'(,4A$'13*,4,(,I @FV���8A@ "`$'1L/ CEV�� & :JC "%$'(,4+& @?:M)I-:�(+g,I 8AT°> IF( : 13- C * 7,8 〈a, b〉 > IF&�(+*,(,g,I 8 -�1 < &F& λ "3(,4 >?8 / 8 13*Q" l �` :�13"%$'&
t1, t2 ∈ 〈a, b〉

&
λ (t1) ≺ λ (t2) ,

*,(
t1 < t2

M
© IF&F4 8A@ l <?8ATUS 4 8 13*," @X�+¦�c¡[3\0c.Z?= 12"%$'&�4 Sm> (U$ <5@ 13*," @ /'( > (U$ < &5*,1L$'6 < (,1 C "`$'(,4,&F1 )�	: BDCE<F7FG & @ λ

(," C�� 12"3*94A$ @ 13* ^5 +c.\0c.b?b'c¡Y (+*,(,g,I 8 -�1 < &F1 = *,(�12"3*,6�& TQC "`$'(,4,&FH t1, t2 ∈ 〈a, b〉
&

t1 < t2
4 S *,1 7,8 13* = e *9( λ (t1) ≺ λ (t2)

M
¯K"`$'(,4,& @ ` :�& �	:�4�"2(,4,( 75CE>F< (,"3*,&�( T2<?8¡e?8+V * =Ke *,( λ @ 4A$ @ 13*," @)�'c`¦5¢?W¡�|c¡]l< d ^5 +c d c`¦ £ ^5  d c d )

t1, t2 ∈ 〈a, b〉
&
t1 < t2

*,(,p`/ 8 &Q*,(U$'6 7 (�*,(,p`/ 85=57 (,p`/ 8 λ (t1) ≺ λ (t2)
M�> e?8 "3* < (,"3*,& =F> IF(+"3* 8A@t7 IF&F4 8A@

< 1ª& : 1213*Q" 8+: ( > 12IF12"21 e 1 < &?HNM�&�I C p2& : &�"`$'(,4 8+: & = 12"`$'& t1 = t2 ∈ 〈a, b〉 & t1 6= t2 = *,( λ(t1) 6= λ(t2)
M
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'�8+7 & : (,g,I 8AT ( :m= 7 IF&F4 8A@ 4 7 ( :#> $'1 7 " < (,H > $'(," 7 (,"3*,&�( > IF1L/'1L$ @ 13*," @�7,8+7�CE> (,I @ /'( e 1 <F<?8A@�>?8 I 8
(l, λ)

MNOD12IF4 S H�P`$'1 : 1 < *�P3*,(,H >?8 I S�<?8ATUS 4 8 13*," @ b'c¡[3^?\0Y`_�Y d 7 IF&F4,(,H =N8 4+*,(,IF(,H�P%$'1 : 1 < * � �?�L¦|� 4d Y3\�¦'^5 A�+¥?^'Y3Z�7 IF&F4,(,HNM.OD12IF1 : 1 <F<?8A@ t =U> IF& < & :K8+V���8A@ªTU<?8¡e 1 < & @ 4´(,gA$ 8 "3*,&°( > IF1L/'1L$'1 < & @°BDCE<F7FG &F&
λ, <?8ATUS 4 8 13*," @ �?�L¦|� d Y3\�¦�c d �2¦'^']+cUZ M>;(,gA$'12p e 1 <F< (+H�*,12I : & < (U$'(,p2&F& =�7 (+*,(,I CEV :#S g C /'1 : &F" > (U$'6 T (,4 8 *,6 <?8 I @ / C "°4,4,1L/'1 <F< (,H ='7 IF&Eh4 8A@ (l, λ) , "°(./ < (+H�"3*,(,IF( <FSD= (+*,(.-0/'12"3*,4A$ @ 13*9" @ "ª121 < (,"2&5*,1L$'1 : l =?> IF&�P3*,( :�C I 8 4 < 1 < &F1 z = λ(t) =
t ∈ 〈a, b〉 <?8ATUS 4 8 13*," @Q�?�L¦|� d Y3\�¦'^/.5Y2[3�9^ d ¤ ¦|�,]Ab'Y3b?^'Y d �2¦'^']+c.Z l M¡i�/'I C p2(,H°"3*,(,IF( <FSD= 4," @F798A@ª< 1 > IF1LhI S 4 <?8A@ <?8�> IF( : 13- C * 7 1 〈a, b〉 7 ( :#> $'1 7 " <?8A@JBDCE<F7FG & @ λ

( > IF1L/'1L$ @ 13* < 1 7 (+*,(,I CEV 7 IF&F4 CEV�= /F$ @
7 (+*,(,IF(,H > (U$ <FS H�(,g,I 8¡T {λ(t) : t ∈ 〈a, b〉} = "�& < / CEG &FIF(,4 8+<F<FSm: & T 〈a, b〉 > (,I @ / 7 ( :m= 4 S "3* CE>?8 13*�4IF(U$'& < (,"2&5*,1L$ @N=�8 " 8+:K8tBDCE<F7FG & @ λ 4fIF(U$'&�121 >?8 I 8+: 13*,IF& T.8+G &F&NM�ODIF(fP3* C�7 IF&F4 CEV p2(,4,(,I @ * =je *,(( <?8Q A�+W¡�+b?�Q�?�L¦|� d Y3\�¦'^/.5Y2[3�9^ d ¤ ¦|�,]Ab'Y3b?^'Y d

z = λ(t), t ∈ 〈a, b〉&E$'& = 4�/'12HF"3*,4,&5*91L$'6 < (,H�*,12I : & < (U$'(,p2&F& ='T.8 / 8+<?8�>?8 I 8+: 13*,IF& e 12" 7 & : & C I 8 4 < 1 < & @F: &
x = x(t), y = y(t), t ∈ 〈a, b〉 ,p`/'1

x := Reλ
&
y := Imλ

M
® 8+: 1 <?8�> 12IF1 : 1 <F< (+H t → −t �?Y§¦�Y2c`¦'^'Y3b?\�^+¦ ¤ Y3\ �2¦'^'] ¤	e = *,(�12"3*,6 T.8+: 1 ��8 13*�(+* < (+o�1 < &F1 > (AhI @ / 7980<?8�< 12H�12p2(Q(,g,I 8 * <FSm: (+* < (+o�1 < &F1 : M OD12IF12(,IF&F1 < *9&FIF(,4 8+<F<?8A@�7 IF&F4 8A@�T.8 / 8 13*," @�>?8 I 8+: 13*,IF&Eh

e 12" 7 & :RC I 8 4 < 1 < &F1 : z = λ(−t) = t ∈ 〈−b,−a〉 M5!#"`$'&n-�1L$ 8 *,1L$'6 < ( > 12IF12(,IF&F1 < *,&?IF(,4 8 *,6 7 IF&F4 CEV g,1 T& TU: 1 < 1 < & @ (,gA$ 8 "3*,&f& TU: 1 < 1 < & @f>?8 I 8+: 13*,I 85= *,(�"`$'1L/ C 13* T.8 / 8 *,6 > 12IF12(,IF&F1 < *,&?IF(,4 8+<F<5CEV�7 IF&F4 CEV "
> ( : ( � 6 V C I 8 4 < 1 < & @ z = λ(a+ b− t) = t ∈ 〈a, b〉 M
© IF&F4 8A@ l, T.8 / 8+<F<?8A@�>?8 I 8+: 13*,IF& e 12" 7 & :;C I 8 4 < 1 < &F1 : z = λ(t) = t ∈ 〈a, b〉 , <?8ATUS 4 8 13*," @ b'Y3�+¦�Y 4

¦�<K]Ab'c�W¡^ £�£ Y§¦�Y3b?¥?^+¦ ¤ Y d c.Z?= 12"%$'& BDCE<F7FG & @ λ
& : 1213* < 1 > IF12I S 4 <5CEV <?8X> IF( : 13- C * 7 1 〈a, b〉 > IF(Ah& T 4,(U/ <5CEV BDCE<F7FG & V M�!#"`$'& 7 *,( :�C -01 > IF(,& T 4,(U/ <?8A@)BDCE<F7FG & @ λ′ < 1�(,g,I 8 ��8 13*," @ 4 < (U$'6 = *,(

7 IF&F4 8A@ l <?8ATUS 4 8 13*," @ , _'�+W¡�|c.Z Mk!#"`$'&J/F$ @ $ V g,(,p2(X(+*,IF1 TU798 [a′, b′] ⊆ 〈a, b〉 " C�� 12"3*94 C 13*qI 8AT g,&F1Lh
< &F1 a′ = t0 < ... < tn = b′, > IF& 7 (+*,(,IF( : e?8 "3*,& eF<FS 1 7 IF&F4 S 1 lk, k = 0, ..., n − 1 =�T.8 / 8 4 8 1 :#S 1
C I 8 4 < 1 < & @F: & z = λ(t) = t ∈ [tk, tt+1], @ 4A$ @FV *," @�< 1 > IF12I S 4 < (Q/'& BªB 12IF1 <FG &FI C 1 :#S´: & 9 p%$ 8 / 7 & : &�: =*,( 7 IF&F4 8A@R<?8ATUS 4 8 13*," @�� ¤ [2c6.Eb'c�b?Y3�+¦�Y§¦�<K]Ab'c�W¡^ £�£ Y§¦�Y3b?¥?^+¦ ¤ Y d cUZ 9 � ¤ [2c6.Eb'c�, _'�+W¡�|c.Z :LM © IF&F4 8A@ l
<?8ATUS 4 8 13*," @X[3�+¦5¢ d _5¢'Y d c.Z?= 12"`$'& BDCE<F7FG & @ λ & : 1213*Q(,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V <?8 $ V g,( : (+*,IF1 TU7 1
[a′, b′] ⊆ 〈a, b〉 M
u��jv *Nv��KzF�D~|��zf��zF��zF�D~|}F��zNv © IF&F4 S 1 (l1, λ1) & (l2, λ2) (,g�� @ 4A$ @FV *," @f\0cU¶)WAY2[3\0]+Y3bFb/< d ^?= 12"Lh$'&
l1 = l2

&
λ1 = λ2 ◦ ϕ = p`/'1 ϕ ��< 1 > IF12I S 4 <?8A@;< 1 C g S 4 8+V���8A@�BDCE<F7FG & @N= (+*,(,g,I 8 - 8+V���8A@

> IF( : 13- C *,( 7 〈a1, b1〉 := Dλ1
<?8J> IF( : 13- C *,( 7 〈a2, b2〉 := Dλ2

M�OD12IF1 l (./s(+* 7 IF&F4,(,H (l1, λ1) 7*,(.-0/'12"3*,4,1 <F< (,H 7 IF&F4,(,H (l2, λ2) <?8¡TUS 4 8+V *  A� d Y3b'c.Z �?�L¦|� d Y3\�¦|� &R(,g,( TU<?8¡e?8+V * t → ϕ(t).
!#"`$'&

C "`$'(,4,&F1 l1 = l2 T.8+: 1 < 1 < ( C "`$'(,4,&F1 : l1 ⊃ l2 = *,(�p2(,4,(,I @ *�(�*,(¡-0/'12"3*,4,1 <F< (,"3*,& 7 IF&F4,(,H (l2, λ2)
&

e?8 "3*,& 7 IF&F4,(,H (l1, λ1)
&�"2(,(+*,4,13*,"3*94,1 <F< (�( _�c.�9�U_'a9b'c.Z  A� d Y3b'YQ�F�L¦E� d YL\�¦|� M�!#"`$'& 7 IF&F4 8A@ (l1, λ1)@ 4A$ @ 13*," @ /'& BªB 12IF1 <FG &FI C 1 : (,H =j< 1 > IF12I S 4 < (t/'& BªB 12IF1 <FG &FI C 1 : (,H�&E$'&�" > I @F: $ @ 1 : (,H = *,(t*,(.-0/'1Lh"3*,4,1 <F<?8A@�7 IF&F4 8A@ (l2, λ2) g C /'13*�* 8+7 (,4,(,H�-�1 = 12"`$'& > IF1L/ > (U$'(.-Q&5*,6�/'( > (U$ < &5*,1L$'6 < ( =+e *,( BDCE<F7FG & @ ϕ@ 4A$ @ 13*," @ /'& BªB 12IF1 <FG &FI C 1 : (,H =�< 1 > IF12I S 4 < (f/'& BªB 12IF1 <FG &FI C 1 : (,HX&E$'& 8 g,"2(U$ V * < ( < 1 > IF12I S 4 < (,H"2(,(+*,4,13*,"3*94,1 <F< (FM
 8 "2" : (+*,IF& :)7 ( <F7 IF13* <FS H > IF& : 12I ) l1 � 7 IF&F4 8A@N= T.8 / 8+<F<?8A@�C I 8 4 < 1 < &F1 : z = reit, t ∈ [0, 2π);

l2 � 7 IF&F4 8A@N=�T.8 / 8+<F<?8A@XC I 8 4 < 1 < &F1 : z = −
√
r2 − t2 − it, t ∈ [−r, r]. rD(,"2&5*,1L$'6 7 IF&F4,(,H l1

"2(,4Ah
>?8 / 8 13*Q"°( 7 I C - < (,"3*,6 V I 8 /'& C " 8 r " G 1 < *,IF( : 4 <?8.e?8 $'1 ='< (,"2&5*,1L$'6 7 IF&F4,(,H l2 "2(,4 >?8 /'13*n" e?8 "3*,6 VP3*,(,H�( 7 I C - < (,"3*,& = $'13- 8 � 12H�4n$'124,(,H > (U$ CE> $'(," 7 (,"3*9&NM � CE<F7FG & @ ϕ : t → −r sin t < 1 > IF12I S 4 <?8 &4,( T I 8 "3* 8 13* <?8 (+*,IF1 TU7 1 [1

2
π, 3

2
π].
³ gA$ 8 "3*,6�121 TU<?8.e 1 < &FH <?8 P3*,( : (+*,IF1 TU7 1f"2(,4 >?8 / 8 13*�"n(+*,IF1 TU7 ( :

[−r, r]. ODIF&�P3*,( : −√r2 − ϕ2(t)−iϕ(t) = −
√

r2 − (−r sin t)2−i(−r sin t) = reit. '�8+7 & : (,g,I 8AT ( :m=
7 IF&F4 8A@ l2 *,(.-0/'12"3*,4,1 <F<?8�e?8 "3*,& 7 IF&F4,(,H l1 M�OD13IF1 l (U/R(+* 7 IF&F4,(,H l1 7X7 IF&F4,(,H l2 (," C�� 12"3*,4A$ @ 12*," @
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$'( 7,8 $'6 < (,H T.8+: 1 < (,H >?8 I 8+: 13*,I 8 t→ −r sin t, t ∈ [ 1

2
π, 3

2
π].
ODIF&0P3*,( :�7 IF&F4 8A@ l1 @ 4A$ @ 13*," @ p%$ 8 / 7 (,H =* 8+7�798+7�BDCE<F7FG & @ t→ reit @ 4A$ @ 13*," @�< 1 > IF12I S 4 < (Q/'& BªB 12IF1 <FG &FI C 1 : (,H <?8�> IF( : 13- C * 7 1 [0, 2π) &

(reit)′ = ireit 6= 0
M�> *,(�-�1�4,IF1 :�@N=�7 IF&F4 8A@ l2 < 1 @ 4A$ @ 13*," @ / 8 -01�/'& BªB 12IF1 <FG &FI C 1 : (,H = * 8+7X798+7

BDCE<F7FG & @ t→ −
√
r2 − t2 < 1�/'& BªB 12IF1 <FG &FI C 1 :K8 4�*,( eF798¡l −r & r.

u��jv �Nv���z?�,zF}F~9���'��z5� y y������'x'��v O C "3*,6 7 IF&F4 8A@ l T.8 / 8+<?8 >?8 I 8+: 13*,IF& e 12" 7 & :�C I 8 4 < 1 < &F1 :
z = λ(t) = t ∈ 〈a, b〉 M ODIF1L/ > (.$'(.-Q& :m=�e *,(n4 < 1 7 (+*,(,IF(,H�*,( eF7 1 t0 ∈ 〈a, b〉 " C�� 12"3*94 C 12* > IF(,& T 4,(U/ <?8A@
λ′(t0)

&�P3* 8�> IF(,& T 4,(U/ <?8A@ (+*U$'& eF<?8 (+* <5C $ @ M ¬ *,( > IF1L/ > (U$'(¡-�1 < &F1�( TU<?8.e?8 13* =+e *,( BDCE<F7FG &F& t→ x(t)&
t→ y(t) = ( > IF1L/'1L$ @ 1 :#S 1�"2(,(+* < (+o�1 < & @F: &

x(t) := Reλ(t), y(t) := Imλ(t), t ∈ 〈a, b〉 ,
/'& BªB 12IF1 <FG &FI C 1 :#S 4�*,( eF7 1 t0 798+7�BDCE<F7FG &F&�/'12HF"3*,4,&5*91L$�6 < (+H > 12IF1 : 1 <F< (,H�&�& l�> IF(,& T 4,(U/ <FS 1�4P3*,(,H�*,( eF7 1 < 1�(,g,I 8 ��8+V *," @ 4 <5C $'6n(U/ < (,4,IF1 : 1 <F< (FM ©ª8+7 & T 4,12"3* < (t& T /'12HF"3*,4,&5*91L$'6 < (,p2( 8+<?8 $'& T.85=
> IF&nP3*,& lQC "%$'(,4+& @5lQ7 IF&F4 8A@ l 4�( 7 IF12"3* < (,"3*9&n*,( eF7 & z0 := λ(t0)

"2(,4 >?8 / 8 13*�"�p2I 8+B & 7 ( : < 1 7 (A*,(,IF(,H/'12HF"3*,4,&5*,13$'6 < (,H BDCE<F7FG &F& 9 BDCE<F7FG &F& =,T.8 / 8 4 8 1 : (,H0" > ( : ( � 6 V­>?8 I 8+: 13*,IF& e 12" 7 & l�C I 8 4 < 1 < &FH x =
x(t), y = y(t), t ∈ 〈a, b〉 : = & : 1 V�� & : 798 " 8 *,1L$'6 <5CEV 4�*,( eF7 1 z0 M ¬ * 8X798 " 8 *,1 $'6 <?8A@­<?8ATUS 4 8 13*," @�9�,[±�+\0Y`_'a9b'c.Z��t�2¦'^']+c.Z l 4�*,( eF7 1 z0 M ³ <?8�T.8 / 8 13*," @�>?8 I 8+: 13*,IF& e 12" 7 & : & C I 8 4 < 1 < & @F: &

x = x0 + x′(t0)(t− t0), y = y0 + y′(t0)(t− t0), t ∈ R,
p`/'1

x0 := Re z0 = y0 := Im z0
M ¬ *,& C I 8 4 < 1 < & @�: (.- < ( T.8+: 1 < &5*,60(./ < & :q7 ( :#> $'1 7 " <FSm: C I 8 4 < 1 < &F1 :

z = z0 + λ′(t0)(t− t0), t ∈ R.

©ª8 " 8 *,1L$'6 <?8A@�7­7 IF&F4,(,H l
" 8+:K8 I 8 "2" :K8 *,IF&F4 8 13*," @;7,8+7�7 IF&F4 8¡@ & > (,P3*,( :�CJ@ 4A$ @ 13*," @ (+IF&F1 < h*,&FIF(,4 8+<F< (,H > (�4,( T I 8 "3* 8+< & V >?8 I 8+: 13*,I 8 t M�¯�p2(U$ α =�7 (+*,(,I S HJ( <?8 (,g,I 8AT2C 13*X"n/'12HF"3*,4,&5*,13$'6 < (,H(,"26 V �

P3*,( <?8 & : 1 < 6+o�&FH > ( 8 g,"2(U$ V * < (,H)4+1L$'& e & < 1 C p2(.$ =m<?8q7 (+*,(,I S H <?8 /'( > (,4,12I <5C *,6 /'13HEh"3*,4,&5*,1L$'6 <5C5V (,"26�/'(�121n"2(,4 >?8 /'1 < & @ " 7,8 " 8 *,1L$'6 < (,H 7,8+7 > ( > (U$'(.-�1 < & V�= * 8+7 & > (�(,IF&F1 < * 8+G &F&NM!#"`$'&
t > t0 = *,( C p2(U$ α "2(,4 >?8 / 8 13*Q" > (.$ @ I <FSm:JC p`$'( : *,( eF7 & = & T (,g,I 8 - 8+V�� 12H 7 ( :#> $'1 7 " < (,1 e &F"Lh$'(

z − z0 = λ′(t0)(t − t0) = *,(�12"3*,6�"2(,4 >?8 / 8 13*�" arg(λ′(t0)(t − t0)) = arg λ′(t0)
M ¬ *,(�( TU<?8¡e?8 13* =

e *,( 798 " 8 *,1 $'6 <?8A@ 7R7 IF&F4,(,H (l, λ)
4�*,( eF7 1 z0 (,g,I 8AT2C 13* C p2(.$ arg λ′(t0)

"Q/'12HF"3*,4,&5*91L$'6 < (,HJ(,"26 V M>­P3*,( : "2(,"3*,(,&5* ,LY2c d Y3\�¦'^/.5Y2[3�9^?Z�[ d <K[`_��+¦�c.^5 +]+c.W¡b'c.Z��|c d �|_�Y3�|[3b'c.Z £#¤ b?�9¥?^?^�WAY3Z'[3\0]A^?\0Y`_'a9b'c.Z
�'Y§¦�Y d Y3b?b'c.Z Mi�g,(U$'121�(,g

�
& l°> ( T & G &FH 7,8 " 8 *,1L$'6 <?8A@�7�7 IF&F4,(+H l =UT.8 / 8 4 8 1 : (,H C I 8 4 < 1 < &F1 : z = λ(t), t ∈ 〈a, b〉 ,4�*,( eF7 1 z0 := λ(t0) = t0 ∈ 〈a, b〉 = ( > IF1L/'1L$ @ 13*9" @J7,8+7q> IF1L/'1L$'6 < (,1 > (U$'(¡-�1 < &F1t"21 75C�� 12H = /'I C p2& : &"`$'(,4 8+: & =K�9�,[±�+\0Y`_'a9b?�.¢q]�\0c6.E�|Y z0 � (,IF&F1 < *,&FIF(+4 8+<F<?8A@ > I @?:K8A@N=j> IF( l (U/ @ ��8A@Xe 12IF1 T *,( eF75C z0,1L/'& < & eF<FS H�4,1 7 *,(,I 7 (+*,(,IF(,H�"2(,4 >?8 / 8 13*Q" > IF1L/'1L$'( : 1L/'& < & eF< (,p2(Q4,1 7 *,(,I 8 "21 75C�� 1UH

lim
t→t0

(

± λ(t)− λ(t0)

|λ(t)− λ(t0)|

)

® /'12"26�"3*,(,&5* TU<?8+7 � + �A= 12"%$'& t > t0,
& TU<?8+7 � − �A= 12"`$'& t < t0

MKi C�� 12"3*94,(+4 8+< &F1fP3*,(,p2( > IF1L/'1L$ 8&�( TU<?8.e?8 13*�" C�� 12"3*94,(,4 8+< &F1 7,8 " 8 *,1L$'6 < (,HNM�¯K"`$'(,4,&F1 λ′(t0) 6= 0 @ 4A$ @ 13*," @ /'(,"3* 8 *,( eF<FS´: C "`$'(,4,&F1 :" C�� 12"3*94,(,4 8+< & @�798 " 8 *,1L$'6 < (,HNM�&�12HF"3*,4,&5*,1L$�6 < ( ='> IF&�P3*,( : C "`$'(,4,&F&
± λ(t)− λ(t0)

|λ(t)− λ(t0)|
=
|t− t0|
t− t0

λ(t)− λ(t0)

|λ(t)− λ(t0)|
→ λ′(t0)

|λ′(t0)|
, t→ t0.

O C "3*,6Q4 < 1 7 (+*,(,IF(,H�*,( eF7 1 t0 ∈ 〈a, b〉 " C�� 12"2*,4 C 13* > IF(,& T 4,(U/ <?8A@ λ′(t0)
&�( <?8 I 8 4 <?80<5C $ V M i C h

�
12"3*,4 C 12*D$'& 7,8 " 8 *,1L$'6 <?8A@07�7 IF&F4,(,H l 4�*,( eF7 1 λ(t0) � « < (,p`/ 85= (+*,4,13*,&5*96 <?8 P3*,(+*°4,( > IF(," > ( T 4,(.$ @ 13*$'( 7,8 $'6 <?8A@tTU8+: 1 <?8�>?8 I 8+: 13*,I 8 M ' ( eF< 121 = 12"`$'& C / 8 13*," @�> (U/'(,g,I 8 *,6�/'& BªB 12IF1 <FG &FI C 1 :�CEV 4,( T I 8 "3* 8 h
V���CEV 4�( 7 IF12"3* < (,"3*9&�*,( eF7 & t0 BDCE<F7FG & V ϕ

* 8+7N='e *,( > IF(,& T 4,(U/ <?8A@�BDCE<F7FG &F& λ1 = λ ◦ ϕ 40*,( eF7 1
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t0 = ϕ−1(τ0)

(+*.$'& eF<?8 (+* <5C $ @N= *,(�(+*,4,13* <?8m> (,"3* 8 4A$'1 <F<FS H�4,( > IF(," > (.$'(.-Q&5*,1L$'1 <�� M2&�12HF"3*,4,&5*,13$'6 < ( =
|t− t0|
t− t0

λ(t)− λ(t0)

|λ(t)− λ(t0)|
=
|ϕ−1(τ)− ϕ−1(τ0)|
ϕ−1(τ)− ϕ−1(τ0)

λ1(ϕ
−1(τ))− λ1(ϕ

−1(τ0))

|λ1(ϕ−1(τ))− λ1(ϕ−1(τ0))|
→ λ′1(t0)

|λ′1(t0)|
, τ → τ0.

> e?8 "3* < (,"3*,& = 12"`$'&�(U/ <?8 & T�BDCE<F7FG &FH Reλ
&E$'&

Imλ
4,( T I 8 "3* 8 13*R4�( 7 IF12"3* < (,"3*9&�*,( eF7 & t0,

*,( =4,( > IF(,"�IF13o 8 13*X$'( 798 $'6 <?8A@ T.8+: 1 <?8 >?8 I 8+: 13*,I 8 t → τ = ϕ(t),
p%/'1

ϕ �
(,g,I 8 * <?8A@�BDCE<F7FG & @­7" C -�1 < & VsBDCE<F7FG &F& Reλ &E$'& Imλ <?8 ( 7 IF12"3* < (,"3*96�*,( eF7 & t0 Mr 8+> IF& : 12I =�>5C "3*,6 l � 7 IF&F4 8A@N=NT.8 / 8+<F<?8A@�C I 8 4 < 1 < &F1 : z = t5 + it3 + 1, t ∈ [−1, 1]. '�8+7�798+7

λ(0) = 1,
*,( 7 IF&F4 8A@ l > IF( l (U/'&5* e 12IF1 T *,( eF75C z0 = 1.

ODIF& P3*,( : 4�*,( eF7 1 t0 = 0 > IF(,& T 4,(U/ <?8A@
BDCE<F7FG & @ λ′ : t → 5t4 + 3it2 BDCE<F7FG &F& λ : t → t5 + it3 + 1

I 8 4 <?8�<5C $ V M�OD( 7,8 -01 :m=�e *,(X( <?8& : 1213* 798 " 8 *,1L$'6 <5CEV 4nP3*,(,H�*,( eF7 1+M ® 8+: 1 e?8 1 :m= e *,( BDCE<F7FG & @ Imλ : t → t3
/'& BªB 12IF1 <FG &FI C 1 :K8 &4,( T I 8 "3* 8 13* <?8 (+*,IF1 TU7 1 [−1, 1]. !c1k(,g,I 8 * <?8A@�<?8 P3*,( : (+*,IF1 TU7 1 BDCE<F7FG & @ ϕ : (¡-�13*�g S *,6�( > IF1L/'1L$'1 <?8"`$'1L/ CEV�� & : (,g,I 8AT ( :

ϕ(t) := t
1
3

∣

∣

∣

[−1,1]
=

{

− 3
√−t, 12"`$'& t ∈ [−1, 0)
3
√
t,

12"%$'&
t ∈ [0, 1]

³ " C�� 12"3*94,& : T.8+: 1 <5C)>?8 I 8+: 13*,I 8 t → ϕ(t). ' (.-0/'12"3*,4,1 <F<?8A@ 7 IF&F4 8A@ l1 T.8 / 8 13*," @ C I 8 4 < 1 < &F1 :
z = λ1(t) = t ∈ [−1, 1], p`/'1 λ1(t) = λ(ϕ(t)) = t

(

t
2
3 + i

)

+ 1.
¯ e &5* S 4 8A@N=�e *,( > IF(,& T 4,(U/ <?8A@

λ′1(0) = limt→0

(

t
2
3 + i

)

BDCE<F7FG &F& λ1 4°*,( eF7 1 0 I 8 4 <?8 i =9T.8+7 $ V�e?8 1 :m=Ee *,(�&F" l (U/ <?8A@n7 IF&F4 8A@ & : 1213*
7,8 " 8 *,1L$'6 <5CEV 4Q*,( eF7 1 z0 = 1 = "2(,"3* 8 4A$ @FV���CEV "ª/'12HF"3*,4,&5*91L$'6 < (,H�(,"26 VsC p2(U$�I 8 4 <FS H arg

λ′1(0)

|λ′1(0)|
=

arg λ′1(0) = arg i = π
2
.

u'u?v ��x'�D��zFy�}F�
+0~�y�������+0~
!#"%$'&�(,gA$ 8 "3*,6n& TU: 1 < 1 < & @ 〈a, b〉 >?8 I 8+: 13*,I 8n7 IF&F4,(,H @ 4A$ @ 13*," @ (A*,IF1 TU7 ( : [a, b] = *,( 7 IF&F4 CEV <?8 h

TUS 4 8+V * �|c d �?�+�9\�b'c.Z M�rD1 > IF12I S 4 <FS Hq(,g,I 8ATQ7 ( :#>?8+7 * 8�@ 4A$ @ 13*," @ 7 ( :#>?8+7 *,( :m=�TU<?8¡e &5* =�< (,"2&5*,1L$'6
7 ( :#>?8+7 * < (,H 7 IF&F4,(,H = 40"24,( V ( e 12IF1L/'6 =?@ 4A$ @ 13*," @�7 ( :#>?8+7 *,( : M
u'u?v u?v ��������z�y������'x'��v O C "3*,6 7 IF&F4 8A@ l, T.8 / 8 4 8 1 :K8A@�C I 8 4 < 1 < &F1 : z = λ(t), t ∈ 〈a, b〉 , @ 4A$ @ h13*," @ " > I @F: $ @ 1 : (,H = *,(�12"3*,6 BDCE<F7FG & @ λ & : 1213*�(,p2I 8+< & e 1 <F<5CEV 4 8 IF& 8+G & V V b′

a′ (λ) <?8 $ V g,( : (+*,IF1 TU7 1
[a′, b′] ⊆ 〈a, b〉 M�!#"`$'&XP3* 8f7 IF&F4 8A@�7 ( :#>?8+7 * <?85= *,( 7 ( < 1 eF<5CEV 4 8 IF& 8+G & V V b

a (λ) <?8ATUS 4 8+V *f/F$'& < (,H7 IF&F4,(,H l &�(,g,( TU<?8.e?8+V * |l|. '�8+7 & : (,g,I 8AT ( :m= /F$ @�7 ( :#>?8+7 * < (,H�" > I @F: $ @ 1 : (,H 7 IF&F4,(,H
|l| := V b

a (λ) = sup
τ

∑n−1

j=0
|λ(tj+1)− λ(tj)| > 0,

p`/'1Q*,( eF<?8¡@ p2I 8+< 6�g,12I�13*," @R> (�4,"2124,( TU: (.- <FSm: I 8AT g,&F1 < & @F: τ = {tj}nj=0 = a = t0 < ... < tn = b,(+*,IF1 TU7,8 [a, b]. !#"%$'&n" > I @F: $ @ 1 :K8A@n7 IF&F4 8A@ l < 1 @ 4A$ @ 13*," @n7 ( :#>?8+7 * < (,H = *,(�121´/F$'& <?8 ( > IF1L/'1L$ @ 13*," @
B (,I :�C $'(,H

|l| := sup
k∈N

|lk| ≤ +∞,

p`/'1
lk � 7 ( :#>?8+7 * <?8A@ 7 IF&F4 8A@N=NT.8 / 8 4 8 1 :K8A@�C I 8 4 < 1 < &F1 : z = λ(t), t ∈ [ak, bk] ⊆ 〈a, b〉 , ak → a,

bk → b.
&ª$'& <?8 |L| 7 ( < 1 eF< (,p2(�&E$'&n" e 13* < (,p2(�"21 : 12HF"3*94 8 L " > I @F: $ @ 1 :#Skln7 IF&F4 Skl lj ( > IF1L/'1L$ @ 13*," @7,8+7 " CE:#:K8 ∑|lj| /F$'& <�7 IF&F4 Skl = "2(,"3* 8 4A$ @FV�� & l P3*,(�"21 : 12HF"3*,4,(FM�!#"%$'&�(./ <?8 & T�7 IF&F4 Skl lj & : 1213*g,12" 7 ( < 1 eF<5CEV /F$'& <5C &E$'&°I @ / ∑|lj| I 8 " l (./'&5*," @N= *,(m/F$'& <?8 "21 : 12HF"3*,4 8 L (,g�� @ 4A$ @ 13*," @ g,12" 7 ( < 1 eF< (,HNM

� gjilknmpo ϕ−1 w xzyz~ t|{|�lt����C���-�-�-q6��i-u-� �C���-�-�-q-q ϕ q } k ~ kp� x iP�P{ x�� ilknmp{ � kv�-� xz� � ~ q �zxz��x mp���^knmp{ � u-�-kv{zm��Pm}-x � x �^oz� �ntz��kv�6� } t ~ tz��kv{ ~ t t→ τ = ϕ−1(t) �
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!#"%$'& 7 IF&F4 8A@ l @ 4A$ @ 13*," @�< 1 > IF12I S 4 < (f/'& BªB 12IF1 <FG &FI C 1 : (,H = *,( =N798+7 & T 4,12"3* < ( = ( <?8n@ 4A$ @ 13*," @" > I @F: $ @ 1 : (,HNM ��(,I :�C $ 8 /F$ @ 4 Sme &F"`$'1 < & @ /F$'& <FS |l| < 1 > IF12I S 4 < (0/'& BªB 12IF1 <FG &FI C 1 : (,H 7 IF&F4,(,H�4

7 ( :#> $'1 7 " <FSkl (,g,( TU<?8.e 1 < & @El & : 1213*Q4,&E/

|l| =
∫ b

a

|λ′(t)|dt.
ODIF&�P3*,( : & < *,12p2I 8 $�4 > I 8 4,(,H e?8 "3*,& > ( < & :K8 13*," @ 4 < 12"2(,g,"3*,4,1 <F< ( : " :#S "%$'1 )

∫ b

a

|λ′(t)|dt := lim
k→∞

∫ bk

ak

|λ′(t)|dt,

[ak, bk] ⊆ 〈a, b〉 , ak → a, bk → b.
!#"`$'& 7 IF&F4 8A@ l @ 4A$ @ 13*," @ < 1 > IF12I S 4 < (�/'& BªB 12IF1 <FG &FI C 1 : (,HR&

> IF(,& T 4,(U/ <?8A@ λ′ 121 >?8 I 8+: 13*,IF& T.8+G &F&�(,p2I 8A< & e 1 <?8Q<?8�> IF( : 1L- C * 7 1 〈a, b〉 , *,(Q121D/F$'& <?8�< 1 > IF124,(,"Lh
l (U/'&5*

sup
k
(bk − ak) sup

〈a,b〉

|λ′|.
> e?8 "3* < (,"3*,& = 4," @F798A@­< 1 > IF12I S 4 < (R/'& BªB 12IF1 <FG &FI C 1 :K8A@;7 ( :#>?8+7 * <?8A@�7 IF&F4 8A@ & : 1213* 7 ( < 1 eF<5CEV/F$'& <5C M« T "24,(,HF"3*,4 BDCE<F7FG &FH�(,p2I 8+< & e 1 <F< (,H�4 8 IF& 8+G &F&�4 S *,1 7,8 13* ='e *,( )I-:´/F$'& <?8t7 ( :#>?8+7 * < (,H�" > I @F: $ @ 1 : (,H 7 IF&F4,(+H�(,gA$ 8 / 8 13*�"24,(,HF"3*,4+( : 8 /F/'&5*,&F4 < (,"3*,& ) 12"`$'& 7 ( : h
>?8+7 * <5CEV " > I @F: $ @ 1 :�CEV 7 IF&F4 CEV I 8AT g,&5*,6 <?8 /'4,1 7 IF&F4 S 1 = *,(Q121D/F$'& <?8 "2(,4 >?8 /�13*n"ª" CE:#: (,Hf/F$'& <
e?8 "3*,& eF<FSkl�7 IF&F4 Skl �` :�12"%$'& 7 IF&F4 8A@ l =�T.8 / 8 4 8 1 :K8A@RC I 8 4 < 1 < &F1 : z = λ(t), t ∈ [a, b] @ 4A$ @ 13*," @ " > I @F: $ @ 1 : (,H = *,(
> 12IF1 : 1 <F<?8A@ /F$'& <?8 |l(s)| � /F$'& <?8 7 IF&F4,(,H l(s), T.8 / 8 4 8 1 : (,H C I 8 4 < 1 < &F1 : z = λ(t), t ∈ [a, s],
@ 4A$ @ 13*," @�< 1 > IF13I S 4 < (,H�4,( T I 8 "3* 8+V�� 12H BDCE<F7FG &F12H <?8 (+*,IF1 TU7 1 [a, b].
u'u?v *Nvnwf��x���zE��� y������'x'��v ® 8+B & 7 "2&FI C 1 : δ > 0

&�(,g+( TU<?8¡e & : ∆
(,g���1L/'& < 1 < &F1°4,"21 lfT.8+:#7F<5C h* Skl�7 4 8 /'I 8 *,(,4

∆k,m := {z : δk ≤ Re z ≤ δ(k + 1), δm ≤ Im z ≤ δ(m+ 1)} , k,m ∈ Z,

> 12IF12"21 7,8+V�� & l " @ " < (,"2&5*,1L$'1 :�7 IF&F4,(,H l.
?5@�ACB�@�DFE G5MJI ��K 	 [`_'^��|c d �?�+�9\�b?�.¢��2¦'^']A�.¢ l ¢']2_5¢'Y3\0[%¢�[3�+¦5¢ d _5¢'Y d c.Z N \0c�.E^'[`_�c��|]A�+W%¦|� 4

\0c¡] N, [2c¡[3\��,]2_5¢ eMd ^�7 d b'cU¶ Y2[3\0]+c ∆, b'Yª�+¦�Y2]+c¡[87'c.W¡^?\ 4
(

|l|
δ
+ 1
)

.

RSACTUEUV	E�W�@�XZY�[\W�]�A%K�!#"`$'& |l| < δ,
*,( C *,4,12I9-0/'1 < &F1�*,12(,IF1 :#S 4 Sm> (U$ < 1 < ( = * 8+7�798+7 N 4nP3*,( :"`$ CEe?8 1 < 1 > IF124,(," l (./'&5* 4 MEOD(,P3*,( :�C g C /'1 : " e &5* 8 *,6 =5e *,( |l| ≥ δ.

OD12IF1 : 1 <F<?8A@ /F$'& <?8 |l(s)| 7 IF&F4,(,H
l @ 4A$ @ 13*," @�< 1 > IF13I S 4 < (,H�&�4,( T I 8 "3* 8+V�� 12H BDCE<F7FG &F12H <?8 (+*,IF1 TU7 1 [a, b]. ³ g,( TU<?8.e & : tj

*,( eF75C & T(+*,IF1 TU7,8 [a, b], 4 7 (+*,(,IF(,H BDCE<F7FG & @ |l(s)| > IF& < & :K8 13* TU<?8.e 1 < &F1 |l|
n
j,
p`/'1 <?8 * C I 8 $'6 < (,1 n 4 S g,I 8+< (& T�C "`$'(,4,& @\) |l|

n
< δ ≤ |l|

n−1

M ' ( eF7 & a = t0, ..., tn = b
(,g,I 8AT2CEV *�I 8AT g,&F1 < &F1Q(+*,IF1 TU7,8 [a, b]. ¬ *,( :�CI 8AT g,&F1 < & V "2(,(+*,4,13*,"3*,4 C 13*�I 8AT g,&F1 < &F1 7 IF&F4,(,H l <?8 n e?8 "3*,& eF<FSkl 7 IF&F4 Skl M &ª$'& <?8q798 -0/'(,H;& T

e?8 "3*,& eF<FSklJ7 IF&F4 Skl I 8 4 <?8 |l|
n

< δ.
OD(,P3*,( :�CR798 -0/'(,HR& T P3*,& l 7 IF&F4 Sklq798 " 8+V *," @ < 1fg,(U$'121 e 1 :

e 13* S IF1 7 4 8 /'I 8 * 8 & T´e &F"%$ 8 *,1 l =9e *,(ª"2(,"3* 8 4A$ @FV * :#< (.-�12"3*,4,( ∆ M ® <?8.e &5* =,e &F"`$'( N < 1 > IF124,(," l (./'&5*
4n ≤ 4

(

|l|
δ
+ 1
)

. ¤

O�$'(
��8 /'6 :#< (¡-�12"3*,4 8 ∆ I 8 4 <?8 Nδ2.

« T /'( 7,8AT.8+<F< (,H�*,12(,IF1 :#S 4 S *,1 798 13* = 4 e?8 "3* < (,"3*,& =9e *,(�/F$ @$ V g,(,H 7 ( :#>?8+7 * < (,H " > I @F: $ @ 1 : (,H 7 IF&F4,(,H Nδ2 → 0,
12"`$'&

δ → 0. ¬ *,(�( TU<?8.e?8 13* =�e *,( < (,"2&5*,1L$'6$ V g,(,H 7 ( :#>?8+7 * < (,H�" > I @F: $ @ 1 : (,H 7 IF&F4,(,H�& TU: 12IF& :J> ( � (,I,/ 8+<5C &f& : 1213* <5C $'124 CEVs> $'( ��8 /'6FM
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u'u?v �Nvnw���x|��x|����~|����~XzF� �A�j�D~|��}Azq�F��xE��� y������'x'��v ODIF1L/ > (U$'(.-Q& :m=�e *,( 7 ( :#>?8+7 * <?8A@�7 IF&Eh4 8A@ l ='T.8 / 8 4 8 1 :K8A@�C I 8 4 < 1 < &F1 : z = λ(t), t ∈ [a, b], < 1 > IF( l (U/'&5* e 12IF1 T�<?8.e?8 $'( = *,(t12"3*,6 λ(t) 6= 0/F$ @ $ V g,(,p2( t ∈ [a, b]

MjOD(n*,12(,IF1 : 1 G5M ��/F$ @ $ V g,(,p2( t′ ∈ [a, b] <?8 HE/�13*," @X< 1 > IF12I S 4 <?8A@ 4t*,( eF7 1 t′/'12HF"3*,4,&5*,13$'6 <?8A@�BDCE<F7FG & @ ϕt′ ,
( > IF1L/'1L$�1 <F<?8A@�<?8 4,"21 : (+*,IF1 TU7 1 [a, b] = * 8+798A@N=?e *,(

λ(t) = r(t)eiϕt′ (t), t ∈ [a, b],p`/'1
r = |λ|. &ª$ @ ( > IF1L/'1L$�1 <F< (,"3*9&Q" e &5* 8 1 :m=|e *,( ϕt′(t) = arg{λ(t)λ(t′)}+arg λ(t′).

>k(," > (.$'6 T2C 1 : " @
< 1 > IF12I S 4 < (,"3*96 V�BDCE<F7FG &F& ϕt′

4�*,( eF7 1 t′ &t4 S g,12IF1 : ( 7 IF12"3* < (,"3*96 U(t′) = {t : |t− t′| < δt′}
P3*,(,H

*,( eF7 &q* 8+7N=#e *,(,g S /F$ @ 4,"21 l t ∈ U(t′) ∩ [a, b]
4 Sm> (U$ <5@ $'(,"26 < 12I 8 4,1 < "3*,4,( |ϕt′(t) − ϕt′(t

′)| < π
2

M& 8 $'121m4 S g,12IF1 :X> IF(,& T 4,(.$'6 < (,1´I 8AT g,&F1 < &F1 τ = {tj}nj=0 = a = t0 < ... < tn = b,
(+*,IF1 TU7,8 [a, b], $ V g S 1/'4 8 "2(,"21L/ < & l P%$'1 : 1 < * 8 tj, tj+1 7 (+*,(,IF(,p2(�$'13- 8 *�4 > IF1 /'1L$ 8¡l (U/ < (,H ( 7 IF13"3* < (,"3*9&�& T "21 : 12HF"3*,4 8

{U(t′) : t′ ∈ [a, b]} M�i CE:#:K8
arg l :=

∑n−1

j=0
(ϕt′(tj+1)− ϕt′(tj)) 9 �	:

< 1 : 1 <5@ 13*," @�> IF& > (,"`$'1L/ CEV�� 1 : & TU: 1L$'6 e 1 < &F&�I 8AT g,&F1 < & @ τ & <?8ATUS 4 8 13*," @�^5  d Y3b'Y3b?^'Y d �L¦ , ¤ d Y3b?\��4A/'(U$'6 7 IF&F4,(,H l.& 8+<F< (,1�( > IF1L/'1L$'1 < &F1�*,IF12g C 13* < 1 7 (+*,(,I Skl I 8AT � @ " < 1 < &FHNM >k(Ah > 12IF4 Skl = $ V g,(,1�I 8AT g,&F1 < &F1�(+*AhIF1 TU7,8 [a, b], : 1L$ 7 (,"3*,6 7 (+*,(,IF(,p2( : 1 < 6+o�1 < 1 7 (+*,(,IF(,p2( > (U$'(¡-Q&5*,1L$'6 < (,p2( e &F"`$ 85= (,gA$ 8 / 8 13*J"24,(,HEh"3*,4,( :M) $ V g S 1�/'4,1�12p2(J"3(,"21L/ < &F1�*,( eF7 &�$'13- 8 * 4 > IF1L/'1L$ 8¡l (U/ < (,H;( 7 IF12"3* < (,"3*9& & T "21 : 12HF"3*,4 8
{U(t′) : t′ ∈ [a, b]} M�&�12HF"3*,4,&5*,13$'6 < ( = ( 7 IF12"3* < (,"3*9& 1

2
U(t′), t′ ∈ [a, b] > ( 7 I S 4 8+V *�(+*,IF1 T ( 7 [a, b].> S g,12IF1 : & T P3*,(+p2( > ( 7 I S *,& @­7 ( < 1 eF< (,1 > (./ > ( 7 I S *,&F1 1

2
U(t′s), s = 1, ..., N

M�O C "3*,6 r � : & < &Eh
:K8 $'6 <FS H�I 8 /'& C "�4 S g,I 8+<F<FSkl ( 7 IF12"3* < (,"3*91UH = τ = {tj}nj=0 �

I 8AT g,&F1 < &F1�(+*,IF1 TU7,8 [a, b] =j: 1L$ 7 (,"3*,6
7 (+*,(,IF(,p2( : 1 < 6+o�1 r M ' (,p`/ 85= 12"%$'& tj ∈ 1

2
U(t′s) ⊂ U(t′s),

*,( = ( e 124+&E/ < ( = tj−1, tj+1 ∈ U(t′s)
M>k(Ah§4+*,(,I Skl = I 8ATU< & G?8 ϕt′(tj+1) − ϕt′(tj) < 1 T.8 4,&F"2&5*�(+*�4 S g,(+I 8 t′, *,(�12"3*,6 < 1 : 1 <5@ 13*," @ > IF&T.8+: 1 < 1 t′ " C "`$'(,4,&F1 : tj, tj+1 ∈ U(t′) <?8 t′′ " C "%$'(,4,&F1 : tj, tj+1 ∈ U(t′′)

M�&�12HF"3*,4,&5*,1L$�6 < ( =5TU<?8¡e 1 < & @
BDCE<F7FG &FH ϕt′

&
ϕt′′
4 > IF(,& T 4,(U$'6 < (,Hq*,( eF7 1 t ∈ [a, b] > IF& <?8 /F$'13- 8 * Arg λ(t)

& = "`$'1L/'(,4 8 *,1L$'6 < ( =(+*U$'& e?8+V *," @�<?8 "%$ 8 p 8 1 : (,1°4,&E/ 8 2πk, k ∈ Z
M ® <?8.e &5* =

ϕt′(tj+1)− ϕt′(tj)− ϕt′′(tj+1) + ϕt′′(tj) = 2πk, k ∈ Z.!#"`$'&�-�1k( 7 IF12"3* < (,"3*,& U(t′)
&
U(t′′) > 12IF12"21 7,8+V *9" @ & tj, tj+1 ∈ U(t′)∩U(t′′),

*,( |ϕt′(tj+1)−ϕt′(tj)−
ϕt′′(tj+1) + ϕt′′(tj)| ≤ |ϕt′(tj+1) − ϕt′(t

′)|+ |ϕt′(t
′) − ϕt′(tj)|+ |ϕt′′(tj+1) − ϕt′′(t

′′)|+ |ϕt′′(t
′′) −

ϕt′′(tj)| < 4π
2
= 2π.

iK$'1L/'(,4 8 *,1L$'6 < ( = k = 0
M>Kh *,IF13*,6,& l = " CE:#:K8 9 �	: < 1 T.8 4,&F"2&5*�(+*°4 S g,(,I 8 I 8AT g,&F1 < & @ τ (+*,IF1 TU7,8 [a, b], $ V g S 1�/'4 8 "2(+"21L/ < & lP`$'1 : 1 < * 8�7 (+*,(,IF(,p2(�$'13- 8 *�4 > IF1L/'1L$ 8¡l (U/ < (,p2(�P`$'1 : 1 < * 8 U(t′)

M�&�12HF"3*,4,&5*,13$'6 < ( =#>5C "3*,6 τ1 = τ2 �/'4 8 * 8+7 & l I 8AT g,&F1 < & @N= τ := τ1 ∪ τ2
M 
 8AT g,&F1 < &F1 τ : (.- < ( > (U$ CEe &5*,6�& TU: 1L$'6 e 1 < &F1 : I 8AT g,&F1 < & @ τ1 && TU: 1L$'6 e 1 < &F1 : I 8AT g,&F1 < & @ τ2. iK$'1L/'(,4 8 *,1L$'6 < ( = " CE:#:K8 9 �	: = "2(,"3* 8 4A$'1 <F<?8A@�> (nI 8AT g,&F1 < & @F: τ1

&
τ2,"2(,4 >?8 /�13*�"ªP3*,(,H�" CE:#: (,H =?< (�"2(,"3* 8 4A$'1 <F< (,H > (�I 8AT g,&F1 < & V τ

M
�   d Y3b'Y3b?^'Y°�L¦ , ¤ d Y3b?\�� 4A/'(.$'6 > IF(,& T 4+(.$'6 < (,H 7 IF&F4,(,H l, < 1 > IF( l (U/ @ � 12H e 12IF1 T�<?8.e?8 $'( = ( > IF1Lh/'1L$ @ 13*," @ " > ( : ( � 6 V "2(,(+* < (+o�1 < & @

arg l := lim arg lk,p`/'1
lk � 7 ( :#>?8+7 * <?8A@X7 IF&F4 8A@N=jT.8 / 8 4 8 1 :K8A@�C I 8 4 < 1 < &F1 : z = λ(t), t ∈ [ak, bk] ⊆ 〈a, b〉 , ak → a,

bk → b 9 > IF& C "`$'(,4,&F& =Ke *,( CE798AT.8+<F<FS H > IF1L/'1L$�" C�� 12"3*94 C 12* & < 1 T.8 4,&F"2&5*X(+*X4 S g,(,I 8 (+*,IF1 TU7 (,4
[ak, bk]

:LM> 798.e 12"3*,4,1 > IF& : 12I 8 I 8 "2" : (+*,IF& : 7 IF&F4 CEV l, T.8 / 8 4 8 1 :�CEV C I 8 4 < 1 < &F1 : z = t + i ln t, t ∈
(0,+∞).

rD(+"2&5*,1L$'6fP3*,(,H 7 IF&F4,(,H�"2(,4 >?8 / 8 13*t"�p2I 8+B & 7 ( :­<?8 * C I 8 $'6 < (,p2(n$'(+p 8 IF& Bª:K8 M « TU: 1 < 1 < &F1
8 IFp CE: 1 < * 8 4A/'(U$'6 7 IF&F4,(,H lk =+T.8 / 8 4 8 1 : (,H C I 8 4 < 1 < &F1 : z = t+ i ln t, t ∈ [ak, bk] ⊆ (0,+∞), ak → 0,
bk → +∞ = I 8 4 < ( arg(bk + i ln bk)− arg(ak + i ln ak) = arctg ln bk

bk
− arctg ln ak

ak

M ® <?8.e &5* = & TU: 1 < 1 < &F1
8 IFp CE: 1 < * 8 4A/'(U$'6 7 IF&F4,(,H l I 8 4 < ( lim

(

arctg ln bk
bk
− arctg ln ak

ak

)

= π
2

M
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!#"%$'& 7 IF&F4 8A@ l T.8 / 8 13*," @�C I 8 4 < 1 < &F1 : z = λ(ξ), ξ ∈ [a, b〉 , *,(�/'12HF"3*,4,&5*,13$'6 <?8A@�BDCE<F7FG & @

arg l(t) := arg λ(a) + arg lt, t ∈ [a, b〉 ,
p`/'1

lt � 7 IF&F4 8A@N=.T.8 / 8 4 8 1 :K8A@ªC I 8 4 < 1 < &F1 : z = λ(ξ), ξ ∈ [a, t] ⊆ [a, b〉 , <?8ATUS 4 8 13*," @n�+¦�c.WAcL_?¶ Y3b?^'Y d
�L¦ , ¤ d Y3b?\�� 4A/'(.$'6 7 IF&F4,(,H l. O�IF(./'(U$?-�1 < &F1 8 IFp CE: 1 < * 8 4A/'(.$'6 7 IF&F4,(,H @ 4A$ @ 13*," @X< 1 > IF12I S 4 < (,H��
<?8�> IF( : 13- C * 7 1 [a, b〉 BDCE<F7FG &F12HNM�ODIF&�P3*,( :

λ(t) = r(t)ei arg l(t), t ∈ [a, b〉 .
!#"%$'& 7 IF&F4 8A@ l @ 4A$ @ 13*," @�< 1 > IF12I S 4 < (t/'& BªB 12IF1 <FG &FI C 1 : (,H = *,( > (t*,12(,IF1 : 1 G5M � > IF(,& T 4,(U/ <?8A@

BDCE<F7FG & @ ϕ′ @ 4A$ @ 13*," @�< 1 > IF12I S 4 < (,H <?8 & < *,12IF4 8 $'1 (a, b) &�( > IF1L/'1L$ @ 13*," @ (U/ < ( TU<?8.eF< (

ϕ′ =
1

i

(

λ′

λ
− r′

r

)

.

OD(,P3*,( :�C�8 IFp CE: 1 < *�*,( eF7 & λ(t) 7 IF&F4,(,H l : (.-�13*°g S *,6 > IF1L/'"3* 8 4A$'1 <QTU<?8.e 1 < &F1 :R< 1 > I512I S 4 < (,H�/'12HEh"3*,4,&5*,1L$'6 < (,H BDCE<F7FG &F& ϕ, ( > IF1L/'1L$ @ 1 : (,H�" > ( : ( � 6 V & < *,12p2I 8 $ 8 " > 12IF1 : 1 <F<FSm: 4,12I l5< & :�> IF1L/'1Lh$'( : ϕ(t) := 1
i

∫ t

a

(

λ′(ξ)
λ(ξ)

− r′(ξ)
r(ξ)

)

dξ.
® <?8.e &5* =

arg l =
1

i

∫ b

a

(

λ′(t)

λ(t)
− r′(t)

r(t)

)

dt,

arg l(t) = arg λ(a) +
1

i

∫ t

a

(

λ′(ξ)

λ(ξ)
− r′(ξ)

r(ξ)

)

dξ.

!#"%$'& < 1 > IF12I S 4 < (�/'& BªB 12IF1 <FG &FI C 1 :K8A@�7 IF&F4 8A@ l @ 4A$ @ 13*," @�7 ( :#>?8+7 * < (,H�& > IF(,& T 4,(./ <?8A@ λ′ 121
>?8 I 8+: 13*,IF& T.8+G &F&�(,p2I 8+< & e 1 <?8�<?8 & < *,12IF4 8 $'1 (a, b), *,(

arg l =
1

i

∫ b

a

λ′(t)

λ(t)
dt− 1

i
ln

r(b)

r(a)
,

arg l(t) = arg λ(a) +
1

i

∫ t

a

λ′(ξ)

λ(ξ)
dξ − 1

i
ln

r(t)

r(a)
.

ODIF&fP3*,( :�< 12"2(,g,"3*,4,1 <?<FS 1�& < *,12p2I 8 $ S 4 > I 8 4 Sklfe?8 "3* @El " l (./ @ *," @ &f& TU: 1 < 1 < &F1 8 IFp CE: 1 < * 8 4A/'(U$'6P3*,(,H 7 IF&F4,(,H 7 ( < 1 eF< (Q& < 1 > IF124,(," l (U/'&5*
b− a

ρ(0, l)
sup
(a,b)

|λ′|+
∣

∣

∣

∣

ln
r(b)

r(a)

∣

∣

∣

∣

.

® /'12"26
ρ(0, l) := inf〈a,b〉 |λ| �

I 8 "2"3*,( @F< &F1�(+* <?8.e?8 $ 8ª7 ( :#> $'1 7 " < (,H > $'(," 7 (,"3*,&�/'( < (,"2&5*,1L$ @Q7 IF&F4,(,H
l
M
O C "3*,6 7 IF&F4 8A@ l T.8 / 8 13*," @�C I 8 4 < 1 < &F1 : z = λ(t), t ∈ 〈a, b〉 & z0 6∈ l. © IF&F4 8A@ l − z0 =�T.8 / 8 4 8 1Lh:K8A@�C I 8 4 < 1 < &F1 : z = λ(t) − z0, t ∈ 〈a, b〉 , < 1 > IF( l (U/'&5* e 12IF1 T�<?8.e?8 $'( 7 ( :#> $'1 7 " < (,H > $'(," 7 (,"3*,&NM« TU: 1 < 1 < &F1 8 IFp CE: 1 < * 8 4A/'(.$'6 7 IF&F4,(,H l − z0 <?8ATUS 4 8 13*," @ ^5  d Y3b'Y3b?^'Y��L¦ , ¤ d Y3b?\���c.\�b'c¡[3^?\0Y`_'a9b'c\0c6.E�9^ z0 4A/'(U$'6 7 IF&F4,(,H l &n(,g,( TU<?8¡e?8 1L*," @ argz0 l. ³ "3* 8 $'(,"26 T.8+: 13*,&5*96 =?e *,(�4,"21 > IF(,4,1L/�1 <F<FS 1ª4 S ho�1DI 8 "2" C -0/'1 < & @ (+* < (," @ *," @f7 "%$ CEe?8+V z0 = 0.

³ g <?8 I C -Q&5*,6�& TU: 1 < 1 < & @N= "24 @5T.8+<F<FS 1ª" > 12IF1 l (U/'( :
7 (,g � 1 :#C "`$ CEe?8+V�='> IF1L/'(,"3* 8 4¡$ @ 1 :­e &5* 8 *,1L$ V M

� �cu-� � mpkp� t q-� U(t′)∩ [a, b〉 ql��kvkv{%��knmp{ x%}-~ kpijmp{vt � ulkv�-q-k arg l(t) = ϕt′(t) + 2πk, �hilk k ∈ Z q � � u-�-kv{zm�� x il�-ql�qF{|kn� � kUi-u-� � mpkp� t q-� U(t′) ∩ [a, b〉 �
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u'u?v ��v��n������x'yj�,���DzF����� yNx'�D��zFy�}F��x'� y������'x'��v & 8 $'121 <?8+:�> (+*,IF12g C 13*," @ ( > &F" 8 *,6 < 1 7 (Ah*,(,I S 1�*,( > (.$'(,p2& e 12" 7 &F1�"24,(,HF"3*,4 8�T.8+:#7F<5C * Skl­7 IF&F4 Skl M ¬ *,&­"24,(,HF"3*,4 8 & T 4A$'1 798+V *," @ & T "24,(,HF"3*,4

T.8+:#7F<5C * Skl $'( :K8+<F<FSkl $'& < &FH =#7 (+*,(,I S 1 :#S g C /'1 : " e &5* 8 *,6X& T 4,12"3* <FSm: & e &5* 8 *,1L$ V M ³ " < (,4 <5CEVIF(U$'6�40P3*,(,H > IF( G 1L/ C IF1�g C / C *Q&Fp2I 8 *,6Q"`$'1L/ CEV�� &F1ª/'4,1D*,12(,IF1 :#S MO C "3*,6 l � 7 ( :#>?8+7 * <?8A@ 7 IF&F4 8A@N=�T.8 / 8 4 8 1 :K8A@RC I 8 4 < 1 < &F1 : z = λ(t), t ∈ [a, b]; τ = {tj}nj=0

� > IF(,& T 4,(U$'6 < (,1�I 8AT g,&F1 < &F1�(+*,IF1 TU798 [a, b]; lτ � $'( :K8+<F<?8A@ $'& < & @N= "�4,12I5o�& <?8A: &�4Q*,( eF798¡l λ(tj),
tj ∈ τ,

(+*,(.-0/'12"3*,4A$ @ 1 :K8A@�<?8+: &f" 7 IF&F4,(,H =FT.8 / 8 4 8 1 : (,H C I 8 4 < 1 < &F1 : z = λτ (t), t ∈ [a, b],
p%/'1

λτ (t) :=
λ(tj+1)− λ(tj)

tj+1 − tj
(t− tj) + λ(tj), t ∈ [tj, tj+1].

' ( eF7 & λ(tj), tj ∈ τ,
4�"24,( V ( e 12IF1L/'6 = I 8AT g,&F4 8+V * 7 IF&F4 S 1 l & lτ <?8 n e?8 "3*,& eF<FS�l�7 IF&F4 Skl lj & lτj"2(,(+*,4,13*,"3*94,1 <F< (FM�¯�I 8 4 < 1 < & @�e?8 "3*,& eF<FSkl�7 IF&F4 Skl lj & lτj ( > IF1L/'1L$ @FV *," @ " C -�1 < & @F: & BDCE<F7FG &FH λ&

λτ <?8 "2(+(+*,4,13*,"3*94 CEV � &FH�(+*,IF1 T ( 7 [tj, tj+1].> 7,8¡e 12"L*,4,1 > IF& : 13I 8 I 8 "2" : (+*,IF& : 7 IF&F4 CEV l =NT.8 / 8 4 8 1 :�CEV C I 8 4 < 1 < &F1 : z = sin t, t ∈ [0, 2π].rD(,"2&5*,1L$'6XP3*,(,H 7 IF&F4,(,H "2(,4 >?8 / 8 13*X"f(+*,IF1 TU7 ( : [−1, 1] /'12HF"3*,4,&5*91L$'6 < (,H�(,"2&NM ³ / <?8+7 ( =#7 IF&F4 8A@ l
< 1 @ 4A$ @ 13*," @ p`$ 8 / 7 (,H�&�/ 8 -�1 75C "2( eF< (tp`$ 8 / 7 (,H = < ( @ 4A$ @ 13*," @�< 1 > IF12I S 4 < (n/'& BªB 12IF1 <FG &FI C 1 : (,HNM¯ > (,I @ /'( e 1 <F< (,1 :#< (.-�12"3*,4,( τ = {0, π

2
, π, 3π

2
, 2π} I 8AT g,&F4 8 13*�(+*,IF1 T ( 7 [0, 2π]. ¬ *,( :�C I 8AT g,&F1 < & V"2(,(+*,4,13*,"3*94 C 13*Q$'( :K8+<F<?8A@ $'& < & @ lτ 9 & : 1 V���8A@ � T 4,1 <?8 : =FT.8 / 8 4 8 1 :K8A@tC I 8 4 < 1 < &F1 :

z =







2
π
t > IF& t ∈ [0, π

2
],

− 2
π
t+ 2 > IF& t ∈ [π

2
, 3π

2
],

2
π
t− 4 > IF& t ∈ [3π

2
, 2π].

© IF&F4 8A@ lτ < 1 @ 4A$ @ 13*," @0< 1 > IF12I S 4 < (D/'& BªB 12IF1 <FG &FI C 1 : (,H =|< ( @ 4A$ @ 13*," @�75C "2( eF< (ªp%$ 8 / 7 (,H 9 : (.-013* =<?8+> IF& : 12I = g S *,6�I 8AT g,&5* 80<?8 *,IF&�p%$ 8 / 7 &F1 7 IF&F4 S 16: � 121 < (,"2&5*,1 $'6Q"2(,4 >?8 / 8 13*Q" < (,"2&5*,1L$'1 :�7 IF&F4,(,H
l.
> : 12"3*,1�"t*,1 :m= 12"%$'& 4 798.e 12"3*,4,1�I 8AT g,&F1 < & @ (+*,IF1 TU7,8 [0, 2π]

4 T2@ *,6 :#< (.-013"3*,4,( τ = {0, π, 2π},*,(�"2(,(+*,4,13*,"3*,4 C5V���8A@ $'( :K8+<F<?8A@ $'& < & @ 9 & : 1 V���8A@ /'4 8nT 4,1 <?8 : T.8 / 8 13*," @�C I 8 4 < 1 < &F1 : z = 0, t ∈
[0, 2π]. ¬ * 8R7 IF&F4 8A@�@ 4A$ @ 13*," @�< 1 > IF13I S 4 < (R/'& BªB 12IF1 <FG &FI C 1 : (,H = 1z1 < (,"2&5*,1L$'6q"2(./'13I|-Q&5* $'&5o�6(U/ <5C *,( eF75C 0 M?5@�ACB�@�DFE G5MJI ��K 	 [`_'^�c.\��2¦�<#\0c¡Y°] C

d b'cU¶ Y2[3\0]+c G ]A�¡_ e .E�,Y3\ b'c¡[3^?\0Y`_'aQ�|c d �?�+�9\�b'c.Z
�2¦'^']+c.Z l, \0c�W3_5¢f_ eMf c-,LcD¦|�¡  f ^'Y3b?^E¢ τ = {tj}nj=0 c.\�¦�Y  A�9� [a, b], d Y`_'�|c¡[3\�a δτ �|c.\0c`¦�c-,Lc d Y3b?a �0Yb'Y3�|c.\0c`¦�c-,Lc0�'cL_�cU¶)^?\0Y`_'a9b'c-,Lc δ, _�c d �+b?b?�.¢�_'^Fb?^E¢ lτ _'YL¶)^?\ ] G.RSACTUEUV	E�W�@�XZY�[\W�]�A%K�O C "3*,6 ε �

I 8 "2"3*,( @F< &F1 : 13-0/ C­< (,"2&5*,1L$'1 : 7 IF&F4,(,H l
&)p2I 8+< & G 12H ∂G

:#< (.-�12"3*,4 8 G.
rD(,"2&5*,1L$'6 7 ( :#>?8+7 * < (,H 7 IF&F4,(,H @ 4A$ @ 13*," @­7 ( :#>?8+7 *,( :m=�8 p2I 8+< & G?8 ∂G @ 4A$ @ 13*," @

T.8+:#7F<5C * Sm:R:#< (.-012"3*,4,( : 9 798+7 /'( > (U$ < 1 < &F1�(+* 7 I S *9(,p2( :K< (.-�12"3*,4 8������ G⋃ �
	 � G : =,TU<?8.e &5* = ε > 0.i�/'I C p2(,H�"3*,(,IF( <FSD=N> (Q*,12(,IF1 : 1 ©D8+< *,(,I 8 " C�� 12"3*94 C 13* δ > 0
* 8+7 (,1 = e *,( |λ(t1) − λ(t2)| < ε,

12"`$'&
t1, t2 ∈ [a, b]

& |t1−t2| < δ.
> S g,12IF1 :�> IF(,& T 4,(.$'6 < (,1KI 8AT g,&F1 < &F1 τ = {tj}nj=0

(+*,IF1 TU798 [a, b], : 1L$ 7 (,"3*,6
δτ 7 (+*,(,IF(,p2( : 1 < 6+o�1 δ. &ª$ @ $ V g,(,p2( t ∈ [tj, tj+1]

& : 121 :
|λτ (t)− λ(tj)| =

∣

∣

∣

∣

λ(tj+1)− λ(tj)

tj+1 − tj
(t− tj)

∣

∣

∣

∣

≤ |λ(tj+1) + λ(tj)| < ε

® <?8.e &5* = $'( :K8+<F<?8A@ $'& < & @ lτ $'13-Q&5*�4�(,g���1L/'& < 1 < &F& 7 I C p2(,4 Uε(λ(tj)), j = 1, ..., n.
rD( 7,8 -0/ S Hn& TP3*,& l�7 I C p2(,4�4 7 $ V�e 1 < 4 G. ¤?5@�ACB�@�DFE G5MJI �/K 	 [`_'^­�|c d �?�+�9\�b?�.¢��2¦'^']A�.¢ l b'Y��+¦'cz7'c.W¡^?\ .5Y§¦�Y  �b?�j.E�U_�c��|c d �|_�Y3�|[3b'c.Z

�|_�c¡[3�|c¡[3\�^ N \0c´W3_5¢°_ eMf c-,Lc#¦|�¡  f ^'Y3b?^E¢ τ = {tj}nj=0 c.\�¦�Y  A�9� [a, b], d Y`_'�|c¡[3\�a δτ �|c.\0c`¦�c-,Lc d Y3b?a �0Yb'Y3�|c.\0c`¦�c-,Lc0�'cL_�cU¶)^?\0Y`_'a9b'c-,Lc δ ]l<#�'cL_'bE¢'Y3\0[%¢n¦|�,]+Y3b'[L\�]+c
arg l = arg lτ .
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RSACTUEUV	E�W�@�XZY�[\W�]�A%K�ODIF1L/ > (U$'(¡-�& :´=Ne *,( <?8.e?8 $'( 7 ( :#> $'1 7 " < (,H > $'(," 7 (,"3*,&�$'13-Q&5*�4 < 1 < (,"2&Eh*,1L$ @n7 IF&F4,(,H l. � < (¡-�12"3*,4,( C\{0} @ 4A$ @ 13*," @ (+* 7 I S * Sm: &�4 7 $ V�e?8 13* < (,"2&5*,1L$'6 7 IF&F4,(+H l. ® <?8¡e &5* =/F$ @ $ V g,(,p2(qI 8AT g,&F1 < & @ τ = {tj}nj=0

(+*,IF1 TU7,8 [a, b], : 1L$ 7 (,"3*,6 δτ 7 (+*,(,IF(,p2( : 1 < 6+o�1 < 1 7 (+*,(,IF(Ahp2( > (U$'(.-Q&5*,1L$'6 < (,p2( δ
$'( :K8+<F<?8A@ $'& < & @ lτ

$'13-Q&5* 4 :#< (.-012"3*,4,1 C\{0}, *,(q12"3*,6 < 1 > IF( l (U/'&5*
e 12IF1 T 0

M ¬ *,( > ( T 4,(.$ @ 13*Rp2(,4,(,IF&5*,6 ( > IF(./'(U$?-�1 < &F& 8 IFp CE: 1 < * 8 4A/'(U$'6 7 IF&F4,(,H lτ .
OD( B (,I :�C $'1

9 �	: arg l =
∑n−1

j=0 (ϕt′(tj+1) − ϕt′(tj)),
p%/'1

ϕt′(t) := arg{λ(t)λ(t′)} + arg λ(t′).
³ "3* 8 13*," @;T.8+: 1Lh*,&5*,6 =�e *,(�I 8ATU< & GFS ϕt′(tj+1) − ϕt′(tj) < 1 : 1 <5@FV *," @N= 12"`$'& BDCE<F7FG & V ϕt′(t) T.8+: 1 < &5*,6 BDCE<F7FG &F12H

ϕτ,t′(t) := arg{λτ (t)λτ (t′)}+arg λτ (t
′),
* 8+7t7,8+7 λ(tj) = λτ (tj)

/F$ @ 4,"21 l tj ∈ τ. ¬ *,(�( TU<?8.e?8 13* =5e *,(
arg l = arg lτ . ¤

u'u?v 	Nv��KzF�Dy����j}�+0~�y�������+0~'v © ( :#>?8+7 * <?8¡@�7 IF&F4 8A@ l =5T.8 / 8 4 8 1 :K8A@tC I 8 4 < 1 < &F1 : z = λ(t), t ∈
[a, b], <?8ATUS 4 8 13*," @Q A� d �9b ¤ \0c.Z?= 12"`$'& λ(a) = λ(b).

® 8+:#7F<5C * 8A@�7 IF&F4 8A@�<?8ATUS 4 8 13*," @t�|c.b?\ ¤ ¦�c d = 12"%$'&( <?8�< 1�& : 1213*D4 <5C *,IF1 <F< & l " 8+: ( > 12IF12"21 e 1 < &FH = /'I C p2& : &�"`$'(,4 8+: & =A7 IF&F4 8A@N=.T.8 / 8 4 8 1 :K8A@ªC I 8 4 < 1 < &F1 :
z = λ(t), t ∈ (a, b), @ 4A$ @ 13*," @n> IF(,"3*,(,HNM � b?WAY3�|[2c d T.8+:#7F<5C *,(,H 7 IF&F4,(,H l (+* < (,"2&5*,1L$'6 < (�*,( eF7 & z0 /∈
l,
4n(,g,( TU<?8.e 1 < & @El indz0 l, <?8ATUS 4 8 13*," @ (+* < (+o�1 < &F1 1

2π
argz0 l,

p`/'1
argz0 l �

& TU: 1 < 1 < &F1 8 IFp CE: 1 < * 8(+* < (,"2&5*,1L$'6 < (°*,( eF7 & z0 4A/'(U$'6 7 IF&F4,(,H l. ' ( eF798 z0 /∈ l <?8ATUS 4 8 13*," @�]Ab'Y ��b'Y3Z 9 "2(,(+*,4FM ]Ab ¤ \�¦�Y3b?b'Y3Z :*,( eF7 (,H T.8+:#7F<5C *,(,H 7 IF&F4,(,H l, 12"%$'&�& < /'1 7 " 7 IF&F4,(,H l (+* < (,"2&5*,1L$'6 < (f*,( eF7 & z0 I 8 4,1 < 0 9 "2(,(+*,4FM < 1I 8 4,1 < 0
:LM�ik(,4,( 75CE>F< (,"3*,6X4,"21 l 4 < 13o < & l 9 4 <5C *,IF1 <F< & l :�*,( e 1 7 T.8+:#7F<5C *,(,H 7 IF&F4,(,H l <?8ATUS 4 8 13*," @

]Ab'Y ��b'c¡[3\�a e 9 "2(,(+*,4FM ]Ab ¤ \�¦�Y3b?b'c¡[3\�a e :kP3*,(,H 7 IF&F4,(,H�&f(,g,( TU<?8.e?8 13*," @ ext l 9 "2(,(+*,4FM int l :LMO C "3*,6 l � 7 ( :#>?8+7 * <?8A@ 7 IF&F4 8A@N=�T.8 / 8 4 8 1 :K8A@RC I 8 4 < 1 < &F1 : z = λ(t), t ∈ [a, b]; τ = {tj}nj=0

�
I 8AT g,&F1 < &F10(+*,IF1 TU7,8 [a, b]; lτ � $'( :K8+<F<?8A@ $'& < & @N= "�4,12I5o�& <?8+: &�4n*,( eF798¡l λ(tj), tj ∈ τ. � 12p 7 (

T.8+: 13*,&5*,6 =�e *,(�4 <5C *,IF1 <F< (,"3*96 int lτ T.8+:#7F<5C *,(,H $'( :K8+<F< (,H�$'& < &F& lτ
"2(,4 >?8 / 8 13*�"n(,g���1L/'& < 1 < &F1 :

7 ( < 1 eF< (,p2( e &F"`$ 8 (+* 7 I S * Skl n C p2(U$'6 < & 7 (,4 9 n ≥ 3
: =E8 4 < 13o < (,"3*,6 ext lτ "2(,4 >?8 / 8 13*�"´/'( > (U$ < 1 < &F1 :7 ( < 1 eF< (,p2( e &F"%$ 8�T.8+:#7F<5C * Skl n C p2(U$'6 < & 7 (,4 9 n ≥ 2
:LM

¯ > I 8 - < 1 < &F1+ME«D" > (U$'6 T2C+@ *,12(,IF1 :�C ( > IF( : 13- C *,( eF<FSkl0TU<?8.e 1 < & @El�< 1 > IF12I S 4 < (,H0/'12HF"3*,4,&5*91L$�6Ah
< (,H BDCE<F7FG &F& = /'( 7,8 -Q&5*,1 =Ee *,(�4," @F798A@Q7 IF&F4 8A@N=|< (,"2&5*,1L$'6 7 (+*,(,IF(,HQ"2(./'12I9-Q&5*�4 <5C *,IF1 <F< &?1�&Q4 < 13o°h
< &F1D*,( eF7 & n C p2(U$'6 < & 7980< 1 : (.-013* < 1 > 12IF12"21 798 *,6," @ "ªp2I 8+< & G 12H�P3*,(,p2( n C p2(U$'6 < & 7,8 M

?5@�ACB�@�DFE G5MJI ��K 	 [`_'^��2¦'^']A�.¢ l ¢']2_5¢'Y3\0[%¢� A� d �9b ¤ \0c.Z N \0c
int l =

⋃∞
k=1

⋂

δτ<
1
k
int lτ , ext l =

⋃∞
k=1

⋂

δτ<
1
k
ext lτ Q 9 � :

RSACTUEUV	E�W�@�XZY�[\W�]�A%K�O C "3*,6 l � 7 ( :#>?8+7 * <?8A@ 7 IF&F4 8A@N=�T.8 / 8 4 8 1 :K8A@)C I 8 4 < 1 < &F1 : z = λ(t),
t ∈ [a, b]

&
z0 ∈ int l 9 "2(,(+*,4FM z0 ∈ ext l

:LM5> "2&E$ C *,12(,IF1 :#S 9 G5MJI �	:f/F$ @ $ V g,(,p2(;I 8AT g,&F1 < & @
τ = {tj}nj=0

(+*,IF1 TU7,8 [a, b], : 1L$ 7 (,"3*,6 δτ 7 (+*,(,IF(,p2( : 1 < 6+o�1 < 1 7 (+*,(,IF(,p2( δ > 0,
& : 1213* : 12"3*,(�I 8 4,1 < h"3*,4,(

argz0 l = argz0 lτ .
® <?8.e &5* = indz0 l = indz0 lτ .

³ *," V / 8 4 S *,1 7,8 13* =�e *,( z0 ∈ ⋂δτ<
1
k
int lτ 9 "2(,(+*,4FM

z0 ∈
⋂

δτ<
1
k
ext lτ

: = p`/'1 k ≥ 1
δ

M�>k12I < (�&�(,g,I 8 * < (,1+M�&�12HF"3*,4,&5*91L$'6 < ( = 12"`$'& > IF& < 1 7 (+*,(,IF( : k ∈ N4 Sm> (U$ <5@ 13*," @ 4 7 $ V�e 1 < &F1 z0 ∈ ⋂δτ<
1
k
int lτ 9 "2(,(+*,4FM z0 ∈ ⋂δτ<

1
k
ext lτ

: = *,(X(,g @5T.8 *,1L$'6 < ( z0 6∈ l,* 8+7�7,8+7 z0 6∈ lτ
& < 1 : (¡-�13* @ 4A$ @ *,6," @ 4,12I5o�& < (,Ht$'( :�8A<F< (,Hn$'& < &F& lτ . ODIF&fP3*,( : 4�"2&E$ C *,12(,IF1 :#S9 G5MJI �	: argz0 l = argz0 lτ ,

12"`$'& : 1L$ 7 (,"3*,6 δτ I 8AT g,&F1 < & @ τ : 1 < 6+o�1 < 1 7 (+*,(+IF(,p2( δ > 0,
"`$'1L/'(,4 8 *,1L$'6 < ( =

z0 ∈ int l 9 "2(,(+*,4FM z0 ∈ ext l
:LM

¤

� < (¡-�12"3*,4,( G <?8ATUS 4 8 13*," @�[%¢5 Ab/< d 9 *,( eF< 121 =�_'^?b'Y3Z?b'ct[2]U¢5 Ab/< dP: = 12"%$'&�/F$ @ $ V g Skl /'4 C9l *,(Ahe 1 7 & T P3*,(,p2( :#< (.-012"3*,4 8 " C�� 12"3*94 C 1 7 IF&F4 8A@ " 7 ( <FG?8+: &n4�P3*,& l *,( eF7,8¡l =5< (,"2&5*,1L$'6 7 (+*,(,IF(,H�$'13-Q&5*4
G.
³ * 7 I S *,(,1�"24 @5TU< (,1 :#< (¡-�12"3*,4,( <?8ATUS 4 8 13*," @ c f _'�,[3\�a e M�>k" @F7 (,1�(+* 7 I S *,(,1 :#< (.-012"3*,4,(n4 R2

9 TU<?8.e &5* = &�4 C
: > IF1L/'"3* 8 4A$ @ 13*�"2(,g,(,H�(,g���1L/'& < 1 < &F1 < 1�g,(U$'121 e 1 : " e 13* < (,H�"2(,4,( 75CE>F< (+"3*,& > ( >?8 IEh

< ( < 1 > 12IF12"21 7,8+V�� & l " @ (,gA$ 8 "3*,12H 9 <?8ATUS 4 8 1 :#Skl �|c d �'c.b'Y3b?\�� d ^q[2]U¢5 Ab'c¡[3\�^ P3*,(,p2( :#< (.-�12"3*,4 8 :LM® 8+:#Sm7,8+< &F1ª(,gA$ 8 "3*,& <?8ATUS 4 8 13*," @� A� d �9b ¤ \0c.Z�c f _'�,[3\�a e M
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	 [`_'^ [2]U¢5 Ab'c¡Y d b'cU¶ Y2[3\0]+c�b'YQ�'Y§¦�Y2[2Y3�9�,Y3\0[%¢J[nb'c¡[3^?\0Y`_�Y d  A� d �9b ¤ \�cUZ

�2¦'^']+c.Z N \0c�c.b'cª_'^ f c0]A�¡_ e .E�,Y3\0[%¢�]+c�]Ab ¤ \�¦�Y3b?b'c¡[3\�an�2¦'^']+c.Z N _'^ f c0]A�¡_ e .E�,Y3\0[%¢�]+c0]Ab?Y ��b'c¡[3\�a�2¦'^']+c.Z QRSACTUEUV	E�W�@�XZY�[\W�]�A%K�O C "3*,6 l � T.8+:#7F<5C * 8A@R7 IF&F4 8A@N=jT.8 / 8 4 8 1 :K8A@�C I 8 4 < 1 < &F1 : z = λ(t), t ∈
[a, b]; G �

"24 @5TU< (,1 :#< (.-�12"3*,4,( & G ∩ l = ∅. > S g,12IF1 : > IF(,& T 4,(U$'6 <5CEV *,( eF75C z0 ∈ G. ��C /'1 :" e &5* 8 *,6 =#e *,( z0 ∈ Int l 9 "2(,(+*,4FM z0 ∈ Ext l
:LM�O C "L*,6 z ∈ G

&
l0 � 7 IF&F4 8A@ " 7 ( <FG?8+: &R4�*,( eF798¡l

z0
&
z, < (+"2&5*,1L$'6 7 (+*,(,IF(,Hq$'13-Q&5*X4 G. '�8+7 7,8+7 l ∩ l0 = ∅, *,( ρ(l, l0) =: 2ε > 0.

³ g,( TU<?8.e & :
Uε(l)

(,g���1L/'& < 1 < &F1 ε h§( 7 IF12"3* < (,"3*,12H Uε(z)
*,( e 1 7 z ∈ l.

� < (¡-�12"3*,4,( Uε(l) @ 4A$ @ 13*," @ (+* 7 I S * Sm: &4 7 $ V�e?8 13* < (,"2&5*,1L$'6 7 IF&F4,(,H l. OD(D*,12(,IF1 : 1sG5MJI ��/F$ @ $ V g,(,p2(°I 8AT g,&F1 < & @ τ = {tj}nj=0

(+*,IF1 TU7,8 [a, b],
: 1L$ 7 (,"3*,6 δτ 7 (+*,(,IF(,p2( : 1 < 6+o�1 < 1 7 (+*,(,IF(,p2( > (.$'(.-Q&5*,1L$'6 < (,p2( δ, T.8A:K7F<5C * 8A@ $'( :K8+<F<?8A@ $'& < & @ lτ$'13-Q&5*t4

Uε(l)
& =�TU<?8¡e &5* =j< 1 > 12IF12"21 7,8 12*," @ " l0. ³ *," V / 8 4 S *,1 7,8 13* =Ne *,( l0 ⊂ ⋂δτ<

1
k
Int lτ 9 "2(,(+*,4FM

l0 ⊂
⋂

δτ<
1
k
ext lτ

: = p`/'1 k > 1
δ
.
O�(�*,13(,IF1 : 1 G5MJI � l0 ⊂ Int l 9 "2(,(+*,4FM l0 ⊂ Ext l

:LM#iK$'1L/'(,4 8 *,1L$'6 < ( =
G ⊆ Int l 9 "2(,(+*,4FM G ⊆ Ext l

:LM
¤

¯ > I 8 - < 1 < &F1+M�I,M�&�( 798 -Q&5*,1 =Fe *,(�4 <5C *,IF1 <F< (,"3*96�&f4 < 13o < (,"3*,6 798 -0/'(,H T.8+:#7F<5C *,(,H 7 IF&F4,(,H @ 4Ah$ @FV *," @ (+* 7 I S * S´: & :#< (.-�12"3*,4 8+: &NM�`EM6&�( 798 -Q&5*,1 =+e *,(ª& < /'1 7 " T.8+:#7F<5C *,(,H 7 IF&F4,(,H l (+* < (,"2&5*,1L$'6 < (*,( eF7 & z & : 1213*�(U/ < (�&t*,(�-�1 G 1L$'(,1 TU<?8.e 1 < &F1�/F$ @ 4,"21 l z & T "24 @5TU< (,H 7 ( :#> ( < 1 < * S 4 <5C *,IF1 <F< (,"3*,&
7 IF&F4,(,H l M �5M�&�( 798 -Q&5*,1 ='e *,(n4 <5C *,IF1 <F< (,"3*96n4," @F7 (,H T.8+:#7F<5C *,(,H 7 IF&F4,(,H @ 4A$ @ 13*," @ (,p2I 8+< & e 1 <F<FSm:
:#< (.-�12"3*,4,( :m=j8 4 < 13o < (,"3*,6 T.8+:#7F<5C *,(,H 7 IF&F4,(,H @ 4A$ @ 13*," @�< 12(,p2I 8+< & e 1 <F<FSm:):#< (¡-�12"3*,4,( : M �FM�&�(Ah
7,8 -Q&5*,1 ='e *,(�$ V g,(,Hn$ CEe [z0,∞)

" <?8.e?8 $'( : 4�*,( eF7 1 z0 ∈ Int l > 12IF12"21 798 13*9" @ " l.?5@�ACB�@�DFEHG5MJI �/K�	 [`_'^X�2¦'^']A�.¢ l ¢']2_5¢'Y3\0[%¢� A� d �9b ¤ \0c.Z�^Xb'Y3�|c.\0c`¦�c¡Y0c.\��U¦/<K\0c¡Y d b'cU¶ Y 4
[3\0]+c G ]A�¡_ e .E�,Y3\ b'c¡[3^?\0Y`_?a l ^�]Ab ¤ \�¦�Y3b?b'c¡[3\�a Int l O¡\0c.Z��2¦'^']+c.Z N \0c�W3_5¢�_ eMf c-,Lc°¦|�¡  f ^'Y3b?^E¢
τ = {tj}nj=0 c.\�¦�Y  A�9� [a, b],

d Y`_'�|c¡[3\�a δτ �|c.\0c`¦�c-,Lc d Y3b?a �0Y�b'Y3�|c.\0c`¦�c-,Lc �'cL_�cU¶)^?\0Y`_'a9b'c-,Lc δ]l<#�'cL_'bE¢'Y3\0[%¢�]A�¡_ e .5Y3b?^'Y lτ ∪ Int lt ⊂ G.RSACTUEUV	E�W�@�XZY�[\W�]�A%K�OD(q*,12(,IF1 : 1 G5MJI �X/F$ @ $ V g,(,p2(JI 8AT g,&F1 < & @ τ = {tj}nj=0

(+*,IF1 TU7,8 [a, b],
: 1L$ 7 (,"3*,6 δτ 7 (+*,(,IF(,p2( : 1 < 6+o�1 < 1 7 (+*,(,IF(,p2( > (.$'(.-Q&5*,1L$'6 < (,p2( δ, $'( :K8+<F<?8A@ $'& < & @ lτ $'13-�&5*f4 G.® 8+B & 7 "2&FI C 1 : (U/ < (�& T * 8+7 & l I 8AT g,&F1 < &FH τ M'O C "3*,6 z0 ∈ Int lτ .

!#"`$'&
z0 ∈ l ∪ Int l,

*,( > ( C "`$'(,4,& V*,12(,IF1 :#S z0 ∈ G.
OD(,P3*,( :�C " e &5* 8 1 :m=je *,( z0 6∈ l ∪ Int l.

rD(n*,(,p`/ 8 & TU: 1 < 1 < &F1 8 IFp CE: 1 < * 8 (+* < (,"2&Eh*,1L$'6 < (0*,( eF7 & z0 4A/'(U$'6 < 1 7 (+*,(,IF(,H e?8 "3*,& eF< (,H 7 IF&F4,(,H lj & T.8+:#Sm7,8+V�� 12p2(n121 T 4,1 <?8 $'( :K8+<F< (,H lτjg C / C *tI 8AT $'& eF<FSm: &NM ¬ *,(n( TU<?8.e?8 13* = e *,(�*,( eF798 z0 > IF& <?8 /F$'13-Q&5*n4 <5C *,IF1 <F< (,"2*,& 7 IF&F4,(,H lj ∪ l−τj 0 � ,p`/'1
l−τj � > 12IF12(,IF&F1 < *9&FIF(,4 8+<F<?8A@�7 IF&F4 8A@ lτj. >�"2&E$ C (,p2I 8+< & e 1 <F< (,"3*,&�4 <5C *,IF1 <F< (,"3*9& 7 IF&F4,(,H lj∪l−τj$ CEe [z0,∞),

$'13- 8 � &FH <?8�> I @F: (,H (λ(tj), z0) & < 1 > IF( l (U/ @ � &FH e 12IF1 T *,( eF75C λ(tj), > 12IF12"21 7,8 13*9" @" 7 IF&F4,(,H lj. ' ( eF7,8�> 12IF12"21 e 1 < & @ λ(t′), t′ ∈ (tj, tj+1) < 1�"2(,4 >?8 / 8 13*X"f*,( eF7,8+: & λ(tj)
&
λ(tj+1).³ g,( TU<?8.e & : τ ′

I 8AT g,&F1 < &F1 τ /'( > (U$ < 1 <F< (,1�*,( eF7 (,H t′. ��1L$ 7 (,"3*,60I 8AT g,&F1 < & @ τ ′ : 1 < 6+o�1 δ & z0 ∈ lτ ′ .® <?8.e &5* = z0 ∈ G
M

¤

u�*NvQw���x'��{|�'x|����z5�­��x y������'x'�
u �jv�����}F~��+��z5�­��x y������'x'�

>k" @F7,8A@q7 ( :#> $'1 7 " <?8A@qBDCE<F7FG & @ f,
( > IF1L/'1L$'1 <F<?8A@ <?8�< (,"2&5*,1L$'1 7 IF&F4,(,H l, T.8 / 8 4 8 1 : (,H >?8 I 8 h

: 13*,IF& e 12" 7 & :�C I 8 4 < 1 < &F1 : z = λ(t), t ∈ 〈a, b〉 , : (.-013*qg S *,6q(+*,(¡-�/'12"3*,4A$'1 <?8 " 7 ( :#> $'1 7 " < (,H
BDCE<F7FG &F12H�/'12HF"3*,4,&5*91L$'6 < (,H > 12IF1 : 1 <F< (,H F := f ◦λ, ( > IF1L/'1L$�1 <F< (,H <?8°> IF( : 13- C * 7 1 〈a, b〉 . >q*,( e h
7,8¡l�> IF( : 13- C * 7,8 〈a, b〉 , 4 7 (+*,(,I Skl�BDCE<F7FG & @ λ > IF& < & :K8 13*�(./'& <?8+7 (,4 S 1 TU<?8.e 1 < & @N=jBDCE<F7FG & @ F*,(.-�1 > IF& < & :K8 1L*�(U/'& <?8+7 (,4 S 1 TU<?8.e 1 < & @ M�i /'I C p2(,H�"3*,(,IF( <FSD= 4," @F798A@�7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ F,

0 ��� {vt%� ~ q � t��F� x � kv{ y ��{|o%�nt�ijt|�ltr� ~ t � �-kv�-q-kn�
z =

{

λ(t) }-~ q t ∈ [tj , tj+1],
λτ (2tj+1 − t) }-~ q t ∈ [tj+1, 2tj+1 − tj ].
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( > IF1L/'1L$�1 <F<?8A@�<?80> IF( : 13- C * 7 1 〈a, b〉 , : (.-�13*�I 8 "2" :K8 *,IF&F4 8 *,6," @�798+7�:#< (,p3( TU<?8¡eF<?8A@�7 ( :#> $'1 7 " <?8A@
BDCE<F7FG & @ z → {F (t) : t ∈ λ−1(z)} = ( > IF1L/'1L$�1 <F<?8A@�<?8Q< (,"2&5*,1L$'1 7 IF&F4,(,H l. >;*,( eF798¡l " 8+: ( > 12IF12"21Lh
e 1 < & @�7 IF&F4,(,H l P3* 8�BDCE<F7FG & @�> IF& < & :K8 13* :#< (¡-�12"3*,4,1 <F<FS 1 TU<?8¡e 1 < & @ MO C "3*,6 <?8�< (,"2&5*,1L$'1 7 ( :#>?8+7 * < (,H 7 IF&F4,(,H l, T.8 / 8 4 8 1 : (,H >?8 I 8+: 13*,IF& e 12" 7 & : C I 8 4 < 1 < &F1 : z =

λ(t), t ∈ [a, b],
( > IF1L/'1L$'1 <?8�7 ( :#> $'1 7 " <?8A@tBDCE<F7FG & @ f. !#"`$'&t" C�� 12"3*94 C 13*0& < *,12p2I 8 $ ∫ b

a
f(λ(t))dλ(t)
#& :K8+<?8 h±i�*,&E$?*,6,12" 8�BDCE<F7FG &F& f ◦λ > ( BDCE<F7FG &F& λ, *,( BDCE<F7FG & V f <?8ATUS 4 8+V * ^?b?\0Y2, ¦'^+¦ ¤ Y d c.Z�> (

7 IF&F4,(,H l, 8fCE> ( :�@F<5C * S HR& < *,12p2I 8 $ 
#& :K8+<?8 h±i�*,&E$?*,6,1U" 8�<?8ATUS 4 8+V * ^?b?\0Y2, ¦|�U_�c d BDCE<F7FG &F& f > (
7 IF&F4,(,H l &n(,g,( TU<?8.e?8+V * ∫

l
f(z)dz

M5« T ( > IF1L/'1L$'1 < & @ & < *,13p2I 8 $ 8 
#& :K8+<?8 h±i�*,&E$?*,6,12" 8 4 S *,1 7,8 13* =Fe *,(& < *,12p2I 8 $ ∫
l
f(z)dz

"2(,4 >?8 / 8 13*�" > IF1L/'1L$'( : & < *,12p2I 8 $'6 < (,H�" CE:#:#S
στ (f, l) :=

n−1
∑

j=0

f(λ(ξj))(λ(tj+1)− λ(tj)), ξj ∈ [tj, tj+1]

> IF&�"3*,IF1 : $'1 < &?& : 1L$ 7 (,"3*,&�I 8AT g,&F1 < & @ τ = {tj}nj=0, a = t0 < ... < tn = b 7f<5C $ V M!#"%$'& > IF1L/ > (.$'(.-Q&5*,6 =�e *,( 7 ( :#>?8+7 * <?8A@q7 IF&F4 8¡@ l @ 4A$ @ 13*," @ " > I @F: $ @ 1 : (,H =#8�BDCE<F7FG & @ f ◦ λ
@ 4A$ @ 13*," @�< 1 > IF13I S 4 < (,H�*,( BDCE<F7FG & @ f @ 4A$ @ 13*," @ & < *,12p2IF&FI C 1 : (,H > ( 7 IF&F4,(,H l M'ODIF&�P3*,( :

∣

∣

∣

∣

∫

l

f(z)dz

∣

∣

∣

∣

≤M |l|, 9 �	:
p`/'1

M � > IF(,& T 4,(.$'6 <?8A@q:K8 -�(,I 8+< * 8�BDCE<F7FG &F& |f |, |l| � /F$'& <?8�7 IF&F4,(,H l.
&�12HF"3*,4,&5*,13$'6 < ( = " C h

�
12"3*,4,(,4 8+< &F1D& < *,12p2I 8 $ 8 ∫

l
f(z)dz

(,g+12" > 1 e 1 < (0" C�� 12"2*,4,(,4 8+< &F1 : "2(,4 >?8 / 8+V�� 12p2(�" < & : & < *,12p3I 8 $ 8
#& :K8+<?8 h±i�*,&E$?*,6,12" 8 ∫ b

a
f(λ(t))dλ(t), 8�< 12I 8 4,1 < "3*,4,( 9 �	:k4 S *,1 798 13*n& T ( G 1 < ( 7

|στ (f, l)| ≤
n−1
∑

j=0

|f(λ(ξj))||λ(tj+1)− λ(tj)| ≤M

n−1
∑

j=0

|λ(tj+1)− λ(tj)|.
!#"`$'& > IF1L/ > (U$'(.-Q&5*,6�/'( > (U$ < &5*,1L$'6 < ( =�e *,( 7 IF&F4 8A@ l @ 4A$ @ 13*," @�< 1 > IF12I S 4 < (�/'& BªB 12IF1 <FG &FI C 1 : (,H =*,(

∫

l

f(z)dz =

∫ b

a

f(λ(t))λ′(t)dt.
« T P3*,(,H B (+I :#C $ SD= 4 e?8 "3* < (,"3*,& = 4 S *,1 798 13* B (,I :�C $ 8

arg l =
1

i

∫

l

dz

z
− 1

i
ln
|λ(b)|
|λ(a)|/F$ @ 4 Sme &F"`$'1 < & @ & TU: 1 < 1 < & @�8 IFp CE: 1 < * 8 4A/'(U$'6 < 1 > IF12I S 4 < (0/'& BªB 12IF1 <FG &FI C 1 : (,H 7 IF&F4,(,H�& B (,IEh

:�C $ 8
indζ l =

1

2πi

∫

l

dz

z − ζ/F$ @ 4 Sme &F"%$'1 < & @ & < /'1 7 " 8nT.8A:K7F<5C *,(+H < 1 > IF13I S 4 < (n/'& BªB 12IF1 <FG &FI C 1 : (,H 7 IF&F4+(,H l (+* < (,"2&5*,1L$'6 < (*,( eF7 & ζ 6∈ l.« T I 8 "2" : (+*,IF1 <F<FS�l I 8+< 121�"24,(,HF"3*,4t& < *,12p2I 8 $ 8 
#& :K8+<?8 h±i�*,&E$?*,6,12" 8 4 S *,1 798+V *t"24,(,HF"3*,4 8 & < *,1Lhp2I 8 $ 80> ( 7 IF&F4,(,H )I-: ∫
l
(f1(z) + f2(z))dz =

∫

l
f1(z)dz +

∫

l
f2(z)dz;` : ∫

l
kf(z)dz = k

∫

l
f(z)dz, k ∈ C;

�	: ∫
l1
f(z)dz +

∫

l2
f(z)dz =

∫

l
f(z)dz, l1, l2 � e?8 "3*,& eF<FS 1 7 IF&F4 S 1 =�> (U$ CEe 1 <F<FS 1 >5C * 1 : I 8AT g,&Eh1 < & @ (,gA$ 8 "3*,&�& TU: 1 < 1 < & @�>?8 I 8+: 13*,I 8�7 IF&F4,(,H l <?8 /'4 8�> IF( : 13- C * 7,8 ���: ∫

l∗
f(z)dz =

∫

l
f(z)dz, l∗ �

*,(¡-0/'12"3*,4,1 <F<?8A@�7 IF&F4 8A@ �
� : ∫

l−
f(z)dz = −

∫

l
f(z)dz, l− �µ> 12IF12(,IF&F1 < *9&FIF(,4 8+<F<?8A@�7 IF&F4 8A@

9 4,(�4,"21 l "%$ CEe?8A@El " C�� 12"3*94,(,4 8+< &F1m& < *,12p3I 8 $'(,4D4 > I 8 4,(,H e?8 "3*,&�4A$'1 e 13*ª" C�� 12"3*94,(+4 8+< &F1m& < *,12p2I 8 $'(,44�$'124,(,H e?8 "3*,&�:LM
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!#"%$'& 7 IF&F4 8A@ l < 1 @ 4A$ @ 13*," @�7 ( :#>?8+7 * < (,H = *,(�& < *,12p2I 8 $ ∫
l
f(z)dz

( > IF1L/'1L$ @ 13*," @�> ( B (,I :�C $'1
∫

l

f(z)dz := lim

∫

lk

f(z)dz.

® /'12"26 7 IF&F4 8A@ lk T.8 / 8 13*," @�C I 8 4 < 1 < &F1 : z = λ(t), t ∈ [ak, bk] ⊆ 〈a, b〉
&
ak → a, bk → b

M
OD( <5@ *,&F1°& < *,12p2I 8 $ 8�> ( 7 IF&F4,(,Ht$'13-Q&5*�40(," < (,4,1 > ( <5@ *,& @X^?b?\0Y2, ¦|�U_'�Q�'c0[2Y d Y3Z'[3\0] ¤ �2¦'^']l<
7 MO C "3*,6 T.8 / 8+< (f"21 : 12HF"3*94,( L 7 IF&F4 Skl lj, j = 1, ..., n = & <?8 (,g���1L/'& < 1 < &F& < (,"2&5*,1L$'12HXP3*,& l�7 IF&F4 Skl( > IF1L/'1L$'1 <?8�7 ( :#> $'1 7 " <?8A@�BDCE<F7FG & @ f M ' (,p`/ 8

∫

L

f(z)dz :=
n
∑

j=1

∫

lj

f(z)dz.

ODIF&�P3*,( : " C�� 12"3*94,(,4 8+< &F1�& < *,12p2I 8 $'(,4�4 > I 8 4,(,H e?8 "3*,& : (.-013*°g S *,6�p 8 I 8+< *,&FIF(,4 8+< (°*,IF12g,(,4 8+< &F1 :
7 ( :#>?8+7 * < (,"3*,&­& " > I @F: $ @ 1 : (,"3*,& 7 IF&F4 Skl & T "21 : 12HF"3*,4 8 L & *,IF12g,(+4 8+< &F1 : < 1 > IF12I S 4 < (,"3*9&�" C h-�1 < &FH BDCE<F7FG &F& f <?8t7,8 -0/ CEV * 8+75CEV�7 IF&F4 CEV M�!#"`$'&�"21 : 12HF"3*94,( 7 IF&F4 Skl L > (U$ CEe 1 < (�& T (./ < (,H
7 IF&F4,(,H l >5C *,1 : I 8AT g,&F1 < & @ (,gA$ 8 "3*,&�& TU: 1 < 1 < & @�>?8 I 8+: 13*,I 8Q<?8�7 ( < 1 eF< (,1 :#< (.-�12"3*,4,( > IF( : 13- C *Ah
7 (,4 = *,(0& : 1313* : 12"3*,( B (,I :�C $ 8

∫

L

f(z)dz =

∫

l

f(z)dz
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