§3. Komnaktel B R”
Teopema. [Toonpocmparncmeso ¢ R" sagnsemcss komnakmom mozoa u moavko moeod, Ko-
20a OHO 3AMKHYMO U 02PAHUYEHO.
Heob6xoaumocTs.Ilycte M - kommakr B R”. Jlomyctum, 4T0 MHOKECTBO M
HE 3aMKHYTO. JTO O3HA4YaeT, 4TO CYIIECTBYeT Touka X € R” mpukocHoBeHUst MHOKecTBa M ,
KOTOpasl He JIEKHUT B 3TOM MHOXeECTBe X . BeiOepeM mocnenoBaTenbHOCTh {X, }, , TO4ek u3z M ,

cxozsuytocs K x . JIrobas noanocne0BareabHOCTb NOCIEN0BATENBHOCTH {X, },_; CXOJUTCA K X
B R", 3Hauut, pacxomurcs B M . DTO NPOTUBOPEUUT TOMY, UTO MOANIPOCTPAHCTBO M SIBISETCS

KOMITaKTOM. JIomycTHM, 4TO MHOXECTBO M He orpaHuueHo. BpiOepeM Mpou3BOJIBHYIO TOUKY
acR". CoBokynHocts {U,(a):k €N} k-okpecTHOCTEl TOUKH a SABJISIETCA OTKPHITBIM IIO-

KkpbITHEeM npoctpanctBa R”. CnenoBatensHo, oTKpbIThie B M MHOXectBa M (U, (a), ke N,

00pa3yloT OTKpBITOE MOKPBITHE MoanpocTpancTBa M . Tak kak MHOXecTBO M mpesnoaraer-
Csl HEOTPAHUYEHHBIM, U3 3TOT'0 MOKPBITHS HENb3$5 BBIAECIUTH KOHEYHOE MOJIOKPBITHE. DTO MPO-
THBOPEUYUT TOMY, YTO HOANPOCTPAHCTBO M SBIISIETCS KOMITAKTOM.

HoctaTtouHoCcTh . [lycth M cR" - 3aMKHyTOE€ M OrpaHUYEHHOE MHOXECTBO,
{x'"}*_ - npou3BONbHAs MOCIENOBATENLHOCTE Touek 3 M . [Mocnenosarensrocts {x'™}%

OTPaHHUYEHA, CJIEN0BATENIBHO, U3 HEE MOKHO BBIJIEIUTH CXOAIIYIOCS ITOAIOCIIEN0BATEIBHOCTD.
O6o3HauuM x ee npenen. Touka x sBiIsieTcs TOYKOM MPUKOCHOBEHUSI MHOXecTBO M . U3 3am-
KHYTOCTH M BBITEKaeT, 4TO x € M . OT0 03Ha4daeT, 4To M - kommnakt M

CaencrBue (emma [eitHe - bopens). M3 106020 omkpwvimoco nokpwvimus 3aMKHYMo20

OZCPAHUYEHHO20 MHOJcecmed 6 R" moorcno evioerumo koneunoe noOnOKpbzmue.

YunpaxueHnue.Illyctb X - npou3BoiabHOE METPHUECKOE MIPOCTPAHCTBO, M < X - kommakt. [Jo-
Ka3aTbh, YTO MHOXKECTBO M 3aMKHYTO M OTPaHHYEHO B X .

§4. HenpepbiBHBIE OTOOPa)KEHHSI KOMITAKTOB

Teopema. Henpepuiguoiii 06paz komnakma ecmos KOMNAKM.
HoxkaszatensrcTBO. [lycTh X - xoMmakr, Y - MeTpuyeckoe NpPOCTPAHCTBO,
F: XY - nenpepsiBHOE oToOpaxkeHue. Jlokaxem, 4ro nognpocrpanctso F(X)c Y saBus-

ercst komnakTtoM. Ilycte {G, :a € A} - nponsBonbHOE OTKpHITOE MOKphiTHE F'(X). [Ipoobpasel
F™'(G,) otkpwitel B X . Ilpu sTom X < F™' (UaeA Ga): UaeAF_' (G,)+ . Takum obpazom co-

BoKynHOCTh {F ' (G,):a € A} ABNSETCS OTKPBITBHIM MOKPBITHEM X . BBIIEnUM U3 HEro KoHed-
noe nozmokpertue {F (G, ),....F (G, )}. Tak kak X < F(G,)U..UF (G, ), 10
F(X)cF(F'(G,)U..UF(G, =G, U..UG, .
3Ha4uT, COBOKYNHOCTE {G, ,...,G,, } SBISCTCS MOANOKpbITHEM HOKpHITHs {G, :ar € A} W
CaencrBue. Henpepvlsnas na xomnakme oOeucmeumenvhas QyHKyus oocmuzeaem ceou

MOYHbLE BEPXHIOI0 U HUIICHIOIO SPAHU.
HNoxaszartenbcTBO.Ilycth X - mpousBosbHBINH KOMIAkT, f : X — R - Hempe-

peiBHas Ha X peiictButenbHas QyHknus. [lomHeii o6paz f(X) sBisercs kommakToM B R.
3naunt, f(X) orpanmueHo u 3aMkHyTO B R . OrpanmyeHHocts f(X) BieYeT CyliecTBOBaHHE
TOYHBIX TPaHEH, a 3aMKHYTOCTh f (X)) BiedeT uX MpUHAIISKHOCTh K f(X) M



CaeacrBue (Teopema 006 oOparHom omepatope). Eciu X,Y - komnaxkmol, F - 63aummo
00HO3HAUHOe HenpepbleHoe omobpadiceHue npocmpancmea X Ha npocmpancmeo Y, mo o6-

pamnoe omobpaxcenue F~' nenpepwigno.

JNoxkaszaTtenbcTBoO. JlocTaTOuHO JAOKa3aTh, UYTO 0OOpa3 BCSAKOIO OTKPBITOIO
MHOeCTBa IIpu 0ToOpaxkeHuu F : X > Y oTkpsIT. [lycts G - oTKpbITOE MHOKECTBO B X . To-
rra X \G 3amknyto B X . CiienoBarensHo, X \G - komnakt B X ,a F(X\G) - KoMnakr B Y .

[Tocnennee o3Havaet, yro MHOkecTBO F(X \G) 3amkHyTO B Y . I3 OYEBMAHBIX COOTHOIICHHHA
F(G)=FX\(X\G)=F(X)\F(X\G)=Y\F(X\G) BoiTekaer, uro F(G) orkpsiTo B
ITycts (X, p, ), (Y,p,) - NpOU3BOJIBHBIE METpUYECKUE NpocTpaHcTBa. OToOpaxeHue
F : X Y Ha3bIBacTCs paBHOMEPHO HenpepvléHbiM, €Cau s oboro & >0 Haimercs 6 >0
TaKoe, 4To JUII BCEX X,,X, € X , YIOBICTBOPSIONUINX YCIOBHIO P, (X,,X,) <O , BBIIIOJHEHO HeE-

paBeHcTBO P, (F(x)),F(x,))<¢.

Teopema. Henpepuvisnoe omobpadicenue KOMnakma s615emcsi pasHOMEPHO Henpepbvle-
HBIM.

HoxaszartensbctTBo. Ilycts (X,p,)- xkomnakr, (Y,p,) - MeTpuyeckoe IMpo-
cTpancTBO. Jlomyctum, 4to oToOpaxkenue F : X > Y HENpepbpIBHO, HO HE PaBHOMEPHO HEMpe-
peiBHO. CneoBatenbHo, (Je>0)(Vo >0)(3x,x, € X :p,(x,x,)<d): p, (F(x,),F(x,))>¢. Ilo-
noxuM 6 =1/n, neN. Haiinyres x,,x/ € X, ynosierBopsiomue yciaoBuoo o, (x,,x))<l/n,
takue, 4to p,(F(x,),F(x)))>&. Bbienum H3 1OCIENOBATEIbHOCTH {X,} ., CXOJISIIYIOCS
O/IIOCIICI0BATENLHOCTD {X, };, ¥ 0003HaunM x ee npezen. Tak kax

Px (x;k X)S py (x:zk X, )+ py(x, ,x) < ng+py (x, ,x) >0, k> o0,
TO x;k — X, k — oo . VI3 HenpepbIBHOCTH 0TOOpakeHus: F' BBITEKAET, YTO
Py (F(x, ), F(x, ) < py (F(x, ). F(x))+ py (F(x),F(x}, ) =0, k—>o0.
OTO0 MPOTHBOPEYHUT HEPABEHCTBY Py (F(x, ), F (x;k N=e A

§5. PaccrosiHMe MeXay MHOKECTBAaMU
Ilycte X - meTpuueckoe npoctpanctBo, A,B < X . PaccrosHueM OT TOUKH X 1O MHO-

xKecTBa B HaspiBaioT BenuuuHy p(x,B) =inf p(x,y). PaccrosHueM ot MHO)kecTBa A 10 MHO-
yeB

KecTBa B Ha3bBalOT BenuunHy p(4,B) = ing p(x,B)= inf p(x,y).

xeA,yeB
Teopema. Eciu A - komnakm ¢ X, B - 3amxnymoe mnoocecmseo ¢ X u A(\B=3,
mo p(A4,B)>0.
JoxaszaTtensbcTBo. HJomyctum, uto A - KOMIakT B X, B - 3aMKHYTO€ MHO-
xectBO B X u ANB=T, no p(A4,B)=0. U3 onpenenennss p(A,B) BBITEKAET, YTO s JIO-
1
6oro ne N cymectByor x, € 4, y, € B Takue, 9ro p(x,,y,) < P PaccmoTtpum nocinenona-

tenbHOCTH {X,}. |, {¥,}, . Tak Kak A - KOMIIaKT, TO U3 MOCIEJOBATENbHOCTH {X,} _, MOXHO

BBIJICIIUTD CXOJSILYIOCS B A IIOANOCIEN0BATENbHOCTD {x, },~, . Ilycth X - ee npenen. 13 Hepa-
1

BeHCTB  p(y, ,X) < p(y, %, )+ p(x, ,x) <—+ p(x, ,x) BbITCKACT, 410 P(y, ,x) >0 mpH
n
k

k — c0. ITO 03HAYACT, YTO M MOCICAOBATENBHOCTD {y, },_; cxoautes K x . Tak kak MHOXeCTBa

A v B 3amMkayTel B X , T0 x€ A U x € B. D10 npotuBopeunr yciosuo A(1B=C B



VunpaxHeHue . [Ipupectu npumep JByX HelepeceKaroIUXcs 3aMKHYTHIX MHOMkecTBa B R, pac-
CTOSTHHE MEXTY KOTOPBIMH PaBHO HYJIIO.

Teopema. Eciu A - komnakm ¢ R", B - samxnymoe mnoxcecmso ¢ R", mo naiioymes
xe A, ye B makue, umo p(A,B)= p(x,y).
HoxkxaszatenwsrcTBO. [Ilycth p(A4,B)=d. Beibepem nBe mocineaoBaTeIbHOCTH

1
{x ), v}, takue, uto x, € A, y,€ B u d < p(x,,y,)<d+—. Tak kKak A - KOMIIaKT, TO
n
HOCJIEI0BATENBHOCTD {X,} _ orpaHudeHa. OrpaHHUYeHa U MOCIEI0BaTEeNbHOCTD {Y, }. . JeicT-
BUTEIIBHO, 3TO BBITEKACT U3 HEPABEHCTB
1
pP(,0) < p(y,,x,)+ p(x,,0)<d+—+p(x, 0)<d +1+ M.
n
Beiienum cxopsiuecs: NOANOCHCA0BATENbHOCTH {X, .y, {y, b [lyets x, —>x, y, >y
npu k —>oo. Tak kak MHO¥kectBa A4 U B 3aMkHyThl, TO x€ A4 u ye€B. 3Hauur,

p(4,B) < p(x,y) . Bmecre ¢ tem, p(x,y) < p(x,x, )+ p(x, ,», )+ p(y, ,y) —>d npu k — .
Jt10 o3Hauaet, uto p(A,B) > p(x,y). CnegoBarenbpHo, p(A,B) = p(x,y) B



