MomHoOCThL MHOXKECTBA
§1. Ilonsitue MHOkecTBa. MOIIHOCTH MHOKECTBA

[TonsiTHE MHOXECTBA HACTOJILKO 00IIE€e, YTO TPYAHO JaTh €My ONpe/esieHne, KOTOPOe He
CBOJMJIOCH OBl K 3aMEHE CJI0Ba «MHOKECTBa» €r0 CHMHOHMMAaMHU: COBOKYITHOCTb, CUCTEMA, KJlacc
U T.11. MOXHO HOMBITaThCsl OMPEAETUTh MOHATHE MHOXKECTBA HUCIIOJIb3YSl AKCHOMAaTHUYECKUN Me-
tod. Jyig 3TOro HeoOXOIUMO BBIACNIUTH AOCTATOYHO LIMPOKUMN 3amac 3J€MEHTapHbIX CBOMCTB
MHO>KECTB U IPUHSTH €r0 3a cucTeMy akcuoM. OIHaKo, 3TOT MyTh HATAJIKUBAETCS HA TPYIHOCTH,
CBSI3aHHbBIE C IIPOBEPKOI HENPOTUBOPEUMBOCTH BbIOMpaeMoil akcuomMaTtuku. Bmecte ¢ teMm, Bce
0OHapy)XEHHbIE TEOPETUKO-MHOKECTBEHHbIE aHmuHomuy (TIPOTUBOPEUHs], MapaJ0KChl) BO3HU-
KarOT IIPH TOTIBITKAX OTEPUPOBAHUS CO CIMIIKOM «OOIIUPHBIMIY» MHOKECTBAMH («CBEPXMHOXKE-
CTBaMU») THUIIa «MHOKECTBA BCEX MHOXECTBY», «MHOYKECTBA BCEX MHOXKECTB, 00JIaJalOIINX KOH-
KpPETHBIM CBOWCTBOM» U T.I. VICTOUHMKOM aHTMHOMMH CIIYXKHUT «OIpaB/aHUE» MPOTHUBOECTECT-
BEHHOT'O CBOMCTBA KaKOT0-TMO0 «CBEPXMHOXKECTBA» ObITh 3JIEMEHTOM CaMOro ceosl.

MMapanokc Paccena. Ilyctb M - MHOXKECTBO BCEX MHOMKECTB, HE BKIIOYAOLIUX CAMHX Ce-
0s1 B KauecTse 2nneMentoB. Ecmu M ¢ M, To o onpenenennio MuokecTBa M OMKHO BHIIOMHATECS BKIIOUYEHHE
M € M . C npyroii croponsl, ecnu M € M, To muoxkectBo M He comepxur cebs B Ka4ecTBE 3I€MEHTA, 3Ha-
anr, M ¢ M .

CyiiecTByeT psiJi akCHOMAaTUK TEOPUHU MHOKECTB, ITO3BOJISIOIINX M30€KaTh MO KpalHel
Mepe U3BECTHBIX aHTUHOMUH. B HacTosmiee Bpems Hanbosiee ynoTpeOuMbl JBE U3 HUX — CHCTE-
Ma akcuoM ['enens-bepHaiica u cuctema akcuoM llepmeno-®penkens. IlepBas U3 3Tux akcumo-
MaTUK OCHOBaHa Ha pa3/IeJIEHUN «BCEX MHOKECTB)» Ha JiBa TUIIA: «HACTOSIIME)» MHOXKECTBa (He-
COOCTBEHHBIE KJIACChl) U «CBEPXMHOXECTBa» (COOCTBEHHBIE Kiacchl). Pa3nuuns MHOKECTB
(K1accoB) pa3HBIX TUIIOB IPOSBISIOTCS B IIpaBUIIaX ONepUpoBaHus UMH. [[Ji1 MHOYKECTB BTOPOTO
THIIa OHU 3HAYUTENILHO JKecTye (Harpumep, COOCTBEHHBIHN Kiacc HE MOXKET ObITh 3JIEMEHTOM Ka-
Koro-nu0o kiacca). Bropas akcmomaruka 3amnperiaer HCIoJb30BaHUE «CBEPXMHOMKECTB» U HE
MPU3HAET «3aKOHHBIMY» KaKO€-TMOO ONEepUPOBAHUE MU C ITOMOIIBI0 €CTECTBEHHBIX TEOPETHKO-
MHO>KECTBEHHBIX MpaBuil. TPyJHO COBMECTUTH B OJIHOM Kypce JIEKIHI CKOJIbKO-HUOYIb COaep-
KaTeJIbHOE M3JI0KEHHE MaTepHuallia C ero CTpOruM akCMoMaThuyeckKuM obocHoBaHueM. [loatomy
3HAKOMCTBO C OJIHUM U3 OCHOBHBIX MOHATHUN TEOPUU MHOYKECTB OCYILIECTBUM ONUPASICh JIUIIb Ha
MHTYUTUBHOE MPEJCTABIEHUE O MHOYKECTBAX M UX CBOMCTBAX.

MmuoxectBa X,Y Ha3wbIBaloTCA ox8usaieHmuvimu (B 0003HadeHUsAX: X ~ Y ), eciiu Mex-
Iy UX 3JIEMEHTaMU MO>KHO YCTaHOBUThH B3aUMHO OJIHO3HAYHOE COOTBETCTBUE. [Ipo SKBUBaNIEHT-
HbI€ MHOKECTBA FOBOPSAT, YTO OHU UMEIOT OJIMHAKOBYIO MouyHocmb. Takum 00pa3oM, MOIITHOCTb
MHO>KECTBA - 3TO TO O0IIlee, YTO MPUCYIIE BCEM MHOYKECTBAM 3KBUBAJICHTHBIM JAHHOMY MHOe-
cTBY. MomHocTh MHOXecTBa X 00o3Hadaem card X .

Yunpaxuenue.l Yoemurscs, uro [0;1] ~[0;2], [0;1] ~ (0;1), (0;1) ~R..

2. ﬂOKaSaTI), YTO KOHCYHBIC MHOXXCCTBA 3KBUBAJICHTHBI TOI'ZIa U TOJIBKO TOrJaa, Koraga OHH UMCHOT OAMHAKO-

BO€ KOJTMYECTBO 3JICMCHTOB.
3. MHOXECTBO Ha3bIBAaCTCS 6€CKOH€1£HblM, €CJIM OHO 3KBHUBAJICHTHO HEKOTOPOMY CBOCMY CO6CTB€HHOMy

noaMHoxkecTBY. JlokazaTs, uto MHoxkecta N, Z, Q, R, C ssnsorcs 6eckoHeyHbIMA.

[TonsiTie “MOIIHOCTH MHOJKECTBA” 11 KOHEUYHBIX MHOJKECTB SKBHUBAJICHTHO ITOHSTHIO
“KoJIM4ecTBa 3JIEMEHTOB MHOXecTBa”, ciemoBatenbHo, card {0,1,a} =3, card {®,J, 1 A} =4.
MHOeCTBa 3KBHBAJICHTHBIE MHOYKECTBY HATypalbHBIX 4Kced N Ha3bIBAIOTCS CUEeMmHbIMU, &
MHO’KECTBA 3KBHUBAJICHTHBIE MHOYKECTBY JNCHCTBUTEILHBIX YUCENI HA3BIBAIOTCS KOHMUHYYMAMU.
MoIHOCTE CYETHBIX MHOXKECTB 0003Ha4yaercs N, (aned Hynb), MOIHOCTh KOHTUHYYMOB 000-
3Havaercs N (aned) umm c.

Vaupaxmuenue.l Yoemrscs, uto cardZ = card2Z =N ,cardN* =cardZ* =N, .

2. Jlokasatb, uto ans moboro k € N crpaseuso pasenctso card N* = N, -



§2. CBoiicTBa CYUETHBIX MHOKECTB

Ecmm muoxxectBo X sBHgeTCs CUYCTHBIM, TO CYIICCTBYCT 6I/I€KIII/I$[ (BSaI/IMHO OTHO3HAa4-
Hoe ’armMopdHOe oToOpakenue) f : N — X . [Ipyrumu cioBaMu, MHOKECTBO X MOKHO TIpeI-

CTaBHUTh B BUJIE NIOCIIEA0BATEIBHOCTH {X, },_, , BCE WIEHbI KOTOPOH pa3au4Hbl. Bo3zMokHOCT

MMpEACTAaBJICHUA MHOXXECTBA B BUJIC ITOCIICAOBATCIbHOCTH, BCC YJICHBI KOTOpOﬁ Pa3JIUYHEI, SABJIA-
CTCA XapaKTCPHUCTUUCCKHUM CBOMCTBOM CUCTHBIX MHOKECTB.

T)
S Kaorcooe noommnooicecmso cuemnozo MHodCecmsea KOHEUHO UlU CHEMHO.
U Ilyete X ~N, Y < X . Tak kak MHOKeCTBO X SBJISIETCSA CUETHBIM, TO €r0 MOYKHO

IpEJICTaBUTh B BHUJE IOCIEAOBATEIBHOCTH {X,}, ,, BCE WIEHbl KOTOpOW pasnuuHbl. IlycTsb
Xy 5 X, 5+ = T WICHBI MOCIEAOBATENLHOCTH {x, },_, , koTopble BXOomiT B Y . Ecinu cpeau umncen
k,,k,,... ectb HauboOJbILIEE, TO MHOKECTBO Y KOHEUYHO, B NIPOTUBHOM cCillydae Y CYeTHO, Io-

CKOJIBKY IIPpECACTABIACTCA B BHAC IIOAINIOCICIOBATCIBHOCTH x, IIOCJICA0BATCIBPHOCTH
k

n=1
{x b, W

1)
S Ovedunenue Koneunozo unu cuemmozo MHONCECMIEA KOWEHHBIX WIU CHEMHbIX
MHOXCECm8 He boaiee ueM cuemHo, m.e. 160 KOHeuHo, TUOO CHemHO.
¢ Ilycrs {X,,X,,...} - He Gojee 4eM cueTHas COBOKYIHOCTh HE 0OOJiee 4eM CUYETHBIX

MmHOXecTB; ¥V, =X, Y, =X, \Y,, ¥, =X, \(¥,UY,),.... MHoxecTBa

Y] = {yll’yIZ’ylfﬁ""}’ YZ = {y2|’y22’y23""}’ Y3 = {y3| ’y32’y33""}""
- He OoJjee 4yeM cueTHble, nonapHo He mepecekarores u Y, UY, U...= X, U X, U.... CocraBum
OECKOHEYHYI0 BIIPaBO W BHU3 TaOIMIy C BO3MOXKHO ITYyCTBIMHU OT-

Yu — Yi Y135 —— JcIbHBIMH A4YEHWKaMH, €CIM Kakue-mu0o M3 MHOxkecTB V),Y,,... Oka-

/ o KYTCS KOHEUHBIMU WM IyCTHIMHU. 3aHyMEpyeM siueliku 3TOW Tabiu-

Vo Vo LBl «II0 JHWAaroHaIsIM», MPOIyCKas IIyCTele s4eiiku. B pesynbrare
0 0

‘ / ATOM MPOUENYpPbl, KaKIbIA 3JIEMEHT MHOKECTBa X :ﬂX ‘ :ﬂYk
Vi k=1 k=1

MOJIyYUT ONpPEACIICHHbIM HOMep. Eciam cpeaum 3THX HOMEPOB €CTh
HauOOJIBIINMA, TO MHOXKECTBO X KOHEYHO. B mpoTMBHOM ciiydae OyJeT yCTaHOBJIEHO B3aMMHO
OJHO3HAYHOE COOTBETCTBUE MEXIY JIEMEHTaMH MHOKeCTBa X M BCEMH HATypaJbHBIMH YHUC-
J1aMu, T.e. MHOKecTBO X cueTHO M

T)
s Beskoe beckoneunoe mHodxxcecmeo codepacum cuemuoe nOOMHONCECMEO.
U Ecmu MHOXecTBO X OECKOHEYHO, TO OHO COJACP)KUT SKBHBAJICHTHOE ceOe COOCTBEH-
Hoe OeckoHeuHoe noamHoxkecTBo X, < X . Tak kak X, - coOCTBEHHOE MOJMHOXECTBO X , TO

Haligercss aneMeHT x, € X \ X,. MHoxecTBO X, SKBHBAJCHTHO OECKOHEYHOMY MHOXECTBY,

3HAYUT, CaMo fABJIAeTCs OeckoOHeUHbIM. BribepeM ero 6eckoHedyHOe COOCTBEHHOE TIOJIMHOKECTBO
X, c X, nonement x, € X, \ X, u T.1. B pe3ynbrare 3T0#1 nmpoueaypsl HOIy4UM MOCIEI0BA-

TEIBHOCTH {X, },_, , IPEACTABIIAIOILYI0 HEKOTOPOE CUETHOE TI0OIMHOKECTBO MHOkecTBa X M

dv Ecnu x 6eckoneunomy muodicecmsy 006a6ums cuemHoe MHOACECMBO, MO €20 MOUy-
HOCMb He U3MEHUMCHL.

8 Tlycte X - Geckoneunoe MHOkecTBO, ¥ ~ N. ITokaxem, uto X UY ~ X . Tak kak X
0ECKOHEYHOE MHOXECTBO, TO B HEM MOXHO BBIJECIUTH COOCTBEHHOE CUETHOE IOJMHOMXECTBO
Zc X.Ipuosrom X =(X\Z)UZ, XUY=X\Z2)U(ZUY). Takxak Z ~ ZUY, To cymie-



crByer Ouekius f:Z — ZUY . Dra Guekuusi Mo3BOJSIET MOCTPOUTH B3aMMHO OJHO3HAYHOE
0TOOpaKeHHE
f(x),ecmu xeZ,
F(x) =
x, ecnuxe X\Z

MHOXkecTBa X Ha MHOxkecTBo X UY W

T
Q‘Q Ecnu muoowcecmeo X becxoneuno u necuemuo, Y c X, Y ~N,mo X\Y ~ X.
0 Tak kak muOxkectBo Y cuetno u X =(X \Y)UY , 10 MHONKecTBO X \Y GECKOHEUHO
u HecueTHo. [lo npeapiaymemy cBorictey X\ Y ~ X W

§3. CueTHOCTH MHOXKECTBA PAlIMOHAJIBbHBIX U AIredpandecKux Yucel

BbicoToit 06BIKHOBEHHOM 1pobu p/q,tae p € Z, g € N, Ha3pIBaIOT HATYPAILHOE YUCIIO

hpl/g) =l pl+q.
I

" Muoowcecmeso payuonanonvix wucen Q cuemmo.
{ MHOKecTBO parMoHaIbHBIX Yrcel Q 3KBHBAJIEHTHO MHOYKECTBY OOBIKHOBEHHBIX HE-

~

COKpaTUMBIX JIpoOeit (N) ={p/q:peZ,qe N,HOJ(p,q)=1}. Tlokaxem, 4T0O MHOXECTBO Q

CUCTHO. I[J'Iﬂ 9TOT'O paSO6LeM MHOKECTBO 6 II0 BBICOTC:
~ 0| = 11| =~ 12 -1-2
Qh—]_{T}’ Qh—z_{Iai}a Qh—3_{5,1, 2 N 1 },

0
MuoxectBa Q,_, ABIAIOTCA KOHEYHBIMH U Q = UQ pen » 3HAUWT, 110 BTOPOMY CBOMCTBY CYET-

HBIX MHOXECTB Q ~ (N) ~N Nl

BemectBeHHOE YMCIIO HA3BIBACTCS aleeOpauyeckum, €CIu OHO SIBIIIETCS KOPHEM KaKoTro-
1060 MHOTOWICHA C PAIIMOHAIBHBIMU KO3 dullneHTaMu. BelecTBeHHOe YUCII0 HE SBIISIONICECS
anreOpandecKuM Ha3bIBACTCS MPAHCYEHOeHMHbIM. Bvicomoti MHOTOUJIEHA ¢ HATYypaIbHBIMH KO-

s¢pdunnentamu HazpiBaeTcs uucno h(ayx” +...4+a, (+a,)=a,+..+a,.

&
Mnoorcecmso aneebpauueckux uucen cuemHo.
¥ MHuosxkecTBo Beex anredpaudeckux uucen o6osnaunm A. Ilycte M, - MHOMKECTBO

MHOTOYJICHOB C PAlMOHAJIBHBIMH KOd(GduunenTamu, M — MHOXKECTBO MHOTOYWIEHOB C HAaTy-

panbHbiMu KOdQduimenTamu. Tak kak Q ~N, to M ,~M . IlpencraBum MHOKECTBO M B

CoACpIKaIICE JIMIIb MHOIO-

n o

00
BUJe oObeIUHEHUS My :UM

n=0
4JIeHbl CTeneHu n. MHOxecTBO M, B CBOIO oudepenb, NPEICTaBUMO B BHIE OOBEIUHEHUS

rome M - mogMHOXeCcTBO M,
n N

0
M, = UM 2 » The M, - COBOKYITHOCTb BCEX MHOIOWIEHOB U3 M, BEICOTa KOTOPHIX PaBHA &,
k=1

o0 o0

3HauuT, My :UUM % - HO MHOKecTBa M ,, KOHEYHBI, CIE€JOBATENBHO, MHOXKECTBO M sB-
n=0 k=1

JITeTCs CYETHBIM, 3HAYUT, MHOKECTBO M @ CYCTHO. Kaxxaprit Mmuoorounen n3 M o UMeeT KOHed-

HO€ 4YHCIIO KOpHeﬁ, 3HaA4YUT, MHOXECTBO A MNpEACTaBIACTCA B BUAC 06’BGI[I/IH€HI/I$I CUYCTHOTO
MHO’KECTBA KOHCUHBIX MHOKECTB. Ha OCHOBaHUM CBOMCTB CUETHBIX MHOJKECTB 3aKJIr04yacM, 4To

MHO>KECTBO aJiredpandeckux uncen cyetHo M
YnpaxHeHHue .l KakoBa MOIIHOCT, MHOXECTBA PAllMOHANBHBIX (DYHKIHH C LEIBIMH KO3 uIm-
€HTaMH B YUCIIUTEIIE U 3HAMEHATEIIE.



2. Jlokasats, uto ans moboro k € N cnpaseuset pasencrea cardQ” = card A* = N,-

§4. HecyeTHOCTHL MHOKECTBA JEeHCTBUTEILHBIX YHCEJ

T .
D Mmuoowcecmeo oeticmeumenvuvix yuceil R necuemno.
U Jomyctum, uto R ~ N . Otpesok [0;1] sBiseTcst 06CKOHEUHBIM MHOKECTBOM, 3HAYMT,

[0;1] ~ N. Ilocnennee o3Havaer, 4to oTpe3ok [0;1] MOKHO MpenCTaBUTH B BUJIE MOCIEI0BATEb-
HOCTH {X,,X,,X;,...}. UJEHBI TOH MOCIEIOBATEILHOCTH, B CBOIO OYEpElb, NMPEACTABISAIOTCS B
BHJIe OECKOHEUHBIX JECATUIHBIX APOOCH BUA:
X =0,0x,X,X 5., X, =0,X,,X,X 5.0, X3 =0,X5, X5, X550, .o,

B yacTHOCTH, 0 = 0,000..., 1 = 0,999... . Beibepem OeCKOHEUHYIO IECATHYHYIO Apo0b 0,y v, V;...,
nonarag y, =1, ecmn x,, #1,u y, =2, ecnm x,, # 2. Ota qpo0b NPEACTaBIAECT HEKOTOPOE JIeH-
cTBHTENBHOE uucio y €[0;1], KOTOpOro HET cpey YUCEN X,,X,,X;,... . [lomydunn mpoTuBope-
4ue, KOTOpoe JI0Ka3bIBaeT, uTo oTpe3ok [0;1] u R - HecueTHble MHOXkecTBa M

Otpesok [0;1] KBUBaNEHTEH yacTH aekapToBoii crenenn [0;1]°. OTcrona BBITEKAET, UTO
MHOkecTBO [0;1]° sBIseTCS HeCYeTHHIM (B IIPOTHBHOM CIydae MbI IPHJEM K 3aKTIOUEHHIO, 9TO
MHOXkecTBO [0;1] cuetro). To ke MOXKHO cKa3aTh M Ipo MHOXkecTBo R’. Bmecte ¢ TeM, MHOXe-
ctBO0 R? SKBHMBAJEHTHO YacTH MHOXKeCTBa R . Jlnst Toro 9To0BI JOKA3aTh 3TO, JOCTATOYHO ITOKa-
3aTh, uTo MHOXkecTBo [0;1]° aKkBuBaneHTHO uactu MHoxkectBa [0;1]. Iape (x, y)e[O,l]z, rJe
x=0,xx,..., ¥=0,y,y,..., IOCTaBUM B COOTBETCTBHE OECKOHECYHYIO NECATHYHYIO IpOoOb
z=0,x,,X,7,...€[0;1]. Yoenumcs, uto nocrpoennoe otobpaxenue f :[0;1]> —[0;1] sBisieTcs
B3aMMHO OJIHO3HAuHBIM. [leiicTBuTenbHO, ycTh f(X,y)= f(s,t)=z. 'me, ¢ 0qHON CTOpPOHHI,
z=0,x,1,X,),..., a C Apyro cToponsl, z=0,s,ts,t,..., 3Ha4UT X, =S,, V, =t,..., T.6. X=§,

2
y =t. Takum 00pa3oM, MHO>KECTBO [0,1] SKBHUBAJIEHTHO yacTu MHoecTBa [0;1]. OTm paccyx-

2 2
JICHUS HaBOIAT HA MBICIb, YTO MHOKECTBO [0,1] skBuBaneHTHO MHOXKecTBY [0;1], T.e. R* ~ R,
B cnpaBeanmmBoCTH 3TOT0 MPEIIOIOKEHUS MO3BOJISIET YOSAUTHCS TEOpEeMa, pacCMOTpPEHHAs B

cienyromeM mnaparpade.
YnonpaxseHtue.l. Jloka3zaTs, 4To TpaHCIEHJCHTHbIE YKCIA CYIIECTBYIOT.

k
2. Jlokazats, uto aus mo6oro k € N nexaprosa crenenr R" sxsupanentna wactu otpeska [0;1].



