§7 CBs13HBIC MHOKECTBA B MCTPHUYCCKOM IIPOCTPAHCTBE

Ilymém B METpUYECKOM MPOCTPAHCTBE X HA3bIBAETCS BCSIKOE HEMPEPHIBHOE OTOOpaKEHUE
o:I— X, rae I - orpe3ok [0;1], c o6p1uHO# MeTpukoit. Touku o(0) u o(1) Ha3piBaroTCS Haya-

JIOM U KOHIIOM IIyTH, COOTBETCTBEHHO, & MHOXKECTBO O(/) Ha3bIBaeTCsl mpaekmopuetl mytu. I'oBo-
puM, 4tO TIyTh o : 1+ X sexcum 6o mHoxcecmee M < X , ecnm Tpaekrtopusi o(l) 3Toro myTH

BiIOkeHa B M . Touku x,,x, € M Ha3bIBAIOT COCOUHUMBIMU NYMEM, €CIU CYILECTBYET IIyTb, Jie-
Kamui B M , Ha4ajno KOTOPOro COBIAAAET C X,, a KOHEI — C X,. MHOXECTBO B METPUYECKOM
MpOCTpaHCTBE X HAa3bIBACTCA JIUHEUHO CEA3HBIM, €CIU JIIOObIE JIBE€ TOUKH ITOr0 MHOXECTBA CO-
€JUHUMBI IIyTEM.

Teopema. Eciu M - quneiino cesasnoe MHOMCeCm8o 6 mempuieckom npocmparcmee X , Y
- mMempuueckoe npocmparcmeo, F : X — Y - nenpepvienoe na muoscecmee M omobpasicenue, mo
F(M) - nunetino ceaznoe mrodcecmeo 6 npocmparncmee Y .

JloxkasartenbcTBo. Illycth y,y,e F(M),x, e F'(y,),x,e F'(y,). Tak kak
M - TMHEWHO CBA3HOE MHOYKECTBO, TO CYHIECTBYET IIyTh o :/ > X ¢ Ha4ajaoM B X, W KOHLIOM B
X, , nexamui B M . PaccMoTpuM otoOpaxenue s = F oo . OHO HENPEPBIBHO U 0TOOpa)xxaeT oTpe-
30k / B mpoctpanctBo Y . Ilpu satom s(0)=y,, s(1)=y,, s(/)c F(M). 3Hauut, s - myTh C Haya-
JOM B ¥, U KOHLIOM B ), , Jexamuil B F(M). CnenoBatenbHo, F(M)- JIMHEHHO CBA3HOE MHOXKeE-
CTBO B npocrpaHcTee Y M

MeTtpuyeckoe MPOCTPAHCTBO HA3BIBACTCS CA3HbIM, €CIIM B HEM HET OTKPBITO-3aMKHYTBIX
MOJAMHOKECTB, OTJIMYHBIX OT BCEr0 MPOCTPAHCTBA U IIYCTOTO MHOKECTBA.

Jlemma. Tpaexkmopus 1106020 nymu 6 mempuueckom npocmparcmee X , ¢ UHOYYUPOBAHHOU
MempuKoU, A6IAeMcs CEA3HbIM NOONpocmpancmeom X .

JNokaszaTtenbcTBO . BriOepem npousBosbHbIN yTh ¢ :/ > X U JAOMYCTUM, YTO
NOANpPOCTPaHCTBO o (/) € X He sABIsSETCS CBA3HBIM. DTO MPEAINOIOKeHue 03Havyaet, uto o (/) co-

AEPAKUT OTKPBITO-3aMKHYTOE TMTOAMHOXKECTBO m . OOG03HAYUM #;, TOUHYIO BEPXHIOIO I'DaHb MHOXe-
ctBa o '(m):={tel:o(t)em}. Ortobpaxenue o:[+>X sBISETCS HENPEPHIBHBIM, 3HAYHT,
MHOKECTBO & ' (m) SABJAETCS OTKPHITO-3AMKHYTHIM. 3aMKHYTOCTh MHOYECTBA G (m) Bieder
BKJIFOUEHHE 7, € G ' (m). OTKPBITOCTE MHOKECTBA G () BIEYET CyNIECTBOBAHME BJIOKEHHON B
Hero okpectHoctu U, (¢,) . IlocienHee npoTHBOPEUUT ONPEEICHHIO TOYHOW BEpXHEW TpaHH Y-

CII0BOTO MHOXecTBa M

Teopema. Jluneiino cesasnoe muoxcecmeo M 6 mempuueckom npocmpancmee X , ¢ uHOy-
YUPOBAHHOU MEMPUKOTU, ABNISICMCSL C8AZHBIM NOONpOoCcCmpancmeom X .

JoxaszaTenbcTBo . Jomyctum, yTo MHOKECTBO M < X ABASETCS JIMHEUHO CBSI3-
HBIM, HO HE SIBJISIETCSI CBSI3HBIM TmoAmnpocTtpancTBoM X . [locneaHee o3HavyaeT, 4To MOAMPOCTPaH-
CTBO M COAEPX)UT COOCTBEHHOE OTKPBITO-3aMKHYTO€ MOJAMHOYKECTBO # . BribepeM mpomn3BoIIb-
HBIU TyTh o : [ +> X , nexamuii B M W COCTUHSIONMINN KaKyl-I100 TOUKY U3 M C KaKOW-In0o
toukoit u3 M \m. Tlepeceuenne o (I)(\1m sBiseTCsS COOCTBEHHBIM OTKPHITO-3aMKHYTBIM MOJI-

MHOKECTBOM MOAIPOCTpaHcTBa o (/). DTO NPOTUBOPEUUT CBA3HOCTHU MpocTpaHcTBa o (/) M

Vo pPaXHCHMTC. ﬂOKa3aTB, qTo OG’LEI[I/IHCHI/IC HpOI/I3BOJ'H)HOI71 COBOKYITHOCTH CBA3HBIX IMOANIPOCTPAHCTB
MCTPHUYCCKOIO IMPOCTpaHCTBA X , HMCIOIIUX XOTs OBl OHY O6H_ly10 TOYKY, ABJIACTCA CBA3HLIM IOAIPOCTPAHCTBOM X.

Komnonenmoti mouku x METPUYECKOTO MPOCTpaHCTBa X Ha3bIBaeTCa OOBbEAMHEHUE BCEX
CBSI3HBIX MOJMPOCTPAHCTB X , COJAEPKAMMX TOUKY X . KOMIIOHEHTHI pa3IMuHbBIX TOUYEK WJIM COBIA-
JAI0T, WJIA HE MEePECeKaroTCsl, TaK, YTO B COBOKYITHOCTH KOMIIOHEHTBI COCTaBIISIIOT pa30ueHue mpo-



CTpaHCTBa X Ha IMOMmMapHO HCIICPECCKAIOIIUECCA CBA3HBIC MHOXKCCTBA, HA3BIBACMBIC KOMNOHEHRmMamu
ceA3HoCcmu MPOCTPAHCTBA X.

§8. Kputepuii Komm cxoauMoCTH YUCIOBOM MOCIEA0BATEIBHOCTH

Teopema. Yucnosas nocredosamenvrocmy {X,} . CXOOUMCA MO20a U MOALKO M020d, KO-
20a ons noboeo € >0 uaiidemcs nomep N € N, Hauunas ¢ komopozo, 011 n0bwix p € N, vlnoi-

HAEemcsl HepaseHcmeo | X, —Xx,, | <e€.

n+p
Heob6xoagumocts. Ilycts x, = x, n = co. Beibepem npoussoasHoe ¢ >0 . Haii-

nercst Homep N € N, HauuHasi ¢ KOTOpPOTo, /It J00bIX p € N, OyAyT BBIIOJTHATHCS HEPAaBEHCTBA:

|x,—x|<¢&/2,|x,,,—x|<&/2. 310 3HAUMT, 4TO GYIYT BEIOJIHATHCA HEPABEHCTBA

lx, —x,.,, |<|x,—x|+|x—x,, |<€.

n+p
HJoctaTtouHoCcThs . [lonoxum ¢=I1. Haitnercs Homep N € N Takoi, 4To JUIsl BCEX
p €N Oyner BbIIONHEHO | xy — Xy, , [ <1.IlycTs

n+p

M =max{| x, |,...., xy |, | xy +1|,|xy =1]}.
Torna nns mo6oro ne N OyzneT BHIIOJHEHO HEPABEHCTBO | X, | < M . DTO 3HAYUT, YTO MOCIIEA0BA-
TENBHOCTH {X, } _ orpanuueHa. Cie0BaTeIbHO, U3 HEE MOXKHO BBIOPATh MONOCIEI0BATEIbHOCTD
{x,, }io» CXOISILYIOCS K HEKOTOpOMY umcity x . IlokaxeM, uro x, —x, n—> 0. [lus sroro 3aja-
UM Ipou3BoJIbHOE & >0 u Haiiem HoMmep N(g&)€ N, HauMHasi ¢ KOTOPOTO BBINOJIHAETCS HEpa-

BEHCTBO |x, —x,,, |<&/2. Boibepem ke N Takum, 4uto | X, —-x|<¢€/2, n,>N(¢). Torma s

n+p

mo6oro 7> N(g) Bemonneno |x,—x[<|x,—x, |[+|x, —x[<&/2+¢&/2=¢. D10 U o3Hauaer,
4TO IOCNEAOBATENBHOCTD {x, };_, cxoautcs M

Ha IIPAKTUKE II0JIC3HaA ClICAyroniasd CHMBOJMYCCKAA 3allChb KPUTCPHA Komm cxommMmocTn
YHCIOBOM ITOCICIOBATCILHOCTH

(x, >x,n >0) & (Ve>0) AN eN)(Vn2N)(VpeN):|x, —x,, |<e.

n+p

§9. IonHBIE METPUYECKHUE IPOCTPAHCTBA

[TocnenoBaTenbHOCT {X,}, , AIEMEHTOB U3 METPUYECKOIO MPOCTPAHCTBAa X Ha3bIBACTCSA
@yHOamenmanvHoll, €CIM OHA YIOBJIETBOPSET ycnoBuio Komu:
(Ve>0)EAN eN)(Vnz=N)(VpeN): p(x,

MeTpudeckoe MpocTpaHCTBO X HA3BIBACTCS MOJIHbIM, €CIIU JIF00as QyHAaMeHTanbHas MO-
CJIEA0BATEIbHOCTh B 3TOM MNPOCTpaHCTBE cxomutTca. M3 kpurepus Komum cXOIMMOCTH YHCIOBOM
MOCJIEIOBATEIbHOCTH BBITEKAET, YTO MPOCTPAHCTBO R ABISETCS MOJTHBIM.

X, ) <E.

Teopema. [Ipocmpancmeo R" siensemces nonnvim.
JlokasatenbcTBO.Ilyeth n#1 1 {x"}”_ - dynnameHTaNbHAs TOCIIENOBATEb-

HocTh eMeHTOB R”. TlocnenHee o3Hayaet, 4To BhIMOJHsACTCS yeaoBue Korm:

(Ve>0)AN eN)(Vm= N)(VpeN): D (x" —x"") <¢.
i=1

7
U3 oueBnaubix cooTHomenuit |x" — x| :\/(xl.("” —x"PY? < Z(xf"” —x""")? <& BbITE-
i=1

KaeT, uTo KOOpJMHATHBIE MocienoBatenbHocTd {x\™ 12 . {x"\*  gpusiores dyHmamMeHTab-
HbeIMU. [lo kpuTeputo Komu oHu cxoasrces. 3Ha4UT, CXOAUTCS MOCIEI0BATEIbHOCTD {x("”}zzl [ |

Teopema. Ilpocmpancmeo Cla,b] sseisemcs nonHvim.



HoxaszartensctBo.llyers {x,} _, x =x,(¢), t<la,b], - pynnamenranpHas no-
cienoBarenbHOCTh Touek u3 Cla,b]. D10 03HaAYaeT, 4YTO BHIMOJIHsIETCS yciaoBue Komu:
(Ve>0)E@AN eN)(VnzN)(VpeN):sup|x,(t)-x,, (1) |<e€.

[a.b]
Hust mo6oro ¢ €[a,b] BeinosnHseTcs HepaBeHCTBO | X, () —x,,, (1) | <sup|x, (1) —x,, ,(?)]. Orcrona

[a,p]

n+p

BBITEKAET, UTO IJIs 11000r0 f € [a,b] ducioBas mociue0BaTedbHOCTD {x, (¢)},  sABugeTcs GpyHna-
MeHtanbHOU B R . CnegoBaTtensHO, oHa cxoauTcs. O003HaumM ee mpeaen x(¢) U pacCMOTpUM
byakuo x =x(t), t €[a,b]. IllokaxeM, 4To OHa HEMPEPHIBHA HA OTPE3Ke [a,b], caenoBaTeNbHO,
ABisieTcs anemenToM npocrtpanctsa Cla,b]. Ilycrts ¢, €[a,b]. 3ananum nponsBonsHoe & >0 U
nonoepeM Homep N € N, HauuHas ¢ KOTOPOTO, Ji7isl BceX p € N, BBINOJIHIETCS HEPAaBEHCTBO

sup| x,(t)—x,,,(t)|< &/4. Tlepexoms B IEBOI YaCTH HTOrO HEPABEHCTBA K TIPEJENY IPH p —> 00,

[a.b]

HOJIydaeM ?ug |x,(t)—x(t)|< /4 < &/3. Dynkuus x, = x, () HENPepHIBHA B TOUKE f, . 3HAYHT,
a,

n+p

Haiizercst § > 0 Takoe, 9to s Beex ¢ € Uy (f,) BBIMOJHEHO HEPABEHCTBO | X, () — x, (£,) < &/3.
Orcrona BeITeKaeT, uTo Ais Beex ¢ € Uy (f,) OyXyT BBIIOIHEHBI HEPABEHCTBA

| 2(0) = x(t) [<] x(@) = xy () | +] 20 (1) =x () | + | 2y (20) = x(2p) [< €.
Takum obpazom, pyukuus x = x(¢), ¢ €[a,b], aBnsgercs anementom npoctpanctsa Cla,b]. Ocra-
JI0Ch BOCTIOJIb30BAThCS MPENEIBHBIM ITEPeX010M (10 p — 00 ) B yclIoBUH Koy 1 3aKII0YUTh, YTO

HOCJIEI0BATENBHOCTD {X, } |, CXOIUTCA K 3JI€MEHTY x B mnpoctpancTtse Cla,b] W

§10. [TpuHIUI CKUMAOLIMX OTOOPaKCHUH
[Iycte X - Merpuueckoe npoctpanctBo. Otobpakenue F : X +—> X Ha3bIBaeTcs CKUMAIO-
muM oToOpaxeHueM, eciau cymectByeT « € (0;1) Takoe, yTo Ans Bcex X,,x, € X BBINOIHIAETCA
HepaBeHCTBO P(F(x,),F(x,))<ap(x,,x,). Touka x € X Ha3bIBaeTCs HENOOBUIICHOU MOYKOU OTO-
Opaxenust F': X +— X, ecnu BBINONHIETCS paBEHCTBO F(x)=x.

Jlemma. Bceskoe corcumarowee omoopasiceHue sA675emcst HenpepuléHbIM.
HoxaszatenwsrcTBO. [lycth F:X > X - cxumaromee oroOpaxkenue, xe€ X,

{x,} ", - IpoU3BOJIbHAs MOCIEIOBATEIbHOCTh TOUEK U3 X , cxomamasics Kk x . [lociaennee o3Haua-
er, yto p(x,,x) >0, n—>oco. M3 omnpenencHus CKHUMAIOIET0 OTOOPAKEHHS BBITEKAET, YTO

Y p(F(x,),F(x)<ap(x,,x) >0, n—o.  CnegoBaTenbHO,

F(x,) > F(x) npu n— . DTO U 03HA4YaeT, YTO OTOOPaKEHHUE

F F nenpepbiBHO B Touke x W
Teopema (nmpuHIUI CKUMAIOIIKUX O0TOOpakeHuit). B non-
HOM MempuyeckoM NpoCMpPAHCmee BCAKOe Cocumaioujee omo-
bpadicenue umeem 0OHY U MOALKO OOHY HENOOBUNCHYIO MOUK).
HoxkaszatensrcTBO. [lycth F: X > X - cxu-
Mmaromee oTodpaxkenue, x, € X . PaccMoTrpuM mocienoBarenb-

X X, ¥ X3 x X mocte {x,}7,, rme x,=F(x, )=F(x,,)=..=F"(x,). Yoe-

n=1>

JTUMCS, 4TO 3Ta TOCJIEI0OBATEILHOCTh SBIISICTCS (DYyHIAaMEHTAJb-
Ho#. [Ipexne Bcero, st 00X n€ N U p € N cripaBeUIHBBI CJICTYIOIIHE COOTHOIIECHUS

p(x,.x,.,)=pU"(x),F"(x,)) Sa"p(xy,x,) Sa"(p(xg,x) + p(x,x,) +...4 p(x,,x,)) <

<a"(p(xy, %) +ap(xy,x) +..+a”" p(x,,x)) =a”" p(x,,x )1 +a+..+a”” .
—a



Tak kak a €(0;1), To " — 0, n— . CnenoBarenbHo, HalaeTcs HoMep N € N, HaUMHAS C KO-

TOporo, Ui Bcex p €N, OyneT BBINOJIHEHO HEPABEHCTBO p(x,,X,, )<é&. Takum obpasom, mo-

n+p
CIeJ0OBATENbHOCTD {X, } _ sBisfeTcs GyHIaMeHTanbHOH. Ilockonbky mpocTpancTBo X mpeamnosa-

raercs MoJIHbIM, OHa cxogures. Ilycts x = lim x,, . B cury HenmpepbIBHOCTH 0TOOpaykeHus I nme-
n—0

eM F(x,) > F(x),n—>o.Ho F(x,)=x,, = x,n—>o.Caenoparensto, F'(x)=x. Takum oOpa-
30M, CYIIECTBOBAaHME HETIOJABIKHON TOYKHM JOKa3aHO. Y OeauMcesi, 4TO OHA €JMHCTBEHHAS, TIPE/IIIO-
7n0XuB mpotuBHOE. [lycTh x'#x - eme oaHa HENMOABIM)KHAs Touyka otoOpaxkenust F . Torma
p(x,x") = p(F(x),F(x")) < ap(x,x"). Ho 3T0 BO3MOKHO TOJBKO TPH yCIOBUH, 9TO x = x' M



