N3MEPUMBIE ®YHKIINN.

§1. Onpenenenue n3mMepuMon QPyHKIIUH.
[lycte E - u3mepumoe no JleGery MHOKeCTBO Ha NpsiMoil;o(E) - COBOKYIMHOCTb

BCEX U3MEPUMBIX 110 Jlebery MHOXKECTB, JeXauux B £ .

Onpenenenne: Oynkuus f: E — R HazwpBaercs m3mepumoii (o JleGery),
eclu JIs BCAKOro OopeneBckoro Muoxectsa 4 < R muoxectso f ' (A4) € o (E)
3nech f(A)={xe E: f(x)e 4}.

Teopema: [lnst Toro urtoOnl ¢yHkmms f:E —>R (E- usmepumo) Obuia

u3MepruMa, HEOOXOIMMO M JOCTATOYHO, 4YTOOBI mpu Jr000M ¢ € R MHOXeECTBO
E(f<c)={xeFE: f(x)<c} - 6put0 m3MepuMbIM 110 Jlebery.
Hoxka3zatenbctBo: HeoOxoaumocts. MHOkecTBO A = (—00;C) - OTKPBITO,3HAYUT,

6openesckoe. E(f <c)=f"(4) = E(f < c) - usmepumo 1o Jlebery.

JloCTaTOYHOCTS: JIrobo¥i  wuHTEpBal  MOXHO  MPEACTaBUTb B BHJE:
A 1

(a,b) = (=0,b) N(R\ (—0a]); (= oo,a]=ﬂ[— ®,a +—] :
n=l1 n

3HAYHT JIF0O0€ OTKPHITOE MHOKECTBO MOKET OBITh MOJIYYCHO U3 JIyuel Buaa: (—oo;c)

IyTeM KOHEYHBbIX WJIM CUYETHBIX OOBEIUHEHMI,liepecedyeHril u nomnonHeHuil. Toxe
MO>KHO CKa3aTh U O 3aMKHYTBIX MHOKECTBaX.3HAuuT Jito00oe OOpeneBCKOe MHOKECTBO
A MOXeT ObITh OJYYEHO U3 JIyyell Buaa (—o0;¢) NMPUMEHEHUEM 3TUX ONepauil.

VuureBast, uto f (AUB)=f"'(ADHUF"'B), f'UANB)=f"(4ANf(B),
' (4\B)=f"(4)\ f(B). Tonyuaem, uto mnpoobpas moGOro GOPENEBCKOTO

MHOYKECTBA MOXKET OBITh TMOJYYCH W3 M3MEPUMBIX 1o Jlebery MHOXKECTB B3sITHEM
ATUX OTEpaIri U, CIeI0BATEILHO, H3MEPUM.

CnencrBue 1. Ecrm f:E - R (E = [a,b]), MOHOTOHHA, TO OHAa U3MEPHUMa.
(~o0,d)NE
(-0, d]NE
MHOKECTBO HeorpanmdeHo, 10 E(f <c)=E.d=sup{xeE: f(x)<c}wo Ecmm
fld)=c, TO E(f <c)=(-,d)NE; eciu xKe fld)<ec, TO
E(f <c)=(-0,d]NE.

CnencrBue 2. Ecim f: [a,b] — R HenpepriBHA, TO OHA U3MEPUMA.

HokazarensctBo: E(f <c)={ , ecnmu [ - HeyObIBaeT. Ecmu ato

Hoka3atenbetBo: E(f <c¢) - OTKpBITO, 3HAUUT wu3Mepumo 1o Jlebery.
JlecTBUTENIBHO, NIYCTh X, € E ( f< c) = f (xo ) <c=>  CyILECTBYET u(xo) :
Slulx ) <e.

CnenctBue 3. Ecnm f m3mepuma Ha E, mE c E, E, - u3Mepumo 1o
JleGery, To f m3mepuma Ha E|.

HoxazarensctBo: E (f <c)=E(f <c)NE,.

Onpenenenne: Oyukmum f: E —>R, g: E — R Ha3pBalOT SKBUBAICHTHBIMH
( f ~g)ecim mHOXKecTBO E(f # g) U3MEpUMO U UMEET MEPY HOJIb.

Teopema. Ecmu f: E — R mmepumau ( f ~g)Ha E, T0 g U3MepumMa.

JlokazarenbcTBo: £ (g < c), E ( f< c) OTJIMYAIOTC Ha MHOXECTBO MEPBI
HYJIb. 3HAYUT U3MEPUMBI HITM HEU3MEPHUMBI OTHOBPEMEHHO.



§2. CBoiicTBa U3MEPUMBIX (YHKIIH.

J(x)

n3mMepuma Ha E .

CaoiictBol .Ecitn f: E — R usmepuma, to pynkiuu f(x)+c, cf (x),

2

f?(x) u3mepumsl Ha E , ipudeM, ecnu f # 0Ha E, To S
X
HokazarenbctBo: 1. F(x) = f(x)+ cusmepuma, Tak kak E(F <a)=E(f <a—c).

E(f< g),eCJzuc >0
c

2. F(x) =cf (x) nuamepuma, Tak kak E(F <a)=<E(f > g),eCJzuc <0¢.
c

GumE,ecimuc =0

B, eciua <0
E(f <a)NE(f >—a),ectua>0"

B, ecnua <0

E(f <~Na)NE(f >—a),ectua>0

3.F(x)= | f (x)| n3Mepuma, Tak Kak E(F <a) = {
4. F(x)= f*(x) msmepuma, T.X. E(F < a) = {

E(f<ONE(S >l),eCﬂua <0,
a

5. F(x)= f(lx) usMepuma, Tak Kak E(F <a)=<E(f <0OUE(f > é),ewzua >0,

E(f <0),ecrua =0.

CsoiictBo2. Ecniu f u g m3mepumsbl Ha £, To MHOXKeCcTBO E(f > g) M3MepuMo 1o
JleGery.
Hoxkazarensctso: IIpencrasum Q B Buje nocienopaTensHoctu {7, §,, . Torna

E(f>g):0(E(f>rk)ﬂE(rk > g)). [lycte x € E(f > g) =, clienoBareinbHO

k=1
f(x)>g(x)=3r,: f(x)>r, >g(x). O6paTHO aHAIIOTHYHO.

CaoiictBo3. Eciim f m g - u3mepumbl Ha £, 10 f+g; fg; ! (g(x)=0VxeFE)
g

n3MepuMBbl Ha E .
Hoxka3zatenbetBo: 1. F(x)= f(x)+g(x). Torna E(F <a)=E(f <a-g) -
MU3MEPHUMO.

2. F(x) = f(0)g(x). Torma f()g(x) = |/ +g)* - (f - g)] - mamepmma.
4

S _

) f (x)L - H3MEpHUMa.
g(x) g(x

§3. CX0IMMOCTD TTOYTH BCIOTY.



Omnpenenenue: IlocnenoBarenbHOCTh { /. (x)} GYHKIUH CXOOUTCS IOYTH
Bcroay Ha E x ¢ynkumn f(x), ecmu E=E UE,, u(E,)=0 u mis moboro x € E,
cymectByet npenen lim f, (x) u oH paBeH f(x).

n—>0
Teopema: Ecin mocnenoBaTeslbHOCTh U3MEPUMBIX QYHKIMK f, (X) CXOOUTCS

K f(x) mouru Bcioxy Ha E, T0 f(X) m3Mepuma.
JHokazatenscTBo: JlokakeM cHadasia, 49rto f(x) wn3Mepuma Ha E|.

E](f<a):UUﬂE](fm <a—%).HyCTB

er](f<a):>(EIkeN):f(x)<a—g. Tax KaK f,(x) = f(x),n > o
n

cnenoBarenbHo (FIneN)(Vm>n): f, (x)<a +%+% =a —%.

1
Oo6patHo [Tyctp X€ U U ﬂ E(f,<a- Z) , ClIeZIOBaTEILHO
k

n mzn

1
Fk,n)(Vm=n): f (x)<a s [lepeiinem k mpenmeny mpu m —> . [lomydaem:

1
f(x)<a 0 cienoBaTellbHO f(x) < a . JlokaxkeM Tereph, 4to f(Xx) uM3Mepuma Ha

E . Jeiicteurensho, E(f <a)=E (f <a)UE,(f <a): E,(f <a) - u3MepumMo Mo
JleGery B cmiy mepBOM YacTH JoKas3aTrenbcTBa, E,(f <a) H3MepHMO, TaKk Kak
E,(f<a)cE, n u(E,)=0.

§4. Teopema Eropoga.

Teopema: Ilyctb E - wusMepumoe MHOXkecTBO B R u  u(E)<w;
MOCJIEI0BATEILHOCTh { £, (x)}f:] cxoauTes moutd Bcrogy Ha E k f(x). Torma mns
aroboro ¢ > 0 cymecTByer usmepumoe £; < E Takoe, 4To:

Lu(Es)> u(E)-o;
2.{f,} -cxonutcs paBHOMEpHO K f Ha Ej.
Hoxa3arenbctBo: U3 §3 cnenyer, uto f - usmepuma Ha E . O6o3Hauum E" -

1 0
mHoxectso E(|f, — f|<—,Vixn); E" =|JE. Us onpenenenus E! cuenytor
m

n=1

BKModueHus: E" C E)' c...c E" < .... I3 HenpepbIBHOCTH Mepbl Jlebera BbITEKaeT,

4TO U(E™)=lm u(E"), CJIEJOBATENBLHO
n—0

ny (m)

(VmeN)(Ve >0)3n,(m) eN): u(E") - p(E} ) = H(E" \E} ) <2im.

[Tonoxum E; = ﬂE'”

ng(m) *
m=1

[Tokaxem cHauaja, 4To f, CXOAUTCS paBHOMEPHO K [ Ha E;. i 9TOro HyXHO
nokazatb, 4ro: (Ve>0)AN eN)(Vn2> N)(Vxe Ey):|f,(x)— f(x)| <¢&. Bribepem




1
£>0. Ilyctb m BbIOpaHO U3 ycnoBuUs: — < ¢&. Torga MOCTaTOYHO TOJIOKHUTH

m
N =ny(m). [lelictBurensio  Vx e E;  Oymer BepHo xe€F.,,, 3HaUMT
(Vi2 N =ny(m)):|f(x) - f,(x) <mi< g.
Ouenum Tenepb Mepy MHOKECTBA E\E; Nmeem
U(ENE;)= u(E\ ﬁE;’;(m)) = /J(O(E\E:;(m)) < iu(E \E, ) Tlokaxem, 91O
m=l1 m=1 m=1
H(ENE) )< ;im . JleficTBUTEIBHO,

ny (m)

U(E\E" )S/,z(E\E’”)+/,z(E’”\E:;(m))<(E\E"”)+2im. Ocranoch MOKa3arh,
gyro u(E\E™)=0. HelictButensHo, ecnmu x € E\E™, 10 mng moObIX m,n H

xg E": |f(x) -/, (x)| > i u f (x) He cxomures k f(x). Tak kak {fn} CXOJIUTCSA
m
mouty Bcrony Ha E k f(x), 10 W(E\E™)=0.

ng (m)
m=l m=1

Takum obpazom p(E\Ej;) < Zu(E \E" )< 2257 =0 . Teopema nokazana.

3ameuanue: Teopema EropoBa mokassiBaeT, 4To CXOAMMOCTh MIOUTH
BCIOJly, @, 3HAYUT U MPOCTO CXOJUMOCTb HE3HAYUTENbHO OTINYAETCS OT
PaBHOMEPHOM CXOJUMOCTH.

Teopema: (JIy3un) s Toro, 9roOb1 pyHKIHS [ : [a,b] — R 6pua

U3MepruMa, HE0OXOMMO H JIOCTaTO4HO, 4To0kI (VO > 0) cymecTBoBaia

HeTpepbIBHAS Ha [a,b] byHKIHS @ Takas, 9to U(E(f #@))<o.

(6e3 moka3aTenbCTBA).
3ameuanue: Teopema Jly3uHa nokaspiBaeT, 4To U3MEPUMbIE PYHKLINN

HE3HAYUTEIIHHO OTIMYAIOTCS OT HEMIPEPBIBHBIX (DYHKIIUH.
[Ipumepl: f (x)=x", x € [— 1;1].
0, x| <1,

x"—><Lx=1, , CIIeJIOBATEIbHO X" CXOAUTCs 1ouTH Beroay K f = 0. [Ipu atom

pacx.,x =—1

Ha UHTEepBaJie (—0,0) CXOIUMOCTHh paBHOMEpHA.
[Tpumep2: MoHoTOHHAs QYHKIMS U3MEPUMA, 3HAYUT BBITIOJIHAETCS
teopema Jly3zuna.



