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;=<?>?@BA?>?CDA5EGFH>?I?J?<?@BA5>)KMLONQPRKS@UTDVXW5EGFH>?I?J?<3W5PD<HYZK

z → az + b, [ Y\@ a, b ∈ C ] a 6= 0 ^Q_ T`KEGFH>?I?J?<3WaCDb?c?@dY\@de\@B>)Kf>)KgPDVB@BAaIHCDhibHe\@BI0VB>?CDA5bHe\CDVBI0CDVUTD<j<a<?hi@B@UTfPkb?c?CD<3LOPDC`e\lD>?CSAaTDCDm?I0@
z0 ∈

C
b?c?CD<3LOPDCOY\>3FHn

limz→z0
a∆z
∆z

= a 6= 0. _ TDCoLO>)Kpm?<3T ] m3TDC�e\<?>?@BA?>)KMWqEGFH>?I?J?<3WrW?PMe)W?@UTDVXWqJ?@de\CDA ^s Y\c3F [ CDAtVUTDCDc?CD>?Nue\<?>?@BA?>)KMWtEGFH>?I?J?<3WrW?PMe)W?@UTDVvWtPSL`KS<?hi>?CgCOY\>?CSLO>)K`m?>?CDA ^Qwyx c)KMTD>)KMWqEGFH>?I?J?<3W
w → 1

a
w − b

a

TDC`z{@�W?PMe)W?@UTDVXWqe\<?>?@BA?>?CDA5EGFH>?I?J?<?@BA5< ] V|e\@dY\CDPRKMTD@de\lD>?C ] CDb?c?@dY\@de\@B>?>?CSAj>)KgPDVB@BAI0CDhibHe\@BI0VB>?CDAqbHe\CDVBI0CDVUTD< ^~} KSI?<?h�C x c)KMLOCDh ] PDVXW?IRKMWke\<?>?@BA?>)KMWrEGFH>?I?J?<3WqCDVUF0��@BVUTDPMe)W?@BTkPSL`KS<?hi>?CCOY\>?CSLO>)K`m?>?CD@=I0CD>?E
CDc?hi>?CD@
CSTDC x c)KMz{@B>?<?@
I0CDhibHe\@BI0VB>?CDA�bHe\CDVBI0CDVUTD<�>)K{VB@ x W ^�Gc?<
a = 1, b = x0 + iy0

<?hi@B@Bh
az+ b = x+ iy+ x0 + iy0 = x+ x0 + i(y+ y0). � >)K`m?<3T ] P{�UTDCDhV|e)FHm)KS@Ge\<?>?@BA?>)KMW�EGFH>?I?J?<3W�CDVUF0��@BVUTDPMe)W?@UT�b)KSc)Kpe?e\@de\lD>?NQA�b?@Bc?@B>?CDV
>)K%PD@BI3TDCDc

(x0, y0)
{

u = x+ x0
v = y + y0�Gc?<

a = eiϕ, b = 0
<?hi@B@Bh

az+b = (cosϕ+i sinϕ)(x+iy) = x cosϕ−y sinϕ+i(x sinϕ+y cosϕ).
� >)K`m?<3T ] e\<?>?@BA?>)KMW�EGFH>?I?J?<3W�CDVUF0��@BVUTRPMe)W?@UT�b?CDPDCDc?CST�PDCDI?c3F [ >)K`m)KpeZK%>)K�F [ COe ϕ

{

u = x cosϕ− y sinϕ
v = x sinϕ+ y cosϕ

�Gc?<
a > 0, b = 0

<?hi@B@Bh
az + b = a(x + iy) = ax + iay. � >)K`m?<3T ] e\<?>?@BA?>)KMWjEyFH>?I?J?<3WCDVUF0��@BVUTRPpe)W)@UT [ CDhiCSTD@UTD<?n�V
J?@B>3TDc?CDhqP�>)K`m)Kpe\@
<!IHCD�BE
E
<?J?<?@B>3TDCDh [ CDhiCSTD@UTD<?< a

{

u = ax
v = ay

�5C x ��@BhqVXe)FHm)KS@ az + b = |a|ei arg az + b ^\} KSI?<?hrC x c)KMLOCDh ] e\<?>?@BA?>)KMW�EGFH>?I?J?<3W�CDVUF0��@BVUTRPMe)W?@UTb?CDV|e\@dY\CDPRKMTD@de\lD>?C�b?CDPDCDc?CST�bHe\CDVBIHCSVUTD<�>)K{F [ COe arg a, [ CDhiCSTD@UTD<?n�V
J?@B>3TDc?CDhqP�>)K`m)Kpe\@
<�IHCD�BE
E
<H�J?<?@B>3TDCDh [ CDhiCSTD@UTD<?< |a| <�b?CDV|e\@dY)FHn	�{<?A�b)KSc)Kpe?e\@de\lD>?NQA�b?@Bc?@B>?CDV=>)K%PS@BI3TDCDc (Re b, Im b).
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��c?C x >?CM��e\<?>?@BA?>?CDAoEGFH>?I?J?<?@BAg>)KMLBNQPRKS@UTDVvW�EGFH>?I?J?<3W z → az+b

cz+d
, [ Y\@ ∆ = ad − bc 6= 0, c 6= 0.

_ TOK�EGFH>?I?J?<3WoCDb?c?@dY\@de\@B>)K�PDVBn~Y)F�P C I?c?CDhi@{TDCDm?I?< z0 := −d
c
. wyx c)KMTD>)KMWoEGFH>?I?J?<3W w → dw−b

−cw+aTDC`z{@�W?PMe)W?@UTDVXWkY\c?C x >?CM��e\<?>?@BA?>?CSA ^�w >)K�CDb?c?@dY\@de\@B>)K�P�C x eZKSVUTD< C\{w0}, [ Y\@ w0 := a
c
.
��c?C x >?CM�e\<?>?@BA?>)KMWkEGFH>?I?J?<3Wk<?hi@B@UT�CST`e\<?m?>3FHnuCST�>3FMe)Wkb?c?CD<3LOPDCOY\>3FHn a(cz+d)−c(az+b)

(cz+d)2
= ∆

(cz+d)2

P�IDKMz%Y\CDA
TDCDm?I0@=C x eZKSVUTD<�CDb?c?@dY\@de\@B>?<3W ^�� >)K`m?<3T ] �UT`K%EGFH>?I?J?<3W!W?PMe)W?@UTDVvW�KS>)Kpe\<3TD<?m?@BVBIHCDA�P%C x eZKSVUTD< C\{z0}<�CDVUF0��@UVUTRPMe)W?@UT�@B@
I0CD>?E
CDc?hi>?CD@
CSTDC x c)KMz{@B>?<?@
>)K{C x eZKSVUTDl C\{w0}.�
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��c?C x >?CM��e\<?>?@BA?>3FHn EGFH>?I?J?<?n m)KSVUTDC�c)KSVBVBh KMTDc?<?PRKSn	T�IRKSI�CSTDC x c)KMz%@B>?<?@�<3L C̄ P C̄. �Gc?<��UTDCDh@B@	LO>)Kpm?@B>?<?@yP�TDCDm?I0@

z0
VBm?<3T`KSn	T%c)KSPD>?NQh ∞. wyx c)KMTD>)KMW�EGFH>?I?J?<3W�TDC`z%@�CDb?c?@vY\@de\@B>)K{PDVBn~Y)F�>)K C̄.

w >)K�c)KSPD>)K ∞ P�TDCDm?I0@ w0. } KSI?<?haC x c)KMLOCDhtY\c?C x >?CM��e\<?>?@BA?>)KMW�EGFH>?I?J?<3W�CDVUF0��@BVUTRPMe)W?@UT�PSL`KS<?hi>?CCOY\>?CSLO>)K`m?>?CD@�CSTDC x c)KMz{@B>?<?@ C̄ >)K C̄. _ TDC�CMTDC x c)KMz%@B>?<?@#W?PMe)W?@UTDVXW�>?@Bb?c?@Bc?NQPD>?N#h ^ ��@BA?VUTDPD<3TD@Ue\lD>?C ]>?@Bb?c?@Bc?NQPD>?CDVUTRl��UTDC [ C=CSTDC x c)KMz{@B>?<3W%PGTDCDm?IH@ z0 PDN TD@BIRKS@UT�<3L#VBCDCSTD>?C('�@B>?<3W a(−d
c
)+b = −1∆ 6= 0,P%VB<He)F!I0CSTDCDc?C [ C�C x C x ��@B>?>?NQA�b?c?@dY\@de limz→z0

az+b
cz+d

c)KSPD@B> ∞.�Gc?CD<3LOPDC`Y\>)KpW − ∆
(dz+c)2

IHCDhib?CSLO<?J?<?< b 1
z
+a

d 1
z
+c

P�TDCDm?I0@
z = 0

CSTOe\<?m?>)K�CST�>3FMe)W ^ s e\@dY\CDPRKMTD@de\lD>?C ]CSTDC x c)KMz{@B>?<?@ ] CDVUF0��@BVUTDPMe)W?@OhiCD@�Y\c?C x >?CM��e\<?>?@BA?>?CDAtEGFH>?I?J?<?@BA ] W?PMe)W?@UTDVXWtI0CD>?E
CDc?hi>?NQh P�TDCDm?I0@
z = ∞.

�Gc?CD<3LOPDC`Y\>)KpW − ∆
(az+b)2

EGFH>?I?J?<?< cz+d
az+b

P�TDCDm?IH@
z0
b?c?<?>?<?h KS@UToLO>)K`m?@B>?<?@

c 6= 0.
s e\@dY\CM�

PRKMTD@de\lD>?C ] CSTDC x c)KMz{@B>?<?@ ] CDVUF0��@BVUTRPMe)W?@BhiCD@GY\c?C x >?CM��e\<?>?@BA?>?CDA!EGFH>?I?J?<?@BA ] W?PMe)W?@UTDVXW�I0CD>?E
CDc?hi>?NQhP�TDCDm?I0@
z0. } KSI?<?h�C x c)KMLOCDh ] Y\c?C x >?CM��e\<?>?@BA?>)KMWrEGFH>?I?J?<3WrCDVUF0��@BVUTDPMe)W?@BTgPSL`KS<?hi>?CoC`Y\>?CSLO>)K`m?>?CD@I0CD>?E
CDc?hi>?CD@
CSTDC x c)KMz{@B>?<?@ C̄ >)K C̄.�Gc?<
a = c = 1, b = d = 0

Y\c?C x >?CM��e\<?>?@BA?>)KMW�EGFH>?I?J?<3W z → 1
z

W?PMe)W?@UTDVXW�IHCDhib?CSLO<?J?<?@BA
f2 ◦ f1Y\PSF*)fEGFH>?I?J?<?A

f1(z) = 1
z̄

<
f2(z) = z̄.

�yFDVUTDl
z := r(cosϕ + i sinϕ), [ Y\@ r = |z|, ϕ = arg z.+ym?<3TDNQPRKMW ] m3TDC

1

z̄
=

z

zz̄
=
r(cosϕ+ i sinϕ)

r2
=

1

r
(cosϕ+ i sinϕ),

b?COe)FHm)KS@Bh ∣
∣

1
z̄

∣

∣ = 1
r
, arg 1

z̄
= arg z. � >)K`m?<3T ] EGFH>?I?J?<3W f1 CDVUF0��@BVUTDPMe)W?@BT�<?>?PD@Bc?VB<?n bHe\CDVBI0CDVUTD<�CSTD>?CM�VB<3TD@de\lD>?C�@dY\<?>?<?m?>?CDA�CDI?c3F0z�>?CDVUTD<�V
J?@B>3TDc?CDhqP%>)Kpm)Kpe\@ ^ �qTDC%z%@GPDc?@Bh W ] <3L=VBCDCSTD>?C('�@U>?<?A
z̄ = r(cosϕ+ i sinϕ) = r(cos(−ϕ) + i sin(−ϕ))PDN TD@BIDKS@UT ] m3TDC�CSTDC x c)KMz%@B>?<?@ f2 CDVUF0��@BVUTDPMe)W?@UT�VB<?hihi@UTDc?<?n�CSTD>?CDVB<3TD@Ue\lD>?C%Y\@BA?VUTDPD<3TD@Ue\lD>?CDA�CDVB< ^

�rC x ��@BhkV|e)FHm)KS@ az+b
cz+d

= a
c
− ad−bc

c
1

cz+d
] VXe\@dY\CDPRKMTD@de\lD>?C ] Y\c?C x >?CM��e\<?>?@BA?>)KMW�EGFH>?I?J?<3W�b?c?@dY\VUT`KSPM�e)W?@UTDVXW�P
PD<HY\@QIHCDhib?CSLO<?J?<?<

f3◦f2◦f1
Y\PSF*)�e\<?>?@BA?>?N,)�EGFH>?I?J?<?A

f1 : z → cz+d, f3 : z → −∆
c
z+ a

c<�EGFH>?I?J?<?<
f2 : z → 1

z
.
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0\�\.>250\�\/3254�0\�:( ;=n x CDA��|e\@Bhi@B>3T%VB@Bhi@BA?VUTRPRK�b?cRW?hiN,)�<�CDI?c3F0z�>?CDVUTD@BA!>)K=IHCDCDcDY\<H�>)KMTD>?CDA�bHe\CDVBI0CDVUTD<�L`KpYZKS@UTDVvW�FHc)KSPD>?@B>?<?@Bh�PD<HYZK

A(x2+y2)+2Bx+2Cy+D = 0, [ Y\@ A,B,C,D ∈ R<
B2 + C2 > AD.

��@BA?VUTDPD<3TR@de\lD>?C ] b?c?< A = 0 ? �UTDC b?cRW?h KMW 2Bx + 2Cy + D = 0 ] Kgb?c?<
A 6= 0 ? �UTDCkCDI?c3F0z�>?CDVUTDl (x + B

A
)2 + (y + C

A
)2 = B2+C2−AD

A2 .
+ym?<3TDNQPRKMW ] m3TDC x2 + y2 = zz̄,

2x = z + z̄, 2y = −i(z − z̄),
YZKS>?>?CD@�FHc)KSPD>?@U>?<?@�hiCpz�>?C b?@Bc?@Bb?<?VOKMTDlqPfI0CDhibHe\@BIHVB>?CDAjE
CDc?hi@

Azz̄ + (B − iC)z + (B + iC)z̄ + D = 0.
�~N x @Bc?@Bh�b?c?CS<3LOPDC`e\lD>?NQAk�|e\@Bhi@B>3ToVU@Bhi@BA?VUTRPRK�b?cRW?hiN,)<kCDI?c3F0z�>?CDVUTD@BAf>)K�bHe\CDVBI0CDVUTD< ^A@i[ C�C x c)KML�b?c?< CSTDC x c)KMz%@B>?<?< z → 1

z

CDb?<?VBNQPRKS@UTDVXW FHc)KSPD>?@B>?<?@Bh
A 1
zz̄

+ (B − iC) 1
z
+ (B + iC) 1

z̄
+D = 0

<He\<�FHc)KSPD>?@B>?<?@Bh
Dzz̄ + (B − iC)z̄ + (B + iC)z +A = 0.BGC ] IRKSIqF0z%@�b?CDIRKML`KS>?C ] �UTDC FHc)KSPD>?@B>?<?@�CDb?c?@dY\@de)W?@UTke\< x C b?cRW?h FHn ] e\< x C CDI?c3F0z�>?CDVUTDl ^ } KSI?<?h
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C x c)KMLOCDhaY\CDIRKML`KS>?C ] m3TDC�b?c?<�CSTDC x c)KMz{@B>?<?<�b?CDVBc?@dY\VUTDPDCDh EGFH>?I?J?<?< z → 1

z

VB@Bhi@BA?VUTDPDC�b?c0W?hiN,)�<
CDI?c3F0z�>?CDVUTD@BAob?@Bc?@�)RCOY\<3T�P�VB@Bhi@BA?VUTRPDC�b?cRW?hiN,)�<�CDI?c3F0z�>?CDVUTD@BA ^-_ TD<?hjVBPDCDA?VUTDPDCDh5C x eZKpYZKS@UT�e\n#�
x KMWre\<?>?@BA?>)KMWa<qY\c?C x >?CM��e\<?>?@BA?>)KMWaEGFH>?I?J?<3Wab?CDVBIHCOe\lDI3F ] CDm?@BPD<HY\>?C ] m3TDC VB@Bhi@BA?VUTRPDCfb?cRW?hiN,)a<CDI?c3F0z�>?CDVUTD@BA�<?>?PRKSc?<)KS>3TD>?C�CSTD>?CDVB<3TD@deZlD>?C�b?CDPDCDc?CSTDCDP%PDCDI?c3F [ >)K`m)KpeZK ] b)KSc)Kpe?e\@de\lD>?N,)�b?@Bc?@B>?CDVBCDP< [ CDhiCSTD@dTD<)A�V
J?@UTDc?CDhqP%>)K`m)Kpe\@ ^

-�( ��(�� �:6	�
�-�
0\�\. 250\�\/3254�0\�:( s CDPDCDI3FHb?>?CDVUTDl�PSVB@�)�e\<?>?@BA?>?N,)o<�Y\c?C x >?CM��e\<?>?@BA?>?N,)oEGFH>?I?J?<?AC x c)KMLBFD@UT [ c3FHb?b3FkV�I0CDhib?CSLO<?J?<?@BAfP�IDKpm?@BVUTDPD@ [ c3FHb?b?CDPDCDA CDb?@Bc)KSJ?<?< ^ _ TOK�VBCDPDCDI3FHb?>?CDVUTDloVBCDVUTDCD<3T<3L�EGFH>?I?J?<?A�PD<HYZK
f : z → az+b

cz+d
, [ Y\@ ∆ = ad − bc 6= 0 ^ + V|e\CDPD<?@ c 6= 0

CDb3FRVBIDKS@UTDVvW ^ � IRK`m?@BVUTDPD@>?@BA3TDc)Kpe\lD>?C [ C��|e\@Bhi@B>3T`K [ c3FHb?b?CDPDCDA�CDb?@Bc)KSJ?<?<�PDNQVUTSFHb)KS@UT�e\<?>?@BA?>)KMW�EGFH>?I?J?<3W z → z ^\wyx c)KMTD>?NQA�|e\@Bhi@B>3T
f−1
CDb?c?@dY\@de)W?@UTDVvW IRKSIkC x c)KMTD>)KMWkEGFH>?I?J?<3W w → dw−b

−cw+a ^
BG@Ub?CDVBc?@dY\VUTRPD@B>?>?Co<3L�CDb?c?@dY\@d�

e\@B>?<3W�VXe\C`z�>?CDAoEGFH>?I?J?<?<gPDN TD@BIRKS@UT ] m3TDC�I0CDhib?CSLO<?J?<3WkKSVBVUCDJ?<)KMTD<?PD>)K ^ w VUT`Kpe\CDVBl�F x @dY\<3TDlDVvW ] m3TDCVBCDPDCDI3FHb?>?CDVUTDl!PDVB@�)�e\<?>?@BA?>?N,)�<�Y\c?C x >?Cp��e\<?>?@BA?>?N,)�EGFH>?I?J?<?A�L`KShiI?>3F0T`K�CSTD>?CDVB<3TD@de\lD>?C�I0CDhib?CSLO<H�J?<?< ^ �yFDVUTDl f1 : z → a1z+b1
c1z+d1

] f2 : z → a2z+b2
c2z+d2

<
∆1 := a1d1 − b1c1 6= 0 ] ∆2 := a2d2 − b2c2 6= 0 ^BG@Bb?CDVBc?@dY\VUTDPD@B>?>\KMWqb?c?CDPD@Bc?IDK�b?CDIDKMLONQPRKS@UT ] m3TDC��
f1 ◦ f2)(z) = a1w2(z)+b1

c1w2(z)+d1
= (a1a2+c1b2)z+(b1a2+d1b2)

(a1c2+c1d2)z+(b1c2+d1d2)
^

�Gc?<?m?@Bh ]
∣

∣

∣

∣

a1a2 + c1b2 b1a2 + d1b2
a1c2 + c1d2 b1c2 + d1d2

∣

∣

∣

∣

= ∆1∆2 6= 0 ^�_ TDC�CSLO>)K`m)KS@UT ] m3TDC�I0CDhib?CSLO<?J?<3W f1 ◦ f2 W?PMe)WH�@UTDVXW!Y\c?C x >?CM��e\<?>?@BA?>?CDA�EGFH>?I?J?<?@BA ^

-�( -�(�
�,�0\1?�-+-1?,�4?,-��254�� 6 0\�\/-,-�
=S�j�
4?,-���o.0,-+:2�( �
e)Woe\n x N,)�b?CDb)KSc?>?C�c)KMLUe\<?m?>?N,)gm?<?VB@de
z1 ] z2 ] z3 ] z4 ∈ C

Y\PDCDA?>?CD@!CSTD>?C('�@B>?<?@ z4−z1
z4−z2 :

z3−z1
z3−z2

>?@!hi@B>3W?@UTDVvW ] @BV|e\<fL`KShi@B>?<3TDl�< )fC x c)KML`KShi<
w1 ] w2 ] w3 ] w4

b?c?<jCSTDC x c)KMz%@B>?<?< z → az+b
cz+d

, [ Y\@ ad − bc 6= 0 ^ ��@BA?VUTDPD<3TR@de\lD>?C ] w4 − w1 =
az4+b
cz4+d

− az1+b
cz1+d

= (ad−bc)(z4−z1)
(cz4+d)(cz1+d)

^ � >)K`m?<3T ] w4−w1

w4−w2
= z4−z1

z4−z2
cz2+d
cz1+d
] w3−w1

w3−w2
= z3−z1

z3−z2
cz2+d
cz1+d
^ s e\@dY\CDPRKMTD@de\lD>?C ]

w4−w1

w4−w2
: w3−w1

w3−w2
= z4−z1

z4−z2 :
z3−z1
z3−z2 ^�Gc?@dY\@de

limz4→∞
z4−z1
z4−z2

c)KSPD@B>
1 ^ � >)K`m?<3T ] @BV|e\< z4 =∞ ] TDC�CSTD>?C '�@B>?<?@ z4−z1

z4−z2
V|e\@dY)FD@UT�L`KShi@B>?<3TDl

@dY\<?>?<?J?@BA ^Qwyx c)KMTD>?CD@�I Y\c?C x >?CM��e\<?>?@BA?>?CDh FfCSTDC x c)KMz{@B>?<?n ] P�VBPDCDn CDm?@Bc?@dY\l ] W?PMe)W?@UTDVXWfY\c?C x >?CM�e\<?>?@BA?>?NQh ^ s e\@dY\CDPRKMTD@de\lD>?C ] CSTD>?C('�@B>?<?@ w4−w1

w4−w2

>3F0z�>?C{TDC`z%@yL`KShi@B>?<3TDl�@dY\<?>?<?J?@BA ] @BVXe\< w4 =∞ ^

�:(���.R��132 254?.��-.0,-,-132t4!67,-8-9-+:2
�G@de\CDA�VUTD@Bb?@B>?>?CDA�EGFH>?I?J?<?@BA�>)KMLONQPRKS@UTDVXW�EGFH>?I?J?<3W

z → zn, [ Y\@ n ∈ N, n > 1. _ TOK�EGFH>?I?J?<3WCDb?c?@dY\@de\@B>)K�>)K�PDVU@BA�I0CDhibHe\@BI0VB>?CDA�bHe\CDVBIHCSVUTD<o<�>?@�W?PMe)W?@UTDVXW�PSLOKS<?hi>?C�COY\>?CSLO>)Kpm?>?CDA ^ B
KSb?c?<?hi@Bc ]TDCDm?IDK
z := reiϕ, r > 0, ϕ ∈ [0, 2π),

e\@Uz�KM�{KMW�>)K�CDI?c3F0z�>?CDVUTD<
s
c)KpY\<3FDVOK

r
V�J?@B>3TDc?CDhaP�>)K`m)Kpe\@ ]b?C!E
CDc?h FMe\@��!FRKSPDc)K�b?@Bc?@�)RCOY\<3T�P�TDCDm?I3F

w := rneinϕ,
e\@Uz�KM��FHn >)K�CDI?c3F0z�>?CDVUTD<

S
c)KpY\<3FDVOK

rnV�J?@B>3TDc?CDh P�>)K`m)Kpe\@ ^�� LOhi@B>?@U>?<?@�b)KSc)KShi@UTDc)K ϕ VBPSW3L`KS>?C�V%Y\PD<3z{@B>?<?@Bh�TDCDm?I?< z b?C�CSI?c3F0z�>?CDVUTD<
s. @ V|e\< b)KSc)KShi@UTDc ϕ <3LOhi@B>3W?@UTDVXWfCST 0

Y\C
2π,
TDC�TDCDm?IRK

z
VBCDPD@Bc�'{KS@UToCOY\<?> b?COe\>?NQA C x CDc?CST�PDCM�I?c3F [ >)K`m)KpeZK�b?c?CSTD<?P�m)KSVBCDPDCDA�VUTDc?@de\I?< ^ �Gc?<��UTDCDha@B@�C x c)KpL w VBCDPD@Bc�'�<3T n b?COe\>?N,)�C x CDc?CSTDCDP�b?CCDI?c3F0z�>?CDVUTD<

S
P�TDCDhfz%@
>)KSb?c)KSPMe\@B>?<?<

.
�aIRKMz%Y\CDA!TDCDm?I0@�CDI?c3F0z�>?CSVUTD<

S
CD>)K%b?C x NQPRKS@UT�c?CDPD>?C nc)KML ^ _ TDC�CSLO>)Kpm)KS@UT ] m3TDC�IDKMz%YZKMW!TDCDm?IRK�CDI?c3F0z�>?CDVUTD< S <?hi@B@UT�c?CDPD>?C n b?c?CDC x c)KMLOCSP ] e\@Uz�KM��< )�>)KCDI?c3F0z�>?CDVUTD<

s.
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�Gc?CD<3LOPDC`Y\>)KpW{EGFH>?I?J?<3W%J?@de\CDA%VUTD@Bb?@B>?>?CDA�EGFH>?I?J?<?<
z → zn

VBCDPDb)KpYZKS@UT
V EGFH>?I?J?<?@BA
z → nzn−1� Y\CDIDKMz�<3TD@	�UTSF�E
CDc?h FMe)F ] <?VBb?COe\lSLBFSW�<?>HY)FHI?J?<?njb?C n �d^3� >)K`m?<3T ] J?@deZKMW�VUTD@Bb?@B>)>)KMW�EGFH>?I?J?<3W�W?PMe)WH�@UTDVXW�J?@de\CDA�EGFH>?I?J?<?@UA � �UTD<?htC x�� W?VB>3W?@UTDVXW�@B@�>)KMLOPRKS>?<?@ �d^ w >)K�CDb?c?@dY\@de\@B>)K�>)K%PDVB@BA�I0CDhibHe\@BI0VB>?CDAbHe\CDVBI0CDVUTD<t<rCSTOe\<?m?>)K�CSTg>3FMe)WqP�C x eZKMVUTD< C\{0}. } KSI?<?h�C x c)KMLOCDh�J?@deZKMWqVdTD@Bb?@O>?>)KMWqEGFH>?I?J?<3WCDVUF0��@BVUTRPpe)W)@UT�I0CD>?E
CDc?hi>?CD@
CSTDC x c)KMz{@B>?<?@
C x eZKSVUTD< C\{0} >)K{VB@ x W ^�a>)Kpm)Kpe\@
I0CDhibHe\@BIHVB>?CDA�bHe\CDVBI0CDVUTD<�I0CD>?E
CDc?hi>?CDVUTDl�CSTDC x c)KMz{@B>?<3W�>)KSc3F�'{KS@UTDVvW ^ ��@BA?VUTDPD<3TD@deZlM�>?C ] c)KSVBVBhiCSTDc?<?h5b?c?CD<3LOPDCOe\lD>3FHn�I?c?<?PSFHn l,

L`KpYZKSPRKS@Bh FHn�FHc)KSPD>?@B>?<?@Bh
z = λ(t), t ∈ 〈a, b〉 , b?c?C )RCM�Y)W3��FHn m?@Bc?@UL�>)K`m)Kpe\C ] TDC�@BVUTDl λ(t0) = 0

b?c?<�>?@BIHCSTDCDc?CDh
t0 ∈ (a, b).

s m?<3TOKS@Bh ] m3TDC�VUF0��@BVUTRPSFD@BTCSTOe\<?m?>)KMW�CST{>3FSe)W�b?c?CD<3LOPDCOY\>)KMW
λ′(t0)

EGFH>?I?J?<?<
λ
P�TDCDm?I0@

t0 ^)wyx c)KMLOCDhkI?c?<?PDCDA l b?c?<�CSTDC x c)KMz{@d�>?<?<
z → zn

W?PMe)W?@UTDVXW�I?c?<?PRKMW
L ] L`KpYZKSPRKS@Bh KMW�FHc)KSPD>?@B>?<?@Bh w = λn(t), t ∈ 〈a, b〉 . �GCD>3W3TD>?C ] m3TDC=�dT`KI?c?<?PRKMW!TDC`z{@
b?c?C )0COY\<3T�m?@Bc?@UL�>)K`m)Kpe\C�I0CDhibHe\@BI0VB>?CDA�bHe\CDVBIHCDVUTD< ^ �Gc?<��UTDCDhqb?c?CD<3LOPDCOY\>)KMW nλn−1λ′EGFH>?I?J?<?<

λn
P%TDCDm?IH@

t0 ∈ (a, b)
c)KSPD>)K�>3FMe\n ^�� c?<?PRKMW l <?hi@B@UT�IRKSVOKMTD@de\lD>3FHn�P%TDCDm?I0@ O, I0CSTDCDc)KMWC x c)KMLBFD@UT�F [ COe ϕ = arg λ′(t0)
V�Y\@BA?VUTDPD<3TD@Ue\lD>?CDAfCDVBlDn ^ �
e)WkTDC [ C�m3TDC x N >)KSA3TD<kF [ C`e ] I0CSTDCDc?NQAC x c)KMLBFD@UT�IDKSVOKMTD@de\lD>)KMW�I�I?c?<?PDCDA L P�TDCDm?I0@ O′ V�Y\@BA?VUTDPD<3TR@de\lD>?CDAoCDVBlDn ] b?c?CDPD@dY\@Bh5P�FHc)KMPD>?@B>?<?<

w = λn(t), t ∈ 〈a, b〉 L`KShi@B>3F�b)KSc)KShi@UTDc)K��

t→ ϕ(t) :=

{

n
√
t+ t0,

@BVXe\<
t ≥ 0

− n
√
−t+ t0,

@BVXe\<
t < 0

+yc)KSPD>?@B>?<?@%TDC`z%Y\@BVUTDPD@B>?>?CDAkI?c?<?PDCDA
L
b?c?<?hi@UT�PD<HY

w = λn(ϕ(t)), t ∈ 〈a′, b′〉 , [ Y\@ a′ := ϕ−1(a),
b′ := ϕ−1(b). } CDm?IRK O′ VBCDCSTDPD@UTDVUTRPSFD@BT
LO>)K`m?@B>?<?nab)KSc)KMh @dTDc)K t = 0,

T`KSI{IRKSI
ϕ(0) = t0

<
λn(ϕ(0)) =

λn(t0) = 0 ^ �~NQm?<?V|e\<?hqb?c?CD<3LOPDCOY\>3FHn�EGFH>?I?J?<?< λn ◦ ϕ P�>3FMe\@��

∆(λn ◦ ϕ)
∆t

=
λn(ϕ(t))

t
=

(

λ(ϕ(t))− λ(ϕ(0))

ϕ(t)− ϕ(0)

)n
ϕn(t)

t
→ (λ′(t0))

n
, t→ 0.

} KSI?<?h C x c)KpLOCDh ] IRKSVOKMTD@de\lD>)KMW�I�I?c?<?PDCDA L
P5TDCDm?I0@

O′
C x c)KMLBFD@UT�F [ COe nϕ = n arg λ′(t0) ∈

nArg λ′(t0) = Arg (λ′(t0))
n . w TDVBn YZKrV|e\@dY)FR@dT ] m3TDCqCSTDC x c)KMz{@B>?<?@ ] CDVUF0��@BVUTRPMe)W?@BhiCD@gEGFH>?I?J?<?@BA

z → zn,
FHPD@de\<?m?<?PRKS@UTgF [ e\Nuh @dz%Y)FfI?c?<?PDNQhi< ] b?@Bc?@BVB@BIDKSn	�{<?hi<?VvWqP�>)K`m)Kpe\@�I0CDCDcDY\<?>)KMT ] c?CDPD>?CP

n
c)KML ^�yFRVUTDl

ϕ ∈ R.
�qVB<He)F�E
CDc?h FMe\N �!FRKSPDc)K{EGFH>?I?J?<3W

z → zn
CSTDC x c)KMz�KS@UT{PSL`KS<?hi>?C%COY\>?CSLO>)K`m?>?CCSTDI?c?N TDNQA�e)FHm

lϕ,
L`KpYZKSPRKS@BhiNQA%FHc)KSPD>?@B>?<?@Bh

z = teiϕ, t ∈ (0,+∞),
>)KGCSTDI?c?N TDN#A%e)FHm

Lϕ,
L`KpYZKSPDKp�

@BhiNQA�FHc)KSPD>?@B>?<?@Uh
w = tneinϕ, t ∈ (0,+∞).

�ab?CDV|e\@dY\>?@BhrFHc)KSPD>?@B>?<?<�hiC`z�>?C%b?c?CD<3LOPD@BVUTD<�L`KShi@B>3F
b)KSc)KShi@UTDc)K

t → t
1
n

<gL`KSb?<?VOKMTDlo@ [ C�P�PD<HY\@ w = teinϕ, t ∈ (0,+∞). � LOhi@B>?@B>?<?@!b?@Bc?@Bhi@B>?>?CDA ϕVBPSW3L`KS>?C�V=b?CDPDCDc?CSTDCDhfe)FHm)K
lϕ
<�@ [ C�C x c)KML`K Lϕ PDCDI?c3F [ >)Kpm)KpeZK ^
@ V|e\<�b?@Bc?@Bhi@B>?>)KMW ϕ FHPD@de\<?m?<3TDVvW>)K�PD@de\<?m?<?>3F

α ∈ (0, 2π
n
],
TDC�e)FHm

lϕ
b?CDPD@Bc?>?@UTDVXW�b?c?CSTD<?P�m)KSVBCDPDCDA�VUTDc?@de\I?<�>)K�F [ C`e α ≤ 2π

n
,
K{e)FHm

Lϕ ? >)K
F [ COe nα ≤ 2π ^ ;
FHm?<�<3L�VB@Bhi@BA?VUTRP {lϕ′ : ϕ′ ∈ (ϕ, ϕ+α)}, {Lϕ′ : ϕ′ ∈ (ϕ, ϕ+α)} b?CDb)KSc?>?C>?@	b?@Bc?@BVB@BIRKSn	TRVXW ^)w TDVBn YZK�V|e\@dY)FD@UT ] m3TDC�EGFH>?I?J?<3W z → zn
CDVUF0��@BVUTRPMe)W?@UTRVvW�PSL`KS<?hi>?C�COY\>?CSLO>)K`m?>?CD@
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z → Arg z

�

CSTDC x c)KMz{@B>?<?@�CSTDI?c?N TDCDA�F [ e\CDPDCDA�C x eZKSVUTD< G := {(r, ϕ′) : ϕ < ϕ′ < ϕ+ α} >)K!CSTDI?c?N TSF3n F [ COe\CM�PSFHnrC x eZKSVUTDl D := {(r, ϕ′) : nϕ < ϕ′ < nϕ+ nα} . _ TDCGCSTDC x c)KMz{@B>?<?@�W?PMe)W?@UTDVvW�IHCD>?E
CSc?h >?N h ] T`KSIIDKSI�P{TDCDm?IRK )�C x eZKSVdTD< G b?c?CD<3LOPDCOY\>)KMW�VUTD@Bb?@B>?>)CDA�EGFH>?I?J?<?<�CSTOe\<?m?>)K�CST�>3FMe)W ^

��V|e)FHm)KS@
α = 2π

n

C x eZKSVUTDl D VBCSPDb)KpYZKS@UT!VBC�PDVB@BA�I0CDhibHe\@BIHVU>?CDAobHe\CSVBIHCDVUTDlDn ] <3L{I0CSTDCDc?CDA�FMYZKp�e\@B>?N5e)FHm
lϕ
<!>)Kpm)K`e\C ^)} KSIRKpW!C x eZKSVUTDl�>)KMLONQPRKS@UTDVXW�bHe\CDVBI0CDVUTDlDn�V
c)KMLOc?@ULOCDhqPMY\COe\l�e)FHm)K lϕ ^

��(���67,-8�9-+:2
z → Arg z

��FH>?I?J?<3W
z → Arg z

CDb?c?@dY\@de\@B>)Ky>)K
C\{0} <�>)KMLONQPRKS@UTDVXW�KSc [ FHhi@B>3TDCDh . } CDm?IH@ z 6= 0

�UT`K�EGFH>?IH�
J?<3W�VUTOKSPD<3T�P%VBCDCSTDPD@UTDVUTRPD<?@�hi>?C`z{@BVUTDPDC {arg z + 2πk : k ∈ Z} ⊂ R, [ Y\@ arg z ∈ (−π, π] ? b?COe)W?cH�>?NQA�F [ COe�TDCDm?I?<oI0CDhibHe\@BI0VB>?CDAobHe\CDVBIHCDVUTD< ] <3LOC x c)KMz�KSn	��@BA�m?<?V|e\C z ^ � KSI�h N F0z{@�LO>)KS@Bh ] TOKSI?<?@EGFH>?I?J?<?<ob?c?<?>3W3TDC!>)KMLONQPRKMTDl�hi>?C [ CSLO>)K`m?>?NQhi< ^ �Gc?<�E
<?I0VB<?c?CDPRKS>?>?CDh k ∈ Z

LO>)K`m?@B>?<?@%EGFH>?I?J?<?<
z → arg z + 2πk

P�TDCDm?IH@
z
b?c?<?>)KpY?e\@Uz�<3T

Arg z. _ TDC�CSLB>)Kpm)KS@UT ] m3TDC�EGFH>?I?J?<3W z → arg z + 2πkW?PMe)W?@UTDVXW�COY\>?CSLO>)K`m?>?CDA�PD@UTDPDlDn�KSc [ FHhi@B>3T`K ^
� KMz%YZKMW�PD@UTDPDl z → arg z+2πk

>?@Bb?c?@Bc?NQPD>)K{>)K�bHe\CDVBI0CDVUTD<!Vyc)KMLOc?@ULOCDh PMY\COe\l�CSTDc?<?J)KMTD@de\lD>?CDA
m)KSVUTD<gY\@BA?VUTDPD<3TR@de\lD>?CDAfCDVB< ^ ��VOKShiCDh�Y\@de\@ ] Y?e)WgTDCDm?@BI z = x + iy,

e\@Uz�KM��< )kPSN '�@!<He\<k>?<3z{@
Y\@BA?VUTDPD<3TD@Ue\lD>?CDA�CDVB< ] VBb?c)KSPD@dY?e\<?PDCDVUTDl��UTDC [ C�F0TDPD@BcRz%Y\@B>?<3W�PDN TD@BIRKS@UT�<3L�b?c?@dY\VdT`KSPMe\@B>?<?W

arg z =

{

arccos x
|z| ,

b?c?<
y > 0;

− arccos x
|z| ,

b?c?<
y < 0.

K�Y?e)W{TDCDm?@BI ] e\@Uz�KM��< )%b?c)KMPD@B@#hi>?<?hiCDA%CDVB< ](? <3L	b?c?@dY\VUT`KSPpe\@O>?<3W arg z = arctg y

x
+2πk.

�gTDCDm?IDK )
CSTDc?<?J)KMTD@de\lD>?CDA�m)KSVUTD<�Y\@BA?VUTDPD<3TR@deZlD>?CDA�CDVB<�PDN~Y\@de\@B>?>?NQ@%PD@UTDPD<�c)KMLOc?NQPD>?N ^ �Gc?<�b?@Bc?@�)RCOY\@{m?@Bc?@UL>?@B@ ] >)KSb?c?<?hi@Bc ] b?C�b?cRW?hiCDA y = a, [ Y\@ a ∈ (−∞, 0),

IRKMz%YZKMW!<3L��UTD< )�EGFH>?I?J?<?A�<?VBb?N TDN#PRKS@UT�VBIDKp�
m?CDI ] c)KSPD>?NQA 2π b?CGK x VBC`e\n#TD>?CDA{PD@de\<?m?<?>?@ ^ �~CSLO>?<?IRKS@UTGPDCDb?c?CDV��MhiCpz�>?C#e\<�PDN~Y\@de\<3TDl
COY\>?CSLO>)K`m?>?NQ@PD@UTDPD<�KSc [ FHhi@B>3T`K�>?@Bb?c?@Bc?NQPD>?NQ@�P%TDCSm?IRK )�CSTDc?<?J)KMTD@de\lD>?CDA�m)KSVUTD<!Y\@BA?VUTDPD<3TR@de\lD>?CDA�CDVB<��
w TDPD@UTD<3TRl�>)K%�UTDCST�PDCDb?c?CDV
b?CDhiC [ F0T�V|e\@dY)FHn	�{<?@ [ @BCDhi@UTDc?<?m?@BVOI?<?@�VBCDC x c)KMz{@B>?<3W ^ �qTDCDm?IRK )�CSTM�I?c?N TDC [ C�e)FHm)K lϕ, L`KpYZKSPRKS@BhiC [ C{b)KSc)KShi@UTDc?<?m?@UVOI?<?hfFHc)KSPD>?@U>?<?@Bh z = t(cosϕ+ i sinϕ), t ∈ (0,+∞)<He\<oc)KSPD>?CDVB<He\lD>?NQh�@Bh F�FHc)KSPS>?@B>?<?@Bh

z = teiϕ, t ∈ (0,+∞),
LO>)K`m?@B>?<?@�>3FSe\@BPDCDAoPD@UTDPD<gKSc [ FHhi@B>H�TOK

z → arg z
COY\>?C�<�TDC�z%@ ^ �GC�VBPDCDA?VUTDPSF�@dY\<?>?VUTRPS@O>?>?CDVUTR<�TDc?< [ CD>?CDhi@UTRc?<?m?@OVBI0CDAoE
CDc?hiN�L`KSb?<?VB<I0CDhibHe\@BI0VB>?C [ Com?<?V|eZK�CD>?C�VBCDPDb)KpYZKS@UToV��|e\@Bhi@B>3TRCDh�hi>?C`z{@BVUTDPRK {ϕ + 2πk : k ∈ Z}, e\@Uz�KM��@Bh�Pb?COe)FH<?>3TD@Bc?PRKpe\@

(−π, π] ^ s Y\c3F [ CDA�VUTDCDc?CD>?N ] @BV|e\<oe)FHm lϕ >)K )0COY\<3TDVXWgP�PD@Bc5)3>?@BAgb?COe)FHbHe\CDVBI0CDVUTR< ]TDC�LO>)K`m?@B>?<?@�>3FMe\@BPDCDAfPD@UTDPD<rKSc [ FHhi@B>3T`K z → arg z
P�TDCDm?IRK )ge)FHm)K

lϕ,
VBCDPDb)KpYZKS@UToV�Y?e\<?>?CDAgY)FR�

[ < ] I0CSTDCDc3FHn�CDb?<?VBNQPRKS@UT�TDCDm?IDK�V�@dY\<?>?<?m?>?NQh5hiCOY)FMe\@BhaP�c?@ULBFMe\lpTOKMTR@{PDc)KM��@B>?<3W�b?c?CSTD<?P�m)KSVBCDPDCDAVUTDc?@de\I?<ob?COe\Cpz�<3TD@de\lD>?CDA�m)KSVUTD<�Y\@BA?VUTDPD<3TD@Ue\lD>?CDAoCDVB<�Y\C�hiCDhi@B>3T`K�VBCDPDb)KpY\@B>?<3W�V=e)FHm?CDh
lϕ.
�~c)Kp�

�{KMW!e)FHm
lϕ
PDCDI?c3F [ >)K`m)KpeZK�b?c?CSTD<?P�m)KSVBCDPDCDA�VUTDc?@de\I?< ] hiN�>?@Bb?c?@Bc?NQPD>?C�>)KSc)KM��<?PRKS@Bhq�UTSF!Y)F [ F�< ]V|e\@dY\CDPRKMTD@de\lD>?C ] >?@Bb?c?@Uc?NQPD>?C�FHPD@de\<?m?<?PRKS@Bhq@B@GY?e\<?>3F ^ �ahiCDhi@B>3T�b?@Bc?@�)RCOYZK�m?@Bc?@UL�CSTDc?<?J)KMTD@de\lD>3F3nm)KSVUTDlyY\@BA?VUTDPD<3TR@deZlD>?CDA�CDVB<%>3FMe\@BPRKMW�PD@UTDPDl=KSc [ FHhi@B>3T`K z → arg z

VBIRK`m?IHCSCDC x c)KMLO>?CGFHhi@B>?l('{KS@UT�VBPDCD@LO>)K`m?@B>?<?@=>)K
2π.
�tTDC%z{@
PDc?@Bh W�Y)F [ K%CDb?<?VBNQPRKS@Bh KMW!TDCDm?IHCDA�V
@dY\<?>?<?m?>?NQhthiCOY)FMe\@Bhqb?c?COY\C`e)z�KS@UT
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z → Arg z �

>?@Bb?c?@Bc?NQPD>?CD@{>)KSc)KM��<?PRKS>?<?@ ^�@ @=Y?e\<?>)K�TD@Bb?@Uc?l�CDb?c?@dY\@de)W?@UTDVvW�F0z{@�LO>)K`m?@B>?<?@BhaY\c3F [ CDA�C`Y\>?CSLO>)K`mH�>?CDA�PD@dTDPD<�KSc [ FHhi@B>3T`K z → arg z + 2π.
w Y\>?CDhiCDhi@B>3TD>)KMW%L`KShi@B>)K
COY\>?CDA%PD@UTDPD<�KSc [ FHhi@B>3T`KyY\c3F [ CDA�PD@UTDPDlDnaVUT`KS>?@UT x COe\@B@#b?CD>3W3TD>?CDA%@BVXe\<P�IRK`m?@BVUTDPD@yC x eZKSVUTD<�CDb?c?@dY\@de\@B>?<3W�hi>?C [ CSLO>)K`m?>?CDA�EGFH>?I?J?<?< z → Arg z

PSLBW3TDl�>?@BI3FHn K x VUTDc)KSI3TD>3FHnb?CDPD@Bc5)3>?CDVUTDl ] >)KMLONQPRKS@Bh FHn c?<?h KS>?CDPDCDAkb?CDPD@Bc5)3>?CDVUTDlDn KSc [ FHhi@B>3T`K ^ �GCDVUTDc?CD<3TDlo�UTSFkb?CDPD@Bc5)3>?CDVUTDlhiC`z�>?C�VXe\@dY)FHn	��<?haC x c)KMLOCDh ^ �
e)W!e\n x C [ C k ∈ Z
PDN x @Bc?@BhaCMT`Y\@de\lD>?NQA��BI3LO@BhibHe)W?c�I0CDhibHe\@BI0VB>?CDAbHe\CDVBI0CDVUTD<�<�FSYZKpe\<?hj<3L%IRKMz%Y\CDA�>)Kpm)Kpe\C!<�TDCDm?I?<oE
<?IHVB<?c?CDPRKS>?>?C [ C�e)FHm)K lϕ ^ �GCOe)FHm?<?hae\<?>?@BA?>?CFHb?CDcRWHY\CDm?@B>?>?CD@=VB@Bhi@BA?VUTRPDC�bHe\CDVBI0CDVUTD@BA�V
c)KMLOc?@ULOKShi< {Dk : k ∈ Z}. s CDPDhi@BVUTD<?hq�UTD<�C x eZKSVUTD<�b?c?CM�VUTDc)KS>?VUTDPD@B>)>?C�<%L`KMTD@BhgVBIHe\@B<?h � CSTDC`z%Y\@BVUTDPD<?h � e\@BPDNQA�I?c)KSA�c)KMLOc?@UL`K=C x eZKSVUTD< D0

V#b?c)KSPDNQh�I?c)KS@Bh
c)KMLOc?@UL`K�C x eZKSVUTD< D1,

K!b?c)KSPSNQA�I?c)KSAoC x eZKSVUTD< D0
V�e\@BPDNQh�I?c)KS@BhjC x eZKSVUTD< D−1 � >)K )RCOY\<?hiVXW�>)Ke)FHm?@

lϕ
< PD<HY\<?h�>)Kpm)Kpe\C �U^ �Gc?COY\@deZKS@Bh��UTSFkCDb?@Bc)KSJ?<?nuV�IRKMz%Y\CDAk<3L!C x eZKSVUTD@BAfVU@Bhi@BA?VUTRPRK {Dk :

k ∈ Z} <�hiNQVXe\<?hkPDVBnjb?c?CDJ?@dY)FHc3F�L`KSI0CD>?m?@B>?CDA ^ �fc?@ULBFMe\l`T`KMTR@yhiNtb?COe)FHm?<He\<�bHe\CDVBI0CDVUTDl ] >)KpY\@de\@B>H�>3FHn PD>3F0TDc?@U>?>)@BAtVUTDc3FHI3TDFHc?CDA ^ � KMz%YZKMW TDCDm?IDK�bHe\CDVBI0CDVUTD<tb?c?<?C x c?@deZK x @BVBI0CD>?@Bm?>3FHn I?c)KMTD>?CDVUTDl ^
� VBIHe\n�m?@B>?<?@�VBCDVUT`KSPMe)W?@UT >)K`m)Kpe\C ^ � >)Kpm)Kpe\@�I0CDhibHe\@BI0VB>?CDAtbHe\CDVBI0CDVUTD<qe\@BPDNQAt<rb?c)KSPDNQAtc)KMLBc?@ULIDKMz%Y\CDA{C x eZKSVUTD<%VBhiNQIRKSn	TDVXW ] LO>)K`m?<3T ] PGc?@ULBFMe\lpTOKMTR@#VBIHe\@BA?I?<�PDVB@QC x eZKSVUTD<%VB@Bhi@BA?VUTDPRK {Dk : k ∈ Z}CDIDKMLONQPRKSn	TDVvW�VBIHe\@B@B>?>?N#hi<�P�>)K`m)Kpe\@ ^)} KSI?<?hfC x c)KMLOCDh ] I?c)KMTD>?CDVUTDl�>)Kpm)K`eZK%c)KSPD>)K{@dY\<?>?<?J?@ ^

@ V|e\<�b?c?@dY\VUT`KSPD<3TDl�VB@ x @ ] m3TDC=IRKMz%YZKMW%COY\>?CSLO>)K`m?>)KMW�PD@UTDPDl�KSc [ FHhi@B>3T`K=CDb?c?@dY\@de\@B>)K=P=VBPDCD@BA�C x eZKSVUTD<
Dk,
TDCGhi>?C [ CSLO>)K`m?>)KMW%EGFH>?I?J?<3W z → Arg z

CDIDKMz%@UTDVXW{C`Y\>?CMLO>)Kpm?>?CDA ] >?CGCDb?c?@dY\@de\@B>?>?CDA�>)Kyb?CDVUTDc?CD@d�>?CDA%K x VUTDc)KSI3TD>?CDA�b?CDPD@Bc5)3>?CDVUTD< ^ �Gc?<%b?@Bc?@BVB@Bm?@B>?<?<�hi@BVUTOK
c)KMLOc?@ULOK
PDc)KM�{KSn	��<?A?VXW�e)FHm%b?@Bc?@�)0COY\<3T=VCOY\>?C [ C=e\<?VUT`K=YZKS>?>?CDA�b?CDPD@Bc5)3>?CDVUTD<!>)K
Y\c3F [ CDA�e\<?VUT ^ �Gc?<��UTDCDhkLO>)K`m?@B>?<3W�C`Y\>?CDA�PD@UTDPD<�KSc [ FHhi@B>3T`K>?@Bb?c?@Bc?NQPD>?C�hi@B>3W?n	TDVXW�>)K{LO>)K`m?@B>?<3W�Y\c3F [ CDA�PD@UTDPD<�KSc [ FHhi@B>3T`K ^�GCDVUTDc?CD@B>?>)KMW�b?CDPD@Bc5)3>?CDVUTDl�>?@
L`KSPD<?VB<3T�CST�PDN x CDc)K{e)FHm)K lϕ ] PMY\COe\l�I0CSTDCDc?C [ C�b?c?CD<3LOPD@dY\@B>�b?@UcH�PDCD>)K`m)Kpe\lD>?NQA�c)KMLBc?@UL ^ @ V|e\<�<?>?E
CDc?h KSJ?<3W%C x �UTDCDh�e)FHm?@#b?CSTD@BcRW?>)K ] TDC
PDCDVBVUT`KS>?CDPD<3TDl=@B@#b?C
b?CDVUTDc?CM�@B>?>?CDA�b?CDPD@Bc5)3>?CDVUTD<!>?@de\lSLBW ^�@ V|e\<�c)KMLOc?@ULGb?c?CD<3LOPS@dY\@B>!PMY\COe\l
e)FHm)K lϕ ] TDC�LO>)K`m?@B>?<?@y>3FSe\@UPDCDA�PD@UTDPD<KSc [ FHhi@B>3T`K�P�TDCDm?I0@ z, P�C x ��@Bb?c?<?>3W3TDN,)!C x CSLO>)Kpm?@B>?<3W ) (Arg z)0,
CDb?c?@dY\@de)W?@UTDVvW!IDKSI�@dY\<?>?VUTDPD@B>?>)CD@

LO>)K`m?@B>?<?@�KSc [ FHhi@B>3T`K ] e\@Uz�KM��@B@=P�b?COe)FH<?>3TD@Bc?PRKpe\@ (ϕ, ϕ+ 2π]. � >)K`m?@B>?<?@ k � A�PD@UTDPD<�P��UTDCDA�TDCDm?IH@ ]P%C x CSLO>)K`m?@B>?<3W ) (Arg z)k,
CDb?c?@dY\@de)W?@UTRVXW�IRKSI�VUFHhih K

(Arg z)0 + 2πk.�yFRVUTDlgb?@Bc?PDCD>)K`m)Kpe\lD>?NQAtc)KMLOc?@UL�b?c?CD<3LOPD@dY\@B>tPMY\COe\lgb?COe\C`z�<3TD@de\lD>?CDAqm)KSVUTD<rY\@BA?VUTDPD<3TD@Ue\lD>?CDA
CDVB< ^ ���UTDCDh�V|e)FHm)KS@~>3FMe\@BPRKMW=PD@UTDPDlyKSc [ FHhi@B>3TOK�P#TDCDm?I0@ z := x+iy

b?c?<?>?<?h KS@UT�VXe\@dY)FHn	��@B@~LO>)K`m?@B>?<?@

(Arg z)0 =

{

arg z,
b?c?<

y ≥ 0;

arg z + 2π,
b?c?<

y < 0.

� TDCDm?IRK )�CSTDc?<?J)KMTD@de\lD>?CDAkm)KSVUTD<oY\@BA?VUTDPD<3TR@deZlD>?CDAkCDVB<�CD>)K�>?@Bb?c?@Bc?NQPD>)K ] TOKSIgIRKSI�P!e\@BPDCDA�b?C`e)FR�bHe\CDVBI0CDVUTD<�<?hi@B@UT�hi@BVdTDC�b?c?@dY\VUT`KSPMe\@B>?<?@
(Arg z)0 = arctg y

x
+ π.�Gc?< PDN~Y\@de\@B>?<?<�COY\>?CSLO>)Kpm?>?N ) PD@UTDPD@BA EGFH>?I?J?<?<

z → Arg z
<?>?C [ YZKqFMY\C x >?Ctb?c?CD<3LOPDCOY\<3TDlb?@Bc?PDCD>)K`m)Kpe\lD>?NQArc)KMLOc?@dL�bHe\CDVBI0CDVUTD<q>?@!b?C�e)FHm3F ] K�b?Co>?@BI0CSTDCDc?CDArI?c?<?PDCDA V!>)K`m)Kpe\CDh�P�>)K`m)Kpe\@I0CDhibHe\@BI0VB>?CDAqbHe\CDVBI0CDVUTD<q<rI0CD>?J?CDh�P x @BVBI0CD>?@Bm?>?CDVUTD< ] >)KSb?c?<?hi@Bc ] b?C�VB<?>3FDVBCD<HY\@ z = t + i sin t ]

t ∈ [0,+∞).
� >)Kpe\<3TD<?m?@BVOI0CD@�b?c?@dY\VUT`KSPMe\@B>?<?@�COY\>?CSLO>)K`m?>?N,)gPD@UTDPD@BAgEGFH>?I?J?<?<

z → Arg z
P��UTDCDh

V|e)FHm)KS@=>?@BVBI0C`e\lSIHC%FDVXe\C`z�>3W?@UTDVXW ^



� ��!�#
��$�%���� z → z

1

n �

��(���67,-8-9-+:2
z → z

1
n

��FH>?I?J?<3W
z → z

1
n

CDb?c?@dY\@de)W?@UTDVvW�IRKSI C x c)KMTD>)KMW I EGFH>?I?J?<?< z → zn ^ B
KSAHY\@Bh b?c?CDC x c)KMLTDCDm?I?<
w0 6= 0

b?c?<�CSTDC x c)KMz{@B>?<?< z → zn ^ �yFDVUTDl w0 = zn0 .
�~CDVUb?C`e\lSLBFD@BhiVXW�TDc?< [ CD>?CDhi@UTRc?<H�m?@BVBI0CDA5E
CDc?hiCDAtL`KSb?<?VB<

w0 = |w0|(cosϕ0 + i sinϕ0) ] [ Y\@ ϕ0 ∈ Argw0.
�GC E
CDc?h FMe\@ �!FRKSPDc)K

w0 = |z0|n(cosnψ0 + i sinnψ0) ]Z[ Y\@ ψ0 ∈ Arg z0. �
L�VBPDCDA?VUTDPRK�@dY\<?>?VUTRPS@O>?>?CDVUTR<�TDc?< [ CD>?CDhi@UTDc?<)m?@d�VBI0CDA�E
CDc?hiN5L`KSb?<?VB<�I0CDhibHe\@BIHVB>?C [ C�m?<?V|eZK%PDN TD@BIRKS@UT ] m3TDC |w0| = |z0|n, ϕ0−nψ0

2π
∈ Z.

s e\@dY\CSPRKMTD@de\lM�
>?C ] z0 = n

√

|w0|
(

cos ϕ0+2πk
n

+ i sin ϕ0+2πk
n

) b?c?<�>?@BI0CSTDCDc?CDh
k ∈ Z. _ TDC%LO>)K`m?<3T ] m3TDC%CDb?c?@dY\@de)W?@Bh KMW>)KShi<!EGFH>?I?J?<3W

z → z
1
n

W?PMe)W?@UTDVXW�hi>?C [ CSLO>)K`m?>?CDA ^ � CDhibHe\@BI0VB>?CDh F�m?<?V|e)F z CD>)K{VUTOKSPD<3T�P%VBCDCSTDPD@UTM�VUTDPD<?@=hi>?C`z{@BVUTDPDC�I0CDhibHe\@BIHVB>?N,)�m?<?VB@de

z
1
n :=

{

n
√

|z|
(

cos Arg z
n

+ i sin Arg z
n

)

,
@BV|e\<

z 6= 0
0,

@BV|e\<
z = 0

�~N~Y\@de)W3W!COY\>?CSLO>)Kpm?>?NQ@
PD@UTDPS<�KSc [ FHhi@B>3T`K (Arg z)k ] hiN5PDN~Y\@de)W?@BhrCOY\>?CSLO>)K`m?>?NQ@
PD@UTDPD< z → (z
1
n )k�UTDCDA�EGFH>?I?J?<?< ^ � Y\@BVBl

(z
1
n )k :=

{

n
√

|z|
(

cos (Arg z)k
n

+ i sin (Arg z)k
n

)

,
@BV|e\<

z 6= 0

0,
@BV|e\<

z = 0

w Y\>?CSLO>)K`m?>)KMW�PD@UTDPDl z → (z
1
n )k
CDb?c?@dY\@de\@B>)K�>)K�PDVB@BA�bHe\CDVBI0CDVUTD<o<�CSTDC x c)KMz�KS@UT�bHe\CDVBI0CDVUTDl!V�c)KMLU�c?@ULOCDh

D ] >)KSb?c?<?hi@Bc ] PMY\COe\l�e)FHm)K Lϕ, L`KpYZKSPRKS@BhiC [ C�FHc)KSPS>?@B>?<?@Bh z = teiϕ, t ∈ (0,+∞),
PSL`KS<?hi>?C

COY\>?CSLO>)K`m?>?C�>)K{F [ e\CDPSFHn�C x eZKSVUTDl
Gk = {(r, ϕ′) : ϕ+ 2πk < ϕ′ < ϕ+ 2π(k + 1)} .

w Y\>?CSLO>)K`m?>)KMW�EGFH>?I?J?<3W

z →
{

n
√

|z|
(

cos arg z
n

+ i sin arg z
n

)

,
@BVXe\<

z 6= 0
0,

@BVXe\<
z = 0>)KMLONQPRKS@UTDVXW [ eZKSPD>?CDA�PD@UTDPDlDnaJ?@de\CDA�VUTD@Bb?@B>?>)CDA�EGFH>?I?J?<?<�<He\<�c)KpY\<?IRKpe\CDh�VUTD@Bb?@B>?< n ^�@ @#LO>)K`m?@B>?<?@P�TDCDm?IH@

z
C x CSLO>)K`m)KS@UTDVXW n

√
z ^ ��c3F [ <?@�PD@UTDPD<�J?@de\CDA�VUTD@Bb?@B>?>?CDA�EyFH>?I?J?<?<�FSY\CDPMe\@UTDPDCDcRW?n	T!VBCDCMTD>?CM�'�@B>?<?n

(z
1
n )k = n

√
zei

2πk
n .+ Y\C x >?C%PDPD@BVUTD<�P%c)KSVBVBhiCSTDc?@B>?<)@=C`Y\>?CSLO>)K`m?>3FHn�EGFH>?I?J?<?n z → arg(0) z, [ Y\@

arg(0) z :=

{

arg z,
@BV|e\<

z 6= 0
0,

@BVXe\<
z = 0

} C [ YZK�Y?e)W�PDVB@�) z ∈ C ])x FMY\@UT�VBb?c)KSPD@dY?e\<?PDC�c)KSPS@B>?VUTDPDC

n
√
z = n

√

|z|
(

cos
arg(0) z

n
+ i sin

arg(0) z

n

)

.



� ��!�#
��$�%���� z → z

1

n �

� KShi@Bm)KS@Bh ] m3TDCfc)KSPD@B>?VUTDPDC n
√
zn = z

VBb?c)KSPD@dY?e\<?PDCfTDCOYZKf<aTDCOe\lDIHC TDC [ YZK ] IHC [ YZK arg(0) z ∈
(−π

n
, π
n
].
��m)KSVUTD>?CDVUTD< ] c)KSPD@B>?VUTDPDC √z2 = z

VBb?c)KSPS@dY?e\<?PDC�TDC [ YZK�<�TDC`e\lDI0C�TDC [ YZK ] IHC [ YZK arg(0) z ∈
(−π

2
, π
2
]. � >)K`m?<3T ] >)K C VBb?c)KSPS@dY?e\<?PDC�TDC`z%Y\@BVUTDPDC

(−1)χ(z)
√
z2 = z,

[ Y\@ χ(z) := 0,
@BV|e\<

arg(0) z ∈ (−π
2
, π
2
],
<
χ(z) := 1,

@BVXe\<
arg(0) z /∈ (−π

2
, π
2
].
�GC`e\@ULO>?C!L`KMh @dTD<3TRl ]m3TDC�P!TDCDm?IRK )�hi>?<?hiCDAoCDVB< � L`K�<?VBIHe\n�m?@B>?<?@Bh >)Kpm)KpeZK � COY\>?CSLO>)K`m?>)KMW�EGFH>?I?J?<3W z → √

z2
TD@Bc?b?<3T

c)KMLOc?NQP ] I0CSTDCDc?NQAgI0CDhib?@B>?VB<?c3FR@UTRVXWk<3LOhi@B>?@B>?<?@Bh EGFH>?I?J?<?< z → χ(z).
��c?@ULBFMe\l`T`KMTR@�b?COe)FHm)KS@UTDVXW

>?@Bb?c?@Bc?NQPD>)KMW�<!YZKMz{@
J?@deZKMW�EGFH>?I?J?<3W
z → z.

s Y\c3F [ CDA�VUTDCDc?CD>?N (
√
z)2 = z

Y?e)W!e\n x C [ C z ∈ C.
��FH>?I?J?<3W

z → (
√
z)2
W?PMe)W?@UTDVvW!b?c?CD<3LOPD@dY\@B>?<?@Bh Y\PSF*)�VBCDPDb)KpYZKSn	��< )�EGFH>?I?J?<?A

z → √
z.
�rTDCDm?IDK )

CSTDc?<?J)KMTD@de\lD>?CDAkm)KSVUTD<oY\@BA?VUTDPD<3TR@de\lD>?CDAkCDVB<gc)KMLOc?NQP�C`Y\>?C [ C�VBCDhi>?C`z�<3TD@de)W�FDVUTDc)KS>3W?@UTRVXW�Y\c3F [ <?hVBCDhi>?C`z�<3TD@de\@Bh ^
��FH>?I?J?<3W

z → (z
1
n )k
W?PMe)W?@UTDVXWgC x c)KMTD>?CDAgI�VUF0z%@B>?<?n EGFH>?I?J?<?< z → zn

>)K�C x eZKSVUTDl Gk ^ �GCTD@BCDc?@Bhi@=C%b?c?CD<3LOPDC`Y\>?CDA�C x c)KMTD>?CDA�EGFH>?I?J?<?<
(

(z
1
n )k

)′
=

1

(zn)′

∣

∣

∣

∣

(z
1
n )k

=
1

n
z1−n

∣

∣

∣

∣

(z
1
n )k

=
1

n

(

(z
1
n )k

)1−n
.

} KSI?<?hkC x c)KMLOCDh ] b?c?CD<3LOPDCOY\>)KMW�EGFH>?I?J?<?< z → (z
1
n )k
CSTOe\<?m?>)K{CST%>3FMe)W!P�e\n x CDA�TDCDm?I0@GC x eZKSVUTD< D.

w TDVBn~YZK�PDN TD@BIDKS@UT ] P�m)KSVUTD>?CDVUTD< ] m3TDC�CSTDC x c)KMz{@B>?<?@ D → Gk ] CDVUF0��@BVUTRPMe)W?@BhiCD@��UTDCDA�EGFH>?I?J?<?@BA ]W?PMe)W?@UTDVXW�I0CD>?E
CDc?hi>?NQh ^
w Y\>?CSLO>)Kpm?>?NQ@�PD@UTDPD< (z

1
n )k
<
(z

1
n )k+n

Y?e)W�e\n x C [ C k ∈ Z
VBCDPDb)KpYZKSn	T ^ _ TDC�b?CSLOPDCOe)W?@UT�CSTDC`z%�Y\@BVUTDPD<3TDl � VBIHe\@B<3TDl � VBCDCSCSTDPD@UTDVUTRPSFHn	�{<?@�e\<?VUTDN�c?<?h KS>?CDPDCDA b?CDPD@Bc5)3>?CDVUTD<qKSc [ FHhi@B>3T`K ^ �Gc?< �UTDCDhe\@BPDNQA�I?c)KSA�c)KMLOc?@UL`K�e\<?VUT`K

Dn−1
� CD>�z%@ ? b?c)KSPDNQA�I?c)KSA�c)KMLOc?@UL`K�e\<?VUT`K Dn � CSTDC`z%Y\@BVUTDPMe)W?@UTDVvWV�b?c)KSPDNQh I?c)KS@Bhkc)KMLOc?@UL`K=e\<?VUT`K

D0. wyx ��@B@ym?<?VXe\C=e\<?VUTDCDP{c?<?h KS>?CDPDCDA�b?CDPD@Bc5)3>?CDVUTD<�VUCDI?c)KM�{KS@UTDVvW<�VUTOKS>?CDPD<3TDVXW�c)KSPD>?NQh
n ^

n
� I?c)KMTD>?NQA�C x )RCOY�TDCDm?I?< O ] >)KSb?c?<?hi@Bc ] b?c?CSTD<?P=m)KSVUCDPDCDA%VUTDc?@de\I?< ] b?c?<?PDC`Y\<3T
I%PDCSLOPDc)KMTSF�>)Ky<?V )RCOY?�>?NQA�e\<?VUT
c?<?h KS>?CDPDCDA�b?CDPD@Bc*)3>?CDVUTD< ^ �Gc?Cy�UTSF�TDCDm?I3F [ CDPDCDcRW3T ] m3TDC
CD>)K	W?PMe)W?@UTDVvW�TDCDm?IHCDA{PD@UTDPMe\@B>?<3WI?c)KMTD>?CDVUTD<

n ^ B
K%c?<?VUFH>?I0@�b?CDIDKML`KS>?C�VUTDc?CD@B>?<?@�c?<?h KS>?CDPDCDA�b?CDPD@Bc*)3>?CDVUTD<�EGFH>?I?J?<?< z → z
1
4 .
� KMz%�

>?C�L`KShi@UTD<3TRl ] m3TDC�b?c?@dY\VdT`KSPMe\@B>?<)@{C�c?<?h KS>?CDPDCDA�b?CDPD@Bc*)3>?CDVUTD< ] VBE
CDc?hi<?c?CDPRKS>?>?CD@�>)K�CDVB>?CDPD@��UTDC [ Cc?<?VUFH>?IDKgCDVUT`KS@UTDVXWqYZKpe\@BI?<?h CSTg<?VUTD<?>?>?C [ C ^ ��CDVUT`KMTDCDm?>?CkVBCDC x c)KMLO<3TDl ] m3TDCgPDVB@!e\<?VUTDN K x VUTDc)KSI3TM�>?CDA!b?CDPD@Bc5)3>?CDVUTD<�VBCDPD@Bc�'�@B>?>?C�c)KSPD>?CDb?c)KSPD>?N ^ s c?@dY\<�>?< )�>?@UT�PD@Bc5)3>?@ [ C�<!>?<3z�>?@ [ C ^ B
K )0COY)W?VBl%>)KI0CD>?I?c?@UTD>?CDh�e\<?VUTD@��UTDCDAfb?CDPD@Bc5)3>?CDVUTD< ] >?@�L`K x FSY\l`TD@�@ [ C�>?CDhi@Bc ^ �~CDVBVUT`KS>?CDPD<3TDl�@ [ Cob?C�PD>3F0TDc?@B>H�>?@Bh F�VUTDc?CD@B>?<?n�b?CDPD@Bc*)3>?CDVUTD<�>?@BPDCSLOhiC`z�>?C ^ �~CDVBVUT`KS>?CDPD<3TDl�>?CDhi@Bc�e\<?VUT`K%c?<?h KS>?CDPDCDA�b?CSPD@Bc*)3>?CDVUTD<hiC`z�>?C ] @BV|e\<�<3LOPD@BVUTD>?C�LO>)K`m?@B>?<?@=EGFH>?I?J?<?< z → z
1
n

)0CST`W x NjP%COY\>?CDA!TDCDm?I0@=�UTDC [ C%e\<?VUTOK ^
@ VXe\<kb?c?COY\C`e)z�<3TDl�EGFH>?I?J?<?n z → z

1
n

>)K
C̄ ] b?COe\Cpz�<?P ∞ 1

n = ∞ ] TDC�e\<?VUTDN c?<?h KS>?CDPDCDAgb?CM�PD@Bc5)3>?CDVUTD<aVBIHe\@UW3TDVvWa@U��@�<tP x @BVUIHCD>?@Bm?>?CDVUTD< ^Q} CDm?>?@B@ ] IRKMz%Y\NQAfe\<?VUT c?<?h KS>?CSPDCDAtb?CSPD@Bc*)3>?CDVUTD<L`KShi@B>3W?@UTDVXW�CSTOY\@de\lD>?NQha�BI3LO@BhibHe)W?c?CDhtc?<?h KS>?CDPDCDA�VBE
@Bc?N ^ �Gc?<��UTDCDhtPDVB@�VBE
@Bc?N b?CDb)KSc?>?C�VBIHe\@B@d�>?Nkb?C x @Bc?@ [ KSh�c)KMLOc?@ULOCDP ] b?c?CD<3LOPD@dY\@B>?>?N,){PMY\COe\l�PDN x c)KS>?>?C [ Cyhi@Bc?<HY\<)KS>)K ^D_ T`K�b?CDPD@Bc5)3>?CDVUTDlG<?hi@B@UTF0z{@yY\PD@GTDCDm?I?<�PD@UTDPMe\@B>?<3W
0
< ∞ ^\wyx @GTDCDm?I?<�PD@UTDPMe\@B>?<3W�<?hi@Bn	T�I?c)KMTD>?CDVUTDl n.
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�GCOe\@ULO>?C	�Ub?C )RCOY\<3TDl
�Ub?C��UTDCDA�b?CDPD@Bc*)3>?CDVUTD< ] b?c?COY)FHh KMTDl�b3F0TD<�b?@Bc?@�)RC`YZK=V#COY\>?C [ CGe\<?VUT`K=>)K�Y\c3F [ CDA ]b?c?CDV|e\@dY\<3TDl�<3LOhi@B>?@B>?<?@
LO>)K`m?@B>?<?A�EGFH>?I?J?<?<
z → z

1
n

PMY\C`e\l%�UTD< )�b3F0TD@BA ^
w Y\>?CSLO>)Kpm?>?NQ@=PD@dTDPD<�EGFH>?I?J?<?< z → z−

1
n ,
CDb?c?@dY\@de)W?@BhiCDA�V
b?CDhiCS��lDn VBCDCSTD>?C('�@B>?<3W

z−
1
n :=







1

z
1
n
,
@BV|e\<

z /∈ {0,∞},
∞,

@BV|e\<
z = 0,

0,
@BV|e\<

z =∞,

PDN~Y\@de)W?n	TDVXW�b?CDVBc?@dY\VUTRPDCDh5PDN~Y\@de\@U>?<3W�C`Y\>?CSLO>)K`m?>?N,)�PD@UTDPD@BA�EGFH>?I?J?<?<
z → z

1
n ,
TDc)KSI3TSFD@OhiCDA�IRKSI

EGFH>?I?J?<3W�<3L
C̄
P
C̄ ] P�m)KSVUTD>?CDVUTD< ] (z− 1

n )k := 1

(z
1
n )k

. � <?h KS>?CDPRK!b?CDPD@Bc5)3>?CDVUTDl�EyFH>?I?J?<?< z → z−
1
n

VBCDPDb)KpYZKS@UT�V
c?<?h KS>?CDPDCDA!b?CDPD@Bc*)3>?CDVUTDlDn�EGFH>?I?J?<?<
z → z

1
n ^

� (�
��\8\1��01�4?.R���\,-132a4!67,-8-9-+:2q8��
� �:��.08�2D,-�\/ �-.0�-.��G.0,-,��\/
� KSVBVBhiCSTDc?<?h VUTD@Bb?@B>?>)CDA�c0WHY ∑∞

n=0
zn

n!
^?_ TDCST%cRWHY!V )0COY\<3TDVXW!>)K�PDVB@BA�Y\@BA?VUTDPD<3TR@de\lD>?CDA!b?cRW?h CSA�<@ [ C%VUFHhih K{P{TDCDm?I0@ x ∈ R

VBCDPDb)KpYZKS@UT%V
ex ^ �GC{TD@BCDc?@Bhi@ � x @de)W!CD>!V )0COY\<3TDVXW�>)K�PDVB@BA�I0CDhibHe\@BI0VB>?CDAbHe\CDVBI0CDVUTD<{< ] V|e\@dY\CDPRKMTD@de\lD>?C ] b?c?@dY\VUT`KSPMe)W?@UTGTOKSh�>?@BI0CSTDCDc3FHnqEGFH>?I?J?<?nqI0CDhibHe\@BI0VB>?CDA{b?@Bc?@Bhi@B>?>?CDA ^

_ TSF EGFH>?I?J?<?n >)KMLONQPRKSn	T�b?CDIRKML`KMTD@de\lD>?CDArEGFH>?I?J?<?@UAqI0CDhibHe\@BI0VB>?CDAqb?@Uc?@Bhi@B>?>?CDA ] @B@�LO>)Kpm?@B>?<?@�PTDCDm?I0@
z
C x CSLO>)K`m)KSn	T ez ^+ x @dY\<?hiVvW ] m3TDC#Y?e)W
b?CDIRKML`KMTD@de\lD>?CDA�EGFH>?I?J?<?<�I0CDhibHe\@BI0VB>?CDA�b?@Bc?@Bhi@B>?>?CDA�<?hi@B@UT�hi@BVUTDC�C x NQm?>)KMWTD@BCDc?@Bh K�V|e\Cpz{@B>?<3W

ez1+z2 = ez1ez2 ] z1, z2 ∈ C.
s C [ eZKSVB>?CgCDb?c?@dY\@de\@B>?<?n ez1 =

∑∞
n=0

zn1
n!
] ez2 =

∑∞
n=0

zn2
n!
. } C [ YZK{b?C{TD@BCDc?@Bhi@=C x FHhi>?Cpz{@B>?<?<�cRWHY\CDP�<?hi@B@Uh

ez1ez2 =

( ∞
∑

n=0

zn1
n!

)( ∞
∑

n=0

zn2
n!

)

=

=
∞
∑

n=0

(

z01
0!

zn2
n!

+
z11
1!

zn−12

(n− 1)!
+ ...+

zk1
k!

zn−k2

(n− k)!
+ ...+

zn1
n!

z02
0!

)

=

=
∞
∑

n=0

1

n!

(

zn2 + nz1z
n−1
2 + ...+

n!

k!(n− k)!
zk1z

n−k
2 + ...+ zn1

)

=

=
∞
∑

n=0

1

n!
(z1 + z2)

n = ez1+z2 .

�GC CDb?c?@dY\@de\@B>?<?n b?CDIDKML`KMTD@de\lD>?CDA�EGFH>?I?J?<?<�I0CDhibHe\@BI0VB>?CDA�b?@Bc?@Bhi@B>?>?CDA�<?hi@B@Bh
eiy =

∑∞
n=0

(iy)n

n!
, e−iy =

∑∞
n=0

(−iy)n
n!

.
s m?<3T`KS@Bh ] m3TDC y ∈ R ^\� >)Kpm?<3T ]

eiy + e−iy

2
=

∞
∑

n=0

in
yn

n!

(

1 + (−1)n
2

)

=
∞
∑

k=0

(−1)k y2k

(2k)!
= cos y.

� >)Kpe\C [ <?m?>?C ]
eiy − e−iy

2i
=

∞
∑

n=0

in−1
yn

n!

(

1− (−1)n
2

)

=
∞
∑

k=0

(−1)k y2k+1

(2k + 1)!
= sin y.
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+ym?<3TDNQPRKMW�VBCDCSTD>?C('�@B>?<?@

eiy = eiy+e−iy

2
+ i
(

eiy−e−iy
2i

)

] b?COe)FHm)KS@BhrLB>)KShi@B>?<3TSF3n�E
CDc?h FSe)F _ AHe\@Bc)K

eiy = cos y + i sin y.

BG@Bb?CDVBc?@dY\VUTRPD@B>?>?Ck<3L�TD@BCDc?@BhiNuVXe\C`z{@B>?<3W Y?e)Wrb?CDIRKML`KMTD@de\lS>?CDAqEGFH>?I?J?<?<qPDN TD@BIRKS@UT ] m3TDCoY?e)We\n x C [ C!I0CDhibHe\@BI0VB>?C [ C�m?<?VXeZK z <�e\n x C [ C n ∈ Z
PD@Bc?>?C!c)KSPD@B>?VUTDPDC

ez+i2πn = ezei2πn ^ �Gc?<?PMe\@BIDKMWE
CDc?h FMe)F _ AHe\@Bc)K ] b?C`e)FHm)KS@Uh ez+i2πn = ez(cos 2πn + i sin 2πn) = ez ^ � KSPD@B>?VUTDPDC ez+i2πn = ezb?CDIDKMLONQPRKS@UT ] m3TDC�b?CDIRKML`KMTD@ve\lD>)KMW EGFH>?I?J?<3W I0CDhibHe\@BIHVU>?CDAfb?@Bc?@Bhi@B>?>?CDAkW?PMe)W?@UTDVXW b?@Bc?<?COY\<?m?@BVBIHCDAEGFH>?I?J?<?@BA�V
b?@Bc?<?COY\CDhrI?c)KMTD>?NQhqhi>?<?hiCDh F�m?<?VXe)F
2πi ^�GCGE
CDc?h FSe\@ _ AHe\@Bc)K ex+iy = ex(cos y+i sin y). � >)K`m?<3T ] Re ex+iy = ex cos y ] Im ex+iy = ex sin y ^

} KSI?<?h�C x c)KMLOCSh ] EGFH>?I?J?<?< u : (x, y)→ ex cos y ] v : (x, y)→ ex sin y
VBCDPDb)KpYZKSn	T�VQY\@BA?VUTDPD<3TD@Ue\lD>?CDA

<thi>?<?hiCDAqm)KSVUTpW?hi<tb?CDIRKML`KMTD@de\lD>?CDAaEGFH>?I?J?<?<tIHCDhibHe\@BI0VB>?CDAab?@Bc?@Bhi@B>?>?CDAaVBCDCSTDPD@UTDVUTRPD@B>?>?C ^ �Gc?<�UTDCDh Y?e)Wqe\n x CDAtTDCDm?I?< (x0, y0) ∈ R2 <?hi@B@Bh u′x(x0, y0) = ex0 cos y0 ] u′y(x0, y0) = −ex0 sin y0 ]
v′x(x0, y0) = ex0 sin y0 ] v′y(x0, y0) = ex0 cos y0 ^ s e\@dY\CDPRKMTD@de\lD>?C ] u′x(x0, y0) = v′y(x0, y0) ] u′y(x0, y0) =
−v′x(x0, y0) ^:� >)K`m?<3T ] b?CDIRKML`KMTD@de\lD>)KMW�EGFH>?I?J?<3W�Y\<?E
E
@Bc?@B>?J?<?c3FD@Oh K!P�e\n x CDA�TDCDm?IH@%I0CDhibHe\@BI0VB>?CDAbHe\CDVBI0CDVUTD< ^
@ @
b?c?CS<3LOPDC`Y\>)KMW�EGFH>?I?J?<3W�VBCDPDb)KpYZKS@UT%VG>?@BA ^ ��@BA?VUTDPD<3TD@Ue\lD>?C ] b?c?CD<3LOPDCOY\>)KMW!EGFH>?I?J?<3WP{TDCDm?I0@

z0 := x0 + iy0
b?c?<?>?<?h KS@UT�LO>)Kpm?@B>?<?@

u′x(x0, y0) + iv′x(x0, y0) = ex0(cos y0 + i sin y0) = ez0 ^�yFRVUTDl
ϕ ∈ R.

�GCDIRKML`KMTD@de\lD>)KMW�EGFH>?I?J?<3W
z → ez

CSTDC x c)KMz�KS@UT�PSL`KS<?hi>?C�COY\>?CSLO>)K`m?>?C�b?cRW?h FHn
lϕ,
L`KpYZKSPRKS@Bh FHn FHc)KSPD>?@B>?<?@Bh

z = t + iϕ, t ∈ (−∞,+∞),
>)K�CSTDI?c?N TDN#Are)FHm

Lϕ,
L`KpYZKSPRKS@BhiNQA

FHc)KSPD>?@B>?<?@Bh
w = eteiϕ, t ∈ (−∞,+∞).

��b?CDV|e\@dY\>?@Bh FHc)KSPD>?@B>?<?<ghiC`z�>?C�b?c?CD<3LOPD@BVUTD<gL`KShi@B>3Fob)KSc)KShi@UTDc)K
t → et

<oL`KSb?<?VOKMTDl�@ [ C�P�PD<HY\@
w = teiϕ, t ∈ (0,+∞).

+yPD@de\<?m?@B>?<?@�LO>)K`m?@B>?<3W
ϕ
VBPMW?LOKS>?C�V	b?@Bc?@Bhi@U��@B>?<)@Bhkb?c0W?hiCDA

lϕ
P=>)KSb?c)KSPMe\@d�

>?<?<�hi>?<?hiCDA�CDVB<�<�b?CDPDCDc?CSTDCDh�e)FHm)K
Lϕ
PDCSI?c3F [ >)K`m)KpeZK�b?c?CSTD<?P{m)KSVBCDPDCDA�VUTDc?@de\I)< ^�@ V|e\<�LO>)K`m?@B>?<?@

ϕ
FHPD@ve\<?m?<3TRVXWg>)K!PD@de\<?m?<?>3F

α ∈ (0, 2π],
TDC�b?c0W?h KMW

lϕ
b?@Bc?@Bhi@BVUTD<3TRVvW�>)K!PD@de\<?m?<?>3F

α ] K�e)FHm Lϕb?CDPD@Bc?>?@UTDVXW�b?c?CSTD<?P�m)KSVBCSPDCDA�VUTDc?@de\I?<�>)K�F [ COe α ^ w TDVBn YZK�V|e\@dY)FR@UT ] m3TDC�EGFH>?I?J?<3W z → ez
CDVUF0��@d�

VUTDPMe)W?@UTDVvW�PSL`KS<?hi>?C�COY\>?CSLO>)K`m?>?CD@�CSTDC x c)Kpz%@B>?<?@=CSTDI?c?N TDCDA�b?COe\CDVBN G := {(x, y) : ϕ < y < ϕ+ α}>)KgCSTDI?c?N TDFHn�F [ COe\CDPSFHn C x eZKSVUTDl D := {(r, ϕ′) : ϕ < ϕ′ < ϕ+ α} . _ TDCfCSTDC x c)KMz{@B>?<?@�W?PMe)W?@UTM�VXWqI0CD>?E
CDc?hi>?NQh ] TOKSIqIRKSIrb?c?CD<3LOPDCOY\>)KMWqb?CDIDKML`KMTD@de\lD>?CDAtEGFH>?I?J?<?<qVBCDPDb)KpYZKS@UTgV�b?CDIRKpL`KMTD@de\lD>?CDAEGFH>?I?J?<?@BA�< ] IDKSI�e\@ [ I0C�F x @dY\<3TDlDVXW ] CSTOe\<?m?>)K�CST�>3FMe)W�P{e\n x CDA�TDCDm?IH@
IHCDhibHe\@BI0VB>?CDA�bHe\CDVBI0CDVUTD< ^
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�tVXe)FHm)KS@
α = 2π

C x eZKSVUTDl D VBCDPDb)KpYZKS@UT�V
bHe\CDVBI0CDVUTDlDn�V
c)KMLOc?@ULOCDhrPMY\C`e\l�e)FHm)K Lϕ ^
��(�*��
=d1?�-+�4 �G+��-. 2D8\132a4!67,-8-9-+:2t8 �
� �:��.08�2D,-�\/ �-.0�-.��G.0,-,-�\/

;=C [ KSc?<?E
hi<?m?@BVBIDKMW�EGFH>?I?J?<3W z → Ln z
CDb?c?@dY\@de)W?@UTRVXW�IRKSI�C x c)KMTD>)KMW�I�b?CDIRKML`KMTD@de\lD>?CDA�EGFH>?IH�J?<?<

z → ez ^ B
KSAHY\@Bh5b?c?CDC x c)KML{TDCDm?I?< w0 6= 0
b?c?<�CSTDC x c)KMz{@B>?<?< z → ez ^ �yFRVUTDl w0 = ez0 .

�~CDVd�
b?COe\lSLBFD@BhiVvW�TDc?< [ CD>?CDhi@UTRc?<?m?@BVOI0CDA�E
CDc?hiCDA�L`KSb?<?VB< w0 = |w0|(cosϕ0 + i sinϕ0) ]Z[ Y\@ ϕ0 ∈ Argw0.�GC�E
CDc?h FSe\@ _ AHe\@Bc)K w0 = ex0(cos y0 + i sin y0) ]�[ Y\@ x0 = Re z0 ] y0 = Im z0 ^	� L�VBPDCSA?VUTDPRK!@dY\<?>H�VUTDPD@B>?>?CDVUTD<!TDc?< [ CD>?CDhi@UTDc)<?m?@BVOI0CDA!E
CDc?hiNtL`KSb?<?VB<!I0CDhibHe\@BI0VB>?C [ C%m?<?V|eZK{PDN TD@BIDKS@UT ] m3TDC |w0| = ex0 ,
ϕ0−y0
2π

∈ Z.
s e\@dY\CDPRKMTD@de\lD>?C ] z0 = ln |w0| + i(ϕ0 + 2πk)

b?c?<o>?@BI0CSTDCDc?CDh
k ∈ Z. _ TDC�LO>)K`m?<3T ] m3TDCCDb?c?@dY\@de)W?@Bh KMW�>)KShi<�EGFH>?I?J?<3W

z → Ln z
W?PMe)W?@UTDVXW�hi>?C [ CSLO>)K`m?>?CDA ^ � CDhibHe\@BI0VB>?CDh Fom?<?V|e)F z CD>)KVUTOKSPD<3T�P%VBCDCSTDPD@UTDVUTDPD<?@�hi>?Cpz{@BVUTDPDC�I0CDhibHe\@BI0VB>?N,)�m?<?VB@de

Ln z := ln |z|+ iArg z.

w TDhi@Bm)KS@Bh ] m3TDC%E
CDc?h FMeZK�Y?e)W�e\C [ KSc?<?E
h K�b?c?CD<3LOPD@dY\@B>?<3W�VBC )3c)KS>3W?@UT�VBPDCDn�VB<He)F�<�Y?e)W�IHCDhibHe\@BI0Vd�>?N,)�e\C [ KSc?<?E
hiCDP ^ ��@BA?VUTDPD<3TD@Ue\lD>?C ] Ln(z1z2) = ln |z1z2|+ iArg(z1z2) = ln |z1|+ ln |z2|+ iArg z1+
iArg z2 = Ln z1 + Ln z2.�~N~Y\@de)W3WfCOY\>?CSLO>)K`m?>?NQ@�PD@UTDPD<fKSc [ FHhi@B>3T`K (Arg z)k ] h N PDN~Y\@de)W?@Bh�COY\>?CSLO>)K`m?>?NQ@!PD@UTDPD< z →
(Ln z)k

�UTDCDA�EGFH>?I?J?<?< ]\[ Y\@

(Ln z)k := ln |z|+ i(Arg z)k, k ∈ Z.

w Y\>?CSLO>)K`m?>)KMW�PD@UTDPDl z → (Arg z)k
CDb?c?@dY\@de\@B>)K�PDC�PDVB@�)�TDCDm?IRK )

z 6= 0
<�CSTDC x c)KMz�KS@UT�bHe\CDVBI0CDVUTDl�Vc)KMLOc?@ULOCDh

D ] >)KSb?c?<?hi@Bc ] PMY\COe\l	e)FHm)K Lϕ, L`KpYZKSPRKS@BhiC [ C�FHc)KSPD>?@B>?<?@Uh z = teiϕ, t ∈ (0,+∞),
PSL`KS<?hi>?C

COY\>?CSLO>)K`m?>?C�>)K%CSTDI?c?N TSFHn�b?COe\CDVUF

Gk = {(x, y) : ϕ+ 2πk < y < ϕ+ 2π(k + 1)} .
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KSc [ FHhi@B>3TOKGb?CDc?C`z%YZKS@UT [ eZKSPD>3FHnqPD@UTDPDl�e\C [ KSc?<?E
h K z → ln |z|+i arg z ^(@ @~LO>)K`m?@B>?<?@P�TDCDm?IH@

z 6= 0
C x CSLO>)K`m)KSn	T ln z. �Gc?<{�UTDCDh�Y\c3F [ <?@QPD@UTDPD<�e\C [ KSc?<?E
h KyCDb?<?VBNQPRKSn#TDVvW%VBCDCSTD>?C('�@B>?<?@Bh

(Ln z)k := ln z + i2πk. � KShi@Bm)KS@Bh ] m3TDC�c)KSPD@B>?VUTDPDC ln ez = z
PDNQb?COe\>3W?@UTDVXW�TDC [ YZK�<�TDCOe\lDI0C�TDC [ YZK ]I0C [ YZK Im z ∈ (−π, π] ^ �Gc?<��UTDCDhr>)K C VBb?c)KSPD@dY?e\<?PDC%TDC`z%Y\@BVUTDPDC

ln ez − 2πχ(π − z)i = z,

[ Y\@ χ(z) ? J?@deZKMW!m)KSVUTDl�m?<?V|eZK Im z+π
2π
^

��FH>?I?J?<3W
z → (Ln z)k

W?PMe)W?@UTDVXW�C x c)KMTD>?CDA�I�VUF0z%@B>?<?n EGFH>?I?J?<?< z → ez
>)K�C x eZKSVUTDl Gk ^ �GCTD@BCDc?@Bhi@=C%b?c?CD<3LOPDC`Y\>?CDA�C x c)KMTD>?CDA�EGFH>?I?J?<?<

((Ln z)k)
′ =

1

(ez)′

∣

∣

∣

∣

(Ln z)k

=
1

ez

∣

∣

∣

∣

(Ln z)k

=
1

z
.

} KSI?<?haC x c)KMLOCDh ] b?c?CD<3LOPDCOY\>)KMW�EGFH>?I?J?<?< z → (Ln z)k
CSTOe\<?m?>)K�CST!>3FMe)WoP�e\n x CDA�TDCDm?I0@%C x eZKSVUTD<

D. w TDVBn~YZK�PDN TD@BIRKS@UT ] P�m)KSVUTD>?CDVUTD< ] m3TDCoCSTDC x c)KMz{@B>?<?@ D → Gk ] CDVUF0��@BVUTRPMe)W?@BhiCD@��UTDCDArEyFH>?IH�J?<?@BA ] W?PMe)W?@UTDVXW!I0CD>?E
CDc?hi>?NQh ^ � <?h KS>?CDPRK�b?CDPD@Bc5)3>?CDVUTDl{e\C [ KSc?<?E
hi<?m?@BVBI0CDA�EGFH>?I?J?<?<!VBCDPDb)KpYZKS@UT{Vc?<?h KS>?CDPDCDA�b?CDPD@Bc5)3>?CDVUTDlDn�KSc [ FHhi@B>3T`K ^ �Gc?<��UTDCDhqIRKMz%Y\NQA�C x )RCOY�TDCDm?I?< O b?c?<?PDCOY\<3T�I�b?@Bc?@�)RC`Y)F>)K�>?CDPDN A�e\<?VUT�c?<?h KS>?CDPDCDA�b?CDPD@Bc5)3>?CDVUTD< ] LO>)Kpm?<3T ] �UTOK�TDCDm?IDK�W?PMe)W?@UTDVXW�TDCDm?I0CDA�PS@UTDPMe\@B>?<3W x @BVBIHCM�>?@Bm?>?CDA�I?c)KMTD>?CDVUTD< ^Z} KSI?<?@yTDCDm?I?<�b?c?<?>3W3TDC�>)KMLONQPRKMTDl%e\C [ KSc?<?E
hi<?m?@BVBI?<?hi<�TDCDm?IDKShi<�PD@UTDPMe\@B>?<3W ^
�7(��=�-+�=S�\,-�
�G.�4?�-+��-. 2D8-+-.�+ =S+
�-.0�-�\�H��+��-. 2D8-+-.o4!67,-8-9-+-+

} c?< [ CD>?CDhi@UTDc?<?m?@BVOI?<?@{EGFH>?I?J?<?<�I0CDhibHe\@BIHVB>?C [ C!b?@Bc?@Uh @U>?>?C [ C!CDb?c?@dY\@de)W?n	TDVvW�V�b?CDhiCS��lDn�V|e\@d�Y)FHn	��< )�VBCDCSTD>?C('�@B>?<?A
sin z :=

eiz − e−iz

2i
, cos z :=

eiz + e−iz

2
.

� L�E
CDc?h FMe\N _ AHe\@Bc)K�PDN TD@BIDKS@UT ] m3TDC��UTD<�CDb?c?@dY\@de\@B>?<3W�VBC x e\n~YZKSn	T�b?c?@B@BhiVUTRPD@B>?>?CDVUTRl ^ ��c3F [ <?h <V|e\CDPRKShi< ] VUF0z%@B>?<?@GEGFH>?I?J?<?A z → cos z
<
z → sin z

>)K=Y\@BA?VUTDPD<3TD@Ue\lD>3FHn�CDVBl{VBCDPSb)KpYZKSn	T%VG<3LOPD@BVUTM�
>?NQhi<�TDc?< [ CD>?CDhi@UTDc?<?m?@OVBI?<)hi<%EGFH>?I?J?<3W?hi<�Y\@BA?VUTDPD<3TD@Ue\lD>?CDA%b?@Bc?@Uh @U>?>?CDA ^D} @BCDc?@BhiN V|e\C`z{@B>?<3W�Y?e)WEGFH>?I?J?<?A

z → cos z
<
z → sin z

<?hi@Bn	T�b?c?<?PDNQm?>3FHn�E
CDc?h F
sin (z1 + z2) = sin z1 cos z2 + cos z1 sin z2.

cos (z1 + z2) = cos z1 cos z2 − sin z1 sin z2,

� )!VBb?c)KSPD@dY?e\<?PDCDVUTDl%Y?e)W�e\n x N,) z1, z2 ∈ C
PDN TD@BIRKS@UT�<3LGe\@ [ I0C�b?c?CDPD@Bc0W?@BhiN,)�VBCDCSTD>?C('�@B>?<?A

eiz = cos z + i sin z,

ei(z1+z2) = eiz1eiz2 = (cos z1 cos z2 − sin z1 sin z2) + i(sin z1 cos z2 + cos z1 sin z2),

e−i(z1+z2) = e−iz1e−iz2 = (cos z1 cos z2 − sin z1 sin z2)− i(sin z1 cos z2 + cos z1 sin z2).s e\@dY\CDPRKMTD@de\lD>?C ] PDVB@�TDc?< [ CD>?CDhi@UTDc?<?m)@BVBI?<)@�TDCpz%Y\@BVUTDPRK ] PDN TD@BIRKSn	��<?@�<3L�TD@BCDc?@Bh VXe\C`z{@B>?<3W ] c)KSVd�b?c?CDVUTDc)KS>3W?n	TDVvW�<�>)K{I0CDhibHe\@BIHVB>3FHn�b?@Bc?@Bhi>?>3FHn ^ B
KSb?c?<?hi@Bc ]
sin z = cos

(π

2
− z
)

, cos z = sin
(π

2
− z
)

,

cos2 z + sin2 z = 1, sin(−z) = − sin z, cos(−z) = cos z,

sin(z + 2π) = sin z, cos(z + 2π) = cos z.��@BA?VUTDPD<3TD@deZlD>?C ] Y?e)W�e\n x C [ C z ∈ C
<?hi@B@Bh

sin
(

π
2
− z
)

= sin π
2
cos z − cos π

2
sin z = cos z,

cos
(

π
2
− z
)

= cos π
2
cos z+sin π

2
sin z = sin z, cos2 z+sin2 z = cos z cos z+sin z sin z = cos(z−z) =

1, sin(−z) = sin(0 − z), cos(−z) = cos(0 − z) ] sin (z + 2π) = sin z cos 2π + cos z sin 2π = sin z ]
cos (z + 2π) = cos z cos 2π − sin z sin 2π = cos z. � LoVBPDCDA?VUTDPrb?CDIRKML`KMTD@de\lD>?CDAjEGFH>?I?J?<?<jPDN TD@d�IDKS@UT ] m3TDCfEGFH>?I?J?<?< z → cos z

<
z → sin z

W?PMe)W?n	TDVXW5J?@de\NQhi< ^ �Gc?<a�UTDCDh (cos z)′ = − sin z ]
(sin z)′ = cos z ^
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� TDc?< [ CD>?CDhi@UTDc?<?m)@BVBI?<)hi<�EGFH>?I?J?<3W?hi<�TD@BVB>?C�VBPSW3L`KS>?N [ <?b?@Bc x COe\<?m?@BVBI?<?@%EGFH>?I?J?<?< ^ �7<?b?@Bc x CM�e\<?m?@BVBI?<?@�EGFH>?I?J?<?<�I0CDhibHe\@BIHVB>?C [ C�b?@Bc?@Bhi@B>?>?C [ C�CSb?c?@dY\@de)W?n	TRVXW�V=b?CDhiCS��lDn�V|e\@dY)FHn	�{< )�VBCDCSTD>?CM�'�@B>?<?A

sh z :=
ez − e−z

2
; ch z :=

ez + e−z

2
.

s PSW3LOl�TDc?< [ CD>?CDhi@UTDc)<?m?@BVOI?< )!< [ <?b?@Bc x C`e\<?m?@BVBI?< )!EGFH>?I?J?<?A�PDNQc)KMz�KS@UTDVXW!V|e\@dY)FHn	��<)hi<�E
CDc?h FMeZKp�hi<

sin iz = i sh z, cos iz = ch z.

+ x @dY\<?hiVXW�P�< )!VBb?c)KSPD@dY?e\<?PDCDVUTD< ^ sin iz = e−z−ez
2i

=
−(ez−e−z)

2i
= i e

z−e−z
2

= i sh z, cos iz = e−z+ez

2
=

ez+e−z

2
= ch z. � L#�UTD< )�VBCDCSTD>?C('�@B>?<?A�PDN TD@BIDKS@UT ] m3TDC
PDVvW?I0CD@ TDc?< [ CD>?CDhi@UTDc)<?m?@BVOI0CD@#TDC`z%Y\@BVUTDPDC=<?hi@d�@UT�VBPDCDA [ <?b?@Bc x C`e\<?m?@BVBI?<?AkKS>)Kpe\C [v^ B
KSb?c?<?hi@Bc ] sh(z1 + z2) = 1

i
sin i(z1 + z2) = 1

i
(sin iz1 cos iz2 +

cos iz1 sin iz2) = sh z1 ch z2+ch z1 sh z2, ch(z1+z2) = cos i(z1+z2) = cos iz1 cos iz2−sin iz1 sin iz2 =
ch z1 ch z2 + sh z1 sh z2, ch

2 z − sh2 z = cos2 iz + sin2 iz = cos(iz − iz) = 1. � L�VBCDCSTD>?C('�@B>?<?A
cos z = cos(x + iy) = cosx ch y − i sinx sh y, sin z = sin x ch y + i cos x sh y

PDN TD@BIRKS@UT ] m3TDC
| cos z| =

√

cos2 x ch2 y + sin2 x sh2 y =
√

cos2 x+ sh2 y, | sin z| =
√

sin2 x ch2 y + cos2 x sh2 y =
√

ch2 y − cos2 x, [ Y\@ x := Re z, y := Im z.
s e\@dY\CDPRKMTD@de\lD>?C ] EyFH>?I?J?<?< z → | cos z| < z → | sin z|>?@BC [ c)KS>?<?m?@B>?N ^

� KSVBVBhiCSTDc?<?h b?COY\c?C x >?@B@�CSTDC x c)KMz{@B>?<?@�I0CDhibHe\@BIHVB>?CDAgbHe\CDVBI0CDVUTD< ] CDVUF0��@UVUTRPMe)W?@BhiCD@�EGFH>?I?J?<?@BA
z → sin z ^ �yFDVUTDl ϕ ∈ (−π

2
, π
2

) ] a = sinϕ ] b = cosϕ.
��FH>?I?J?<3W

z → sin z
CSTDC x c)KMz�KS@UT�PSL`KS<?hi>?CCOY\>?CSLO>)K`m?>?C�b?cRW?h FHn

lϕ,
L`KpYZKSPRKS@Bh FHn FHc)KSPD>?@B>?<?@Bh

z = ϕ+ it, t ∈ (−∞,+∞),
>)K{C`Y\>3F�<3L=PD@UTDPD@BA

Lϕ [ <?b?@Bc x C`e\N ] L`KpYZKSPRKS@Bh FHn FHc)KSPD>?@B>?<?@Bh z = sin(ϕ + it), t ∈ (−∞,+∞) ^ �Gc?<��UTDCDhtb?cRW?h�KpW l−ϕCSTDC x c)KMz�KS@UTDVvW�PSL`KS<?hi>?C%COY\>?CSLO>)Kpm?>?C�>)K�Y\c3F [ FHn�PD@UTDPDl [ <?b?@Bc x COe\N L−ϕ ^

� KS>?CD>?<?m?@BVBI0CD@{FHc)KSPD>?@B>?<?@ [ <?b?@Bc x COe\N u2

a2 − v2

b2
= 1
PDN TD@BIRKS@UT�<3L{TDC`z%Y\@BVUTDP

sin(ϕ + it) = a ch t +

ib sh t ] ch2 t − sh2 t = 1.
� VB<?hib3TDCSTDN [ <?b?@Bc x COe\N�<?hi@Bn	T�F [ e\CDPDNQ@%I0CD�BE
E
<?J?<?@B>3TDN ± b

a
= ± ctgϕ.

� LOhi@B>?@B>?<?@~LO>)Kpm?@B>?<3W ϕ VBPSW3L`KS>?C�V~b?@Bc?@Bhi@U��@O>?<?@Oh�e)FHm)K lϕ, b?@Bc?@Bhi@U��@O>?<?@Bho<=Y\@BE
CDc?h KSJ?<?@BA�PD@UTDPD@BA[ <?b?@Bc x COe\N ^ �Gc?<�VUTDc?@Bh�e\@B>?<?< ϕ I 0
C x @�PD@UTDPD< [ <?b?@Bc x C`e\N�V x e\<3z�KSn	TDVvW�<�VXe\<?PRKSn	TDVXW�P�b?c?@dY\@de\@V!hi>?<?hiCDAfCDVBlDn ^ �Gc?<fVUTDc?@Bh�e\@B>?<)< ϕ I π

2

PD@dTDPD< [ <?b?@Bc x COe\N FMYZKpe)W?n	TDVvWr< VXe\<?PRKSn	TDVXWrP�b?c?@dY\@d�e\@�V�e)FHm)KShi<
L−π

2
, Lπ

2
,
L`KpYZKSPRKS@BhiNQhi<gFHc)KSPD>?@B>?<3W?hi<

w = t, t ∈ (−∞,−1] < w = t, t ∈ [1,+∞)VBCDCSTDPD@UTDVUTRPD@B>?>?C ^:w TDVBn~YZK�V|e\@dY)FD@UT ] m3TDC�EGFH>?I?J?<3W z → sin z
CDVUF0��@BVUTRPMe)W?@UT!PSL`KS<?hi>?C�COY\>?CSLO>)Kpm?>?CD@

CSTDC x c)KMz{@B>?<?@yCSTDI?c?N TDCDA�b?COe\CDVBN G :=
{

(x, y) : −π
2
< x < π

2

} >)K�CSTDI?c?N TSFHn C x eZKSVUTDl D, b?COe)FHm)KS@d�h FHn <3L=bHe\CDVBI0CDVUTD<�FMYZKpe\@B>?<?@Bhfe)FHm?@BA
L−π

2
, Lπ

2
^
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_ TDC�CSTDC x c)KMz{@B>?<?@
W?PMe)W?@UTDVXW�I0CD>?E
CDc?hi>?NQh ] T`KSI�IRKSI�b?c?CD<3LOPDCOY\>)KMW�EGFH>?I?J?<?< z → sin z
VBCDPSb)KpYZKS@UT

V�EGFH>?I?J?<?@BA
z → cos z

< ] IRKSI�PD<HY\>?C�<3LyVBCDCSTD>?C('�@B>?<3W | cos z| =√cos2 x+ sh2 y ] CSTOe\<?m?>)K�CST�>3FMe)WP�e\n x CDA!TDCDm?I0@=C x eZKSVUTD< G ^
� L�E
CDc?h FSe\N b?c?<?PD@dY\@B>?<3W sin(z + π) = − sin z

PDN TD@BIDKS@UT ] m3TDCoCSTDI?c?N T`KMWrb?C`e\CDVOK G + π :=
{

(x, y) : π
2
< x < 3π

2

} CSTDC x c)KMz�KS@UTDVXWfPSL`KS<?hi>?C�C`Y\>?CSLO>)K`m?>?Co< I0CD>?E
CDc?hi>?Co>)K�TSFgz{@�C x eZKSVUTDl D.
� KShi@Bm)KS@Bh ] m3TDC�b?c?<�b?@Bc?@�)RCOY\@{e)FHm)K lϕ m?@Bc?@UL%TDCDm?I3F z = π

2

b?c?CD<?V )0COY\<3T�VBhi@B>)K�PD@UTDPD< [ <?b?@Bc x COe\N ^��@B>3W?@UTDVXW�T`KSI3z{@
CDc?<?@B>3T`KSJ?<3W�PD@UTDPD< [ <?b?@Bc x COe\N IDKSI�I?c?<?PDCDA ^ � >)Kpe\C [ <?m?>)KMW�VB<3TSFRKSJ?<3W�PDCSLO>?<?IDKS@UT<�b?c?<�b?@Bc?@�)RCOY\@�m?@Bc?@UL
TDCDm?I3F
z = −π

2
.�Gc?@dY\VUT`KSPMe\@B>?<?@=C x CSTDC x c)KMz%@B>?<?<�IHCDhibHe\@BI0VB>?CDA!bHe\CDVBIHCDVUTD<�EGFH>?I?J?<?@BA z → cos z

hiCpz�>?C�b?COe)FR�
m?<3TDl ] <?VBb?COe\lSLBFDW=E
CDc?h FMe)F cos z = − sin

(

z − π
2

)

. � L >?@B@ PDN TD@BIRKS@UT ] P#m)KSVUTD>?CDVUTR< ] m3TDC	�UT`K#EGFH>?I?J?<3WCSTDC x c)KMz�KS@UT�C x eZKSVUTDl G + π
2

PSL`KS<?hi>?C�COY\>?CSLO>)K`m?>?C�<�I0CD>?E
CDc?hi>?C�>)K�C x eZKSVUTDl D ^ � >)Kpe\C [ <?m?>?C ] <3LE
CDc?h FMe
sh z = 1

i
sin iz, ch z = cos iz

PDN TD@BIRKS@UT ] m3TDC�EGFH>?I?J?<?< z → sh z
<
z → ch z

CSTDC x c)KMz�KSn#TPSL`KS<?hi>?C%C`Y\>?CSLO>)K`m?>?C�<�I0CD>?E
CDc?hi>?C%C x eZKSVUTDl 1
i
G
>)K{C x eZKSVUTD< 1

i
D
<
D
VBCDCSTDPD@UTDVUTDPD@O>?>?C ^

'��7(��%�\�-1�4?,�8%.74?�-+�=S�\,-�
�G.�4?�-+��-. 2D8-+-.�+ =S+
�-.0�-�\�H��+��-. 2D8-+-.o4!67,-8-9-+-+
��FH>?I?J?<3W

z → Arcsin z
CDb?c?@dY\@de)W?@UTDVvW!IRKSI�C x c)KMTD>)KMW�I�EGFH>?I?J?<?< z → sin z ^ B
KSAHY\@Bh b?c?CDC x c)KMLTDCDm?I?<

w0 6= 0
b?c?<gCSTDC x c)KMz{@B>?<?< z → sin z ^ �yFDVUTDl w0 = sin z0.

�~CDVBb?COe\lSLBFR@BhiVXWkCDb?c?@dY\@de\@B>?<?@Oh
TDc?< [ CD>?CDhi@UTDc?<)m?@BVBIHCDArEGFH>?I?J?<?< < b?C`e)FHm?<?h w0 =

t0−t−1
0

2i
] [ Y\@ t0 := eiz0 . w TDI3FMYZK�PDN TD@BIRKS@UT ] m3TDC

t20 − 2iw0t0 − 1 = 0 ] TDC�@BVUTDl t0 ∈ iw0 + (1− w2
0)

1
2 ^ s e\@dY\CDPRKMTD@de\lS>?C ] z0 ∈ 1

i
Ln
(

iw0 + (1− w2
0)

1
2

)

^
_ TDC�LO>)Kpm?<3T ] m3TDC�CDb?c?@dY\@de)W?@Bh KMW�>)KShi<�EGFH>?I?J?<3W z → Arcsin z

W?PMe)W?@UTDVXW�hi>?C [ CSLO>)K`m?>?CDA�EGFH>?I?J?<?@BA� I0CDhib?CSLO<?J?<?@BA�EGFH>?I?J?<?A ] <3L	I0CSTDCDc?N,)�COY\>)KyW?PMe)W?@UTDVvW x @BVBI0CD>?@Bm?>?CSLO>)K`m?>?CDA�<%@U��@	COY\>)K ? Y\PSF0LO>)K`mH�>?CDA �d^ � CDhibHe\@BI0VB>?CDh F!m?<?V|e)F z CD>)K{VUT`KSPD<3T�P%VBCDCSTDPD@UTDVUTRPD<?@�hi>?C`z{@BVUTDPDC�I0CDhibHe\@BI0VB>?N,)�m?<?VB@de

Arcsin z :=
1

i
Ln
(

iz + (1− z2)
1
2

)

.

�~N~Y\@de)W3W [ eZKSPD>?NQ@GPD@UTDPD<�EGFH>?I?J?<?A z → Ln z
<
z → z

1
2 ] hiNaPDN~Y\@de)W?@Bh [ eZKSPD>3FHn�PD@UTDPDl%KSc?I0VB<?>3FDVOK

z → arcsin z, [ Y\@

arcsin z :=
1

i
ln
(

iz −
√
1− z

√
1 + z

)

.

�yFRVUTDl
ϕ ∈ (−π

2
, π
2
) ^ ��FH>?I?J?<3W z → arcsin z

CSTDC x c)KMz�KS@UT�I?c?<?PSFHn ] L`KpYZKMPRKS@Bh FHn�FHc)KSPD>?@B>?<?@Bh
z = sin(ϕ + it) ] t ∈ (−∞,+∞),

>)K%b?c0W?h FHn
w = ϕ + it ] t ∈ (−∞,+∞).

;
FHm?<
z = sin(− π

2
+ it) ]

t ∈ [0,+∞)
<
z = sin(π

2
+it) ] t ∈ (−∞, 0)

CD>)K#CSTDC x c)Kpz�KS@UT	>)K e)FHm?< w = −π
2
+it ] t ∈ [0,+∞)

<
w =

π
2
+ it ] t ∈ (−∞, 0)

VBCDCSTDPD@UTDVUTRPD@B>?>?C ^ ��@BA?VUTDPD<3TD@de\lD>?C ] @BV|e\< ϕ ∈ [−π
2
, π
2
)
<
t ≥ 0

<He\<
ϕ ∈ (−π

2
, π
2
]<

t < 0 ] TDC arg(0) sin
(

ϕ+it
2
− π

4

)

/∈ (−π
2
, π
2
],
K
arg(0) sin

(

ϕ+it
2

+ π
4

)

∈ (−π
2
, π
2
] ^ s e\@dY\CDPRKMTD@de\lD>?C ]
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√

sin2
(

ϕ+it
2
− π

4

)

= − sin
(

ϕ+it
2
− π

4

)

,
K √

sin2
(

ϕ+it
2

+ π
4

)

= sin
(

ϕ+it
2

+ π
4

)

. � >)Kpm?<3T ]
i sin(ϕ+ it)−

√

1− sin(ϕ+ it)
√

1 + sin(ϕ+ it) =

= i sin(ϕ+ it)−
√

2 sin2
(

ϕ+it
2
− π

4

)

√

2 sin2
(

ϕ+it
2

+ π
4

)

=

= i sin(ϕ+ it) + 2 sin
(

ϕ+it
2
− π

4

)

sin
(

ϕ+it
2

+ π
4

)

=
= i sin(ϕ+ it) + cos(ϕ+ it) = eiϕ−t,

arcsin sin(ϕ+ it) =
1

i
ln eiϕ−t =

1

i
(iϕ− t) = ϕ+ it.

} KSI?<?h5C x c)KMLOCSh [ eZKSPD>)KMW�PD@UTDPDl�KSc?I0VB<?>3FDVOK�CSTDC x c)KMz�KM@UT�bHe\CDVBI0CDVUTDl�V%c)KMLOc?@UL`KMh < D PMY\COe\l�e)FHm?@BA
z = t, t ∈ (−∞,−1] < z = t, t ∈ [1,+∞)

>)K{CSTDI?c?N TSFHn�b?COe\CDVUF
G := {z : Im z ∈ (− π

2
, π
2
)} ] K�PDVBnbHe\CDVBI0CDVUTDl�CD>)K�CSTDC x c)KMz�KS@UT�>)K�hi>?C`z{@BVUTDPDC G′, b?COe)FHm)KS@BhiCD@�<3L�C x eZKSVUTD< G Y\C x KSPMe\@B>?<?@Bh e)FHm?@BA

z = −π
2
+ it, t ∈ [0,+∞)

<
z = π

2
+ it, t ∈ (−∞, 0). � >)Kpm?<3T ] k � W�PD@UTDPDl�KSc?I0VB<?>3FRVOK�CSTDC x c)KMz�KS@UTC x eZKSVUTDl D >)K=CSTDI?c?N TSF3n�b?C`e\CDVUF Gk := G+πk ] K=PDVBnjbHe\CDVBI0CDVUTDl{CD>)K=CSTDC x c)KMz�KS@UT�>)K�hi>?C`z{@BVUTDPDC

G′k := (−1)kG′ + πk.
�Gc?<��UTDCDhrVBb?c)KSPD@dY?e\<?PRK�E
CDc?h FMeZK

(Arcsin z)k = (−1)k arcsin z + πk.
��FH>?I?J?<3W

z → arcsin z
W?PMe)W?@UTDVXWkC x c)KMTD>?CDAkIkVUF0z{@B>?<?nuEGFH>?I?J?<?< z → sin z

>)K�hi>?Cpz{@BVUTDPDC
G′ ^

� >)K`m?<3T ] c)KSPD@B>?VUTDPDC (Arcsin sin z)k = z
<?hi@B@UT{hi@BVUTDC�TDC [ YZK�<�TDCOe\lDIHC=TDC [ YZK ] I0C [ YZK z b?c?<?>)KpY?e\@Uz�<3Thi>?C`z{@BVUTDPSF

G′k ^�GCqTD@BCDc?@Bhi@ Ctb?c?CD<3LOPDC`Y\>?CDA V|e\C`z�>?CDA EGFH>?I?J?<?< Y?e)Wje\n x C [ C z ∈ G
<?hi@B@Bh

(arcsin z)′ =

1
i

i+
√

1+z

2
√

1−z
−
√

1−z
2
√

1+z

iz−
√
1−z

√
1+z

= 1
i

i+ z√
1−z

√
1+z

iz−
√
1−z

√
1+z

= 1√
1−z

√
1+z
^)} KSI?<?hfC x c)KMLOCDh ]

(Arcsin sin z)′k =
(−1)k√

1− z
√
1 + z

.


