OyHKIUN AeficTBUTEILHOI TTepeMeHHOi!

Ecim otoxkaectsuts R? m C Kak MHOMKECTBa, TO KOMILUIEKCHas (DYHKINS JefCTBHTENLHON
nepementoii f : R — C|t — u(t) +iv(t) Moxer paccMaTpuBaThCs KaK BEeKTOpHAs (DyHKIIUS
R — R?|t — (u(t),v(t)) neiicTBuTenbHoit nepementoii. [Ipu 3ToM KoopauHATHBIe (DYHKINH U U U
HA3BIBAIOTCA deticmeumenvroti u muumot dactamu dyuknun f u obosnavaiorcd Re f u Im f co-
oTBeTcTBeHHO. CBOiICTBA KOMILIEKCHBIX (DYHKIINN JIeiCTBUTEIbHON TTepeMeHHOl, TaKUM 00pa3oM,
MOXKHO CYHTATh U3BeCTHBHIMU. CJemayeT JIUIb JOMOJTHUTH UX HOBBIMU CBOMCTBAMU, CBSI3aHHBIMU C
nasmmaneMm B C jonoHuTeIbHON anrebpandeckoit cTpyKTyphl. He Ha mocjejgHneM Mecte CTOUT U
HEOOXOIMMOCTD MMO3HAKOMUTHCS ¢ HOBBIMEH O003HAYEHUSIMUA U TEPMUHOIOTHAEH.

1. IlokazarenpHas dyHKIHUA AeiiCTBUTEIbHON mepeMeHHol. Popmysia Diljiepa

[Ipumepom KOMILTEKCHO# (DYHKIUU JIeHCTBUTEIbHON TepeMeHHON ABISIETCS NoKa3amMenbHas
Ppyrryua deticmeumenvroti nepemennori:

R — C|t — €",

0o (it)"
n=0 nl
I, 13 oueBnmmHOro HepaBeHCTBA

()"
n!

" co |t
. Kax msBectno, wmcmoBoit pax ) >~ - Opu I000M

re e oGo3mavaer cymmy psaa Y.
t € R cxoiuTes U ero cymMMa paBHa €

£"
<
- nl
oo (i)™
BBITEKAET, 4TO PsAl Y~ <4~ abCOMIOTHO cxoauTcsa npu jiobom ¢ € R. D710 o3magaer, 4ro mo-
KazarejbHas (DYyHKIUs onpejiesieHa Ha Beeit uucioBoit npsamoit. [Ipu srom g oboro ¢ € R

nMeeM o o
i N~ @) N ()"
e = Z ol , € = Z T
n=0 n=0
3HavuT,
et _'_e—zt e ‘ntn 14+ (_1)n © t2k
B :ZZE( 5 :Z(—)mzcost
n=0 k=0
it —it > /1= (=1)" > t2k:+1
L (=1) =3 (-1 — sint
2i — n! 2 — (2k + 1)!
y‘II/ITI)IBaH O4YeBUJIHOE COOTHOIIEHUE
i 67't + e—zt N - 67't _ e—zt
= i
2 21 7

MoJTy9aeM 3HAMEHUTYIO dopmyay isepa
e = cost +isint.

U3 370it hopmysibl BeITEKAET, YTO NMOKa3aTebHasd (DYyHKIUS AeifCTBUTEILHON TepeMeHHON sB-
JIsieTcst nepuoanydeckoit pyHkimueit ¢ ocHoBHbIM 1iepuojom 27. [Ipu srom

Ree" = cost, Ime" = sint,

le| = Vcos?t +sin’t =1, Arge" = {t + 27k : k € Z}.
O6nacTh 3Ha4YEHHH TOKa3aTe/JbHOW (YHKIUH COBINAJAeT € eJIMHUYIHON  OKPYKHOCTBHIO
{(cost,sint):t € R}.
Yoenumcs, 9To s OIpPeIeeHHONl TaKuM 00pa30M MOKA3aTebHON (GYHKIUH HMeeT MeCTO

OOBIYHA MEOPEMA CAOHCEHUA

el(t1+t2) _ elt1elt2'

1
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JeitctuTennno, mo dopmyse Ditepa el = costy +isinty, €2 = costy + isint,. Torma

e’it1

eitz _ (

costy +isinty) (costy +isinty) =
= (costy costy — sinty sinty) + ¢ (costy sinty + sinty costy) =

— cos(ty + ty) +isin (t; + to) = ettt

C nmoxkazare/ibHOIT pyHKIHEH AeficTBUTE/IHHO IepeMeHHOil cBA3aHa HOBad (hopMa 3aIHCH KOM-
mwiekcHoro dncia Ilyers z € C u 2z # 0. Mcnoas3yss TpUroHOMeTpUYecKyo (bOpMy 3alucH KOM-
IJIEKCHOTO YHC/IA, Oy daeM

z=r(cosp+ising), tner = |z|, p € Arg z.
[To dopmye Ditnepa To Ke caMoe MOYKHO MepeNnucaTh B BHIE
z=re% tner = |z|, p € Argz.

91y GOpMY 3alUCh TPUHATO HA3BIBATH NOKA3aMeAbHOT Hopmoti 3anucty, KOMILIEKCHOIO YHC/IA.
Csoticmeo eduncmeenmnocmu 3TOH (pOPMBI 3aIIUCH TIOBTOPAET CBOMCTBO € TMHCTBEHHOCTH TPUTOHO-
MeTpuiIecKoi (hOpMBI 3aIUCH KOMILIEKCHOTO YHC/IA:

i ; P1— P2
rie't = ree'? & ry =1y, Tor €Z
T

2. Ilpenen m HENPEPHIBHOCTH (DYHKINU AENCTBUTEIHHON EePEMEHHOI

OcHoBHBIE OTIPe Ie/IeHUsT JJIsi BEKTOPHBIX (DYHKIUI OHOMN JIefiCTBUTEILHOI TepEMEHHON TPa,Iu-
MUOHHO (POPMYIUPYIOTCA B TePMHUHAX KOOPJAWHATHBIX (BYHKIHi. VX Jlerko mepedopMyInpoBaTh
B TepMHUHBI (DYHKIUH KOMILIEKCHOI mepeMenHoi. KoMmitekcHas (GbyHKIUS JeidCTBUTETLHON TIe-
peMennoit f ozpanuvena na mnosicecmee T C Dy ! ecqm orpaHMYEHB HAa 3TOM MHOMKECTBE €&
JTeHCTBUTEIbHAS U MHAMAS 9acTU. [OBOPAT, 9TO KOMILTEKCHOE YHCI0 A gBsgeTcsa npedesom kom-
naexcroti pynxuuu f 6 mouke to € Dy mmm bynxuus f czodumcea x Komnaexcrnomy wucay A
npu t — to (B obosnavennsx limy . f(t) = A wm f(t) — A npu t — £y COOTBETCTBEHHO), €cin
Re f(t) = Re A u Im f(t) — Im A npu t — to % Kommexcnas bynxuus f nenpepuiera 6 mouxe
to € Dy, ec/iu HenpepbIBHLL B 9TOI TOUKe e€ JleficTBUTe/IbHAs U MHUMAasl 9aCTH 3,

Bazkno mepedopMyIMpOBaTh ITH ONpe/IeJIeHNsT B TEDMUHBI TPHTOHOMETPUIECKOIl ([oKa3aTesh-
HO#1) (POPMBI 3AMHUCH KOMILIEKCHBIX THCET.

TEOPEMA 0.1. Komnaexcraa dynxyus f ozpanuvena na mrostcecmee T C Dy, moada u
moAvko mozda, K020a Ha IMoM MmHodcecmee ozpanuvena gyrkyusa |f|:t — |f(t)]-

JIOKABATEJILCTBO. Bcé Boitekaer u3 oueBmambix mepasencts max{|Re f(¢)],|Im f(¢)|} <
U

[f(O)] < | Re f(8)] + [Im f(2)].

TrEOPEMA 0.2. IIpedes dpynxuuu f 6 mouke tg € D_f pasern A # 0 mozda u moavko moeada,
Ko2da cywecmsytom deticmeumenvhvie GYHKUUL T U © MAKUE, 4MO

F() = r(t)e?
ona moboeo t € Dy ur(t) — |A|, p(t) — arg A npu t — .

13 1ech u manee D ¢ — obmacTh onpeeenus GyHKIHA f, D7f — eé 3aMbIKaHue.

Q,prI‘I/IMI/I CJI0BaMU, JJIs JTI00OH MOCTIeN0BATENbHOCTH {ty oo To4eK ¢, € Dy, cxomsmeiics K tg, IOCIeI0BA-
renpHocTH {Re f(t,)}02 u {Im f(t,)}02, cxomsrcea Kk Re A u Im A coorBercTBeHHO.

3uaue, Re f(tn) — Re f(to), Im f(t,) — Im f(to) npm t,, — to, t, € Dy.
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JOKABATENBCTBO. Ilycrs f(t) — A # 0 npu t — to. [onoxum r(t) := |f(t)]. Torga

r(t) = /(Re F(0))2 + (Im (1)) — v/(Re A + (Im AP = |A], t — to.

TTonoxknm

[ arg{f(t)A} + arg A, ecau f(t) #0;
P(t) = { i 0, ° ecn f(t) = 0.

BamedaeM, 9TO
Re{f(t)A} =Ref(t) ReA+Im f(#)Im A — (Re A)* + (Im A)*> = |A]> > 0, t — t,,
Im{f(t)A} = —Re f(t)Im A+ Im f(t)ReA — —Re AlmA+ImARe A =0, t — t,.

Ecm t, — to m t, € Dy, To, HauMHAasA C HEKOTOPOro HoMepa /N, BBINOIHACTCA HEPaBEHCTBO

Re{f(t,)A} > 0 u, snaunt, arg{f(t,)A} = arctg % — 0. CrenoBarenbuo, ¢(t,) — arg A.
Drto osmagaet, uto ¢(t) — arg A mpu t — to. [Ipm atom @(t) € Arg {f(t)A} + ArgA = Arg f(t).
BHaumT, NMeeT MecTo mpejcTasienne f(t) = r(t)e®).

O6parno, nycts 7(t) — |A| # 0, p(t) — arg A upu t — to u f(t) = r(t)e’*®) s moboro t u3
Dy. Torna Re f(t) = r(t) cos p(t) — |A| cosarg A = Re A, Im f(t) = r(¢)sinp(t) — |A|sinarg A =
Im A npu t — tg, a 9170 03HAuaer, uro f(t) — A npu t — to. O

W3 jokazanHOil TEOpEeMbl BbITEKAET

TEOPEMA 0.3. Komnaexcnas pynruua [, ydosaemeoparowasn ycaosuto f(ty) # 0, nenpe-
pouena 6 mouke tg € Dy mozada u moavko mozda, ko2da cyuecmsyom rnenpepuisrvle 6 moti movke
deticmeumenvrvie GYHKUUL T U O MaKue, 4mo

f(t) =r(t)e? (1)
das mobozo t € Dy.

Ormernm, uro dbyHKIus r u3 npejctapienns (1) onpeaengercs ogao3HadHo: T = | f|. SHAUeHNS
dbyHKIMI ¢ B KazKI0i TOUKe ONPeIeNseTcs ¢ TOYHOCTHIO 0 CJIAraeMOro, KpATHOTO HANMEHBIIEMY
IePUOJIy TMOKA3aTebHOI (hyHKIIH:

(1) = { arg{f(t)f(to)} + arg f(to) + 2wk (t), ecmn f(t) # 0;

21k(t), ectn f(t) = 0.

3aecy k — npousBosibHad DYHKIUSA, oIpee/énHas Ha obacT onpeenenns Dy dbyHaknun f, mpu-
HUMAIOMIAas MeJOYnCcIeHnble 3Havenus. HempepbIBHOCTD (DYHKIINU ( B TOUKe t; O3HAYAET HEIpe-
PBIBHOCTB (DYHKIIMK k B 9TOi TOUKe. DTO, B CBOIO OUepeIb, O3HAYAET, UTO CyzKeHne (pyHKIum k Ha
HEKOTOPYI OKPECTHOCTb TOUYKH lg SABJISIETCS KOHCTAHTOM.

QyHKIMS HA3BIBACTCS HENPEPBLIGHOT, €CTM OHA HEeIpephIBHA B KaKJI0# TOYKE 00JIAaCTH OIpe-
nenennsa. Oynxmua f naswiBeTcs nenpepvienoti na mmoscecmee I C Dy, ecam eé cykenme Ha
MHOZKeCTBO 1 HempepwiBHO. [leficTBUTEIbHAST ¥ MHUMAasi 9aCTH KOMILIEKCHON (yHKImu f ompe-
JEJIFI0TCA 0JHO3HAYHO. [loaromy HempepbiBHOCTH dbyHkuuu f (Ha MHOXKecTBe 1) paBHOCHJIbHA
HEMPEPLIBHOCTH €€ JIeficTBUTeIbHON 1 MHUMOI YacTn (Ha MHOXKecTBe T'). Komiuiekchas dbyHKius
| pasromepro nenpepuena na mrosicecmee IT' C Dy, ecnn nag moboro € > 0 cymectsyer § > 0 Ta-
KO€, UTO JIs BCeX tq,ty € T, yIOBIETBOPSIONINX YCIOBUIO |t — 9| < J, BHIMIOTHIETCS HEPABEHCTBO

|f(t1) — f(t2)| <e.

TeEOPEMA 0.4 (Kanrtop). Ecau komnaekcruan dynryua f nenpepwena na ompeske [a, b,
MO 0HA PABHOMEPHO HENPEPBIBHA HA IMOM OMpe3Ke.
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Vupaxuaenne. 1. JlokaxKuTe, 9T0 Npejies KOMILIEKCHO GyHKIUE f B TOUKe tj € .D_f paBen A
TOT/1a U TOJBKO TOr/Ia, KOTaa /s JII000i mocae10BaTe IbHOCTH {tn};";1 TOUeK t, € Dy, cxonamieiica
K Ty, TOCTETOBATEIHBHOCTHA { f (tn) o2 CXOIHUTCA K A. 2. JlokaxkuTe, 4TO Ipejes] KOMILIEKCHON
dyuknun f B TOUKe tg € D—f paBen A Torja u TOJIBKO TOT/IA, KOTJIA

(Ve >0)(36 > 0)(Vt € Dy: 0 < |t —to| < 8) : |f(t) — Al <e.
3. Kommnexcnag ¢gpynknua f HempepblBHA B TOUKe ty € Dy Torja U TOIBKO TOLJa, KOLJa
(Ve > 0)(30 > 0)(Vt € Dy = [t —to| <0) : |f(t) — f(to)] <e.

4. JTokazkuTe, 4TO KOMIIeKCHas (ByHKIHA f HempepbIBHA Ha OTKPbITOM MHOXKecTBe 1" C D Torma
U TOJILKO TOTJIa, KOT/la OHA HENpPepPhIBHA B KaxKJI0i TOUKe 3TOT0 MHOXKecTBa. H. Jlokarkure Teopemy
Kanropa, onupasich Ha €€ BBIOJIHUMOCTD JIJIs JeHCTBUTEILHBIX (DYHKIHI 0aHOM JeficTBuTe1bHO
nepeMeHHON.

3. HduddepennupoBaune dyHKui AelicTBUTEIbHOI ITIEPEMEHHOM

Komvmiekcnaa dyukmusa f dugpepernuupyema 6 mouke to, ecan auddepeHIupyeMbl B TOi
TOUKe €€ JelicTBUTEbHAS U MHEMAst 9acTh U = Re f u v := Im f. [Ipu atom npoussodnoti f'(t)
Pynkuuu f 6 mouke ty Ha3BIBAETC TIPeJIET

PO = f(ty) o ult) —ulto) (1) ~ v(to)

. . [
lim —F——— := lim —%—— + ¢ lim

= u'(to) + ' (to).
t=to 1 —1o t—to  t—t toto 1 —t (to) (to)

Oyuknuio f HA3LIBAIOT duddepenyupyemoti, ecin ona guddepeHupyeMa B KaxK a0l TOUKe 00-
aactn onpejenenns. Pynkunio [ naseaior duddeperyupyemoti na mrosicecmee T C Dy, ecan
cyxkenne ¢dpyuknun f Ha MHO)KecTBO 1" muddepennupyemo. duddepennupyemocts pyuknun f Ha
OTKPBITOM MHOXKecTBe T paBHOocHIbHA Jud depertupyemoctu GYHKIUN [ B KayKI0il TOUKe MHO-
sxectBa 1. HemocpeacTBeHHO M3 ompeje/ieHnsl BHITEKAET, YTO KOMILIEKCHAsS KOHCTAHTA SBJISETCS
nudeperimpyemoit pyHKIHEH 1 UMeeT HYJIeBYIO MPOU3BOIHYIO.

Caenxyer moMHUTh, 910 auddepenmpyemocts GyHKIUN f B TOUKe ty O3HAYAET, B YaCTHOCTH,
9TO 3Ta TOYKA NPUHAIE:KUT objactn onpefenenus Dy dynkunu f u apiasercs s neé mpe-
JiesibHOM TouKOoi. IuddepennnpoBanne pyHKINE B W30IMPOBAHHOI TOYKe 00J1aCTH OTPe/Ie/IeHUsT
JIUTIEHO cMbicaa. Takum obpaszom, auddepeHmpyeMocTsh (DYHKIIUT ITPeIoaraeT, 9To e€ 00/1acTh
omnpeesIeHns He COJAEPKUT U30JIUPOBAHHBIX TOYEK.

Komvmiekcnaa dbyukmus f auddepenmupyema B TOUKe ty TOIJa W TOJIBKO TOIJA, KOIja eé
npupamienne f(t) — f(tg) npeacraBisieTcs: B Bue

f@t) = fto) = At = to) +7(t)(t —t0), t € Dp\{to},

e A € C, v(t) — 0 npu t — ty. Komruiekcnasi koHctanta A onpejessiercsi OJHO3HAYHO W
coBmagaer ¢ npousBoaHoit f'(tg) = u'(ty)+iv'(to). deiicrurensno, byukuus f nuddepennupyema
B TOUKe ty € Dy TOraa u TOJLKO TOIJ/IA, KOIJla UMEIOT MeCTO HpeJCTaB/IeHusd

u(t) — ulto) = a(t — to) + at)(t — to), v(t) — v(te) = b(t — to) + BE)(t — to), t € D\{to},

rae a = u'(ty), b = v'(to), a(t),B(t) — 0 npu t — ty. Ocraéres 3ameruts, uro f(t) — f(ty) =
(u(t) — u(ty))+ i(v(t) — v(to)). Taxum oGpazom,

f(t) = f(to) = df (to) +~(t)(t —to), t € Df\{to},

rae df (to) = du(to) + idv(tg) — duddepenyuan dynrkyuu f 6 moure ty.
MmnozkecTBo Beex Touek u3 Dy, B KoTopbIX dhynknns f okassiBaercd nuddepennupyemoit sas-
asiercst obsacthio onpejenenusi Gyukimun ¢t — f'(t). Dra byHkums Ha3BIBAETCH NPOU3EOIHOT
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Pynryuetd dyukuuu f u obosnavaercsa f’. [Ipoussognas GpyHKIUA KOMILIEKCHON (DYHKIIMU MOBTO-
psieT OCHOBHBIE CBOHCTBA MPOU3BO/IHON JleficTBuTebHOM dyHKImun. Hanpumep,

it 1o = it fo (Fufa) = Fifa+ Fufbs R/ o) = ”;ﬂ

IIpu s1om obmactu Dy, 41y, Dy s,y onpegenenns byuxuuit (fi + f2)' n (fif2)" siowaior muO-
aectBo Dy () Dy, a obnacts Dy, g,y onpenenenns dynkuun (f1/f2) BKIOUaeT MHOXKECTBO
(Dgr (N Dgy)\{t = fa(t) = 0}. BeimosaumocTs nmepsoro COOTHOMIEHHs OUeBUIHA. BHIMIOTHEMOCTD
BTOPOI'O BBITEKAET U3 PABEHCTB

(fif2)" = [(u1 + iv1)(ug + iv2)] = (wruz — v1v2) + i(urve + viug)' =
= Uy + uguy — ViU — v1vy + i(ujve + uvh + viug + viuy) =

= [ufug — vivy + i(uyvy + urvy)] 4 [urtly — vivh + i(ugvh + viuy] = fifa + fifs.

Orciofa BHITEKAET, B YACTHOCTH, YTO KOMILIEKCHYIO KOHCTAHTY MOYKHO BBHIHOCUTD 32 3HAK IPOM3-
BoHOI: (cf) = cf’. BBIMOJIHIMOCTD MOC/IETHETO0 COOTHOIIEHNST IPE/IIATACTCS JTOKA3ATh THTATEITIO
B Ka4eCTBe YIpParKHEHUSI.

Baxkno chopmysmpoBars yciaoBue auddepeHnupyeMocTu KOMILIEKCHON (yHKIuM JeificTBU-
TeJIbHOW NepPeMEeHHON B TePMUHAX TPUTOHOMETPHYECKOH (hOPMbI 3a0UCH KOMILIEKCHOIO YHC/IA.

TEOPEMA 0.5. Ecau f(ty) # 0, mo dudpepenyupyemocms romnaexcnol dynruyuu f 6
mouke tg o3nauwaem, wmo cyuiecmeyrom dugddepenyupyemvie 6 3moti mouke deticmeumenvuie
dynryuu r U © maxue, ¥mo

F(t) = r(t)e?
das mobozo t € Dy. IIpu smom

CE i)

caedosamennvro, npouseodnas PyHKyuL @ 6 mouke ty onpedeaiemca 00H03HAHO

iy L f'(te)  7'(to)
#(fo) = i <f(t0) r(to) > .

JIOKABATEJILCTBO. uddepennupyemocts pyHKInn f B TOUKe t BIeUET €€ HEIPEPHIBHOCTD
B 9T0it TouKe. ITo Teopeme 0.3 cyiiecTBYIOT HelpepbIBHBIE B TOUKe t( JAeificTBUTEbHbIE (DYHKIUN
r m o Takme, ato f(t) = r(t)e¥® = r(t)(cosp(t) + isinp(t)). pn srom dbymxmma r : t —

u?(t) + v%(t), oueBuano, auddepennupyema B ToUKe to. OnHO U3 YnCET 1:((:2)) :gg;

F(to) = ((to) + ir(to) ¢ (10))e*®) = £ (1) (

obga3aTesIbHO

n

npuHaTeKUT naTepBasty (—1,1). 3Haunt, U3 mpeacTaBienuii

©(t) = arccos @, o(t) = arcsin v(®)

r(t) r(t)

BBITeKaeT, uTo (hyHKIud ¢ ToxKe quddepennupyema B Touke ty. CiemoBaTeabHo,
u'(to) = 7' (to) cos p(to) — r(to)¢' (to) sin p(to),

V' (to) = r'(to) sin (to) + 7 (to) ¢’ (to) cos p(ty).

r
Bmaunt, f'(to) = u'(to) +iv'(to) = (r'(to) + ir(te)¢’ (to))e ).

Oo6patno. Eciu dyukmun r u ¢ auddepermupyemsbl B TOUKe ty, TO PYHKIUNA U U U, OYEBUTHO,
nuddepeHupyeMbl B TOUKe to, a 3T0 03HaUaeT auddepeHnupyemMocts pyHkimn f. 0
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[Tokazarenbuas dpyukius auddepenimpyema B J1r000i Touke. Haiijem e€ npon3Boanyo GyHK-
IO
(e") = (cost)' +i(sint) = —sint +icost = i(cost + isint) = ie".
A A .,
Bameuaem, uto e — ¢ = 0, eciu = 0 u b = 2. [pu srom nponssognas (e) orimana ot Hy/s
Ha orpe3ke [0,27]. DTOT MpuMep MOKA3BIBAET, YTO NPUBBIYHAS JJIs JEHCTBUTENbHBIX (ByHKIN
TeopeMa O CpeJIHeM

f(b) = f(a) = f'(e)(b—a), c€ (a,b)
HE BBITIOJIHAETCS JIJI KOMILIEKCHBIX (hyHKIUiA. BMmecte ¢ TeM oka3bIiBaeTCs CHpaBe/I/IMBOM CJie/Ly-
omag TeopeMa.

TEOPEMA 0.6. ITycmo xomnaekcruan pynkuyusa f nenpepwena na ompeske [a,b] u dugge-
penyupyema na unmepsane (a,b). Tozda cywecmseyem c € (a,b) maxoe, wmo

1f(b) = f(a)] < |f'(0)](b— a). (2)

JIOKABATENBCTBO. Ilycts M := sup(,y |f’|. Beibepem € > 0 u ty € (a,b). Oboznauum
T TOYHYIO BEPXHIOI) TDaHb MHOXKECTBAa TOYEK t W3 OTpe3ka [tg,b], /I KOTOPHIX BBIIOJIHSIIETCS
HEPABEHCTBO
(&) = fto)] < M(t — to) +&(t — to). (3)
OueBuano, uro ty < 7 < b. [Ipeanonoxkum, aro 7 < b. Torga Haiimercsa okpectHocts U(T) TOUKM
T Takas, 9TO Jisi BCeX t W3 9T0if OKPECTHOCTH BBINONHSETCs HepaBeHCeTBO |f(t) — f(7)| < M|t —
7| +elt — 7] Bty € U(r) m 7 < 1y, 10 |f(tr) — f(to)] < |f(ta) = f(7)[+ [f(7) = [(to)] <
Mty — 1)+ e(ty — 7) + M(T — to) + e(T — to) < M(ty — to) + e(t1 — tp). D10 MPOTHBOPEIUT
ONpe/Ie/IeHHIO TOYHON BepxHeil Tpann 7. Takum 06pa3oM, 0CTAéTCst JOMYCTUTh, 9TO T = b. 3HAYWT,
|f(b) — f(to)] < M(b—to) + (b —ty). Anamoruuno mokassiBaercd, uro |f(to) — f(a)] < M(to —
@) +e(to ~ ). Crenonaresio, | F(b)— £(a)] < |F(b) f(to)|+ |f(to) — f(a)] < M(b—a)+e(b—a).

W3 npousBoabHOCTH BBIOOpA € > () BHITEKAET, UTO

|£(b) = fla)] < M(b—a).

Hamee, ecniu mpousBomnas ¢yukmus [’ asaserca koucrantoir, to M = |f'(c)| ana moboro
¢ € (a,b). Ecin mponsBoauas ¢ynkuus [ oTIHIHA OT KOHCTAHTHI, TO CYMIECTBYIOT a1, b; € (a,b)
raue, w10 ay < by w |f(b) — flar)| < M(by — ar). Bnasmn, |f(5) — fla)] < () — f(bu)]+
|f(b1) — fla))|+ |f(ar) — fla)] < M(b— b))+ M(by — a1)+ M(ay —a) < M(b — a). Yro u
TpebOBAJIOCH JI0KA3ATh. 0

EcrectBeHHBIM 00pa30M OINpeIesIIOTCS TPOU3BO/IHBIE BBICIINAX MOPSIIKOB:

= (Y, o fO = (fDY

B wacrrocTu, ucnoansyst coiictBo (cf) = cf’, moayuaem
(eit)” =%’ . (6“)(”) ="l .

JIpyrumu cjioBaMu, rnmokazaresjbHas (PYHKIHS JIeHCTBUTETbHON MEPEMEHHON OKa3biBaeTcst H6eCKo-
Heuno juddepennupyemoit yHKInEI.

Ecnan xommekcubie byukmun f, g auddepeHnupyeMsr 10 TOPSIKA 1, TO /1T HUX CIPABEITHBA
dopmya Jleitbunia

(i f)® — i (21) e (n> _nn=D X x (it )

, 1 7!
=0
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JleiicTBuTesIbHO, JIUIst 3HAYEeHUsI . = | JIOKA3bIBAEMO€E PABEHCTBO CIPABEJIMBO MOCKOIBKY MPH-
HUMAaeT B 3ToM ciaydae ciaeaytoumit Bug (f1fa) = f1fa+ f1fs . Ilpeanonoxunm, aro ¢popmysia BepHa
JUIst 3HAYeHWs1 N — | M JIOKaKeM ee BBITIOJIHUMOCTh JIJIs 3HaueHuu n. Vmeem

(fuf2)™ = ((ffr) V) = (Z (n Z— 1) fl(n—i—l)f2i)> _

1=0
“— (n—1 Do e (n—1 1)
=2 ( ; )fl”‘“fé” t ( ; )ff""‘”fé’*” =
=0 )

- ff’”fz + Z [(” B 1) + (7;: h )] R+ 1.
i=1

n—1

VaursiBas COOTHOIIEHUE (”;1) + (i_l

) = (’;), noJjiy4aeM TpedyemMoe paBeHCTBO.

4. Nuterpan Pumana

Orobpaxenne u3 R B8 R? uurerpupyemo (no Pumamy) mo otpesky [a, b], ecim Ha 3TOM 0Tpeske
unTerpupyembl (110 Pumany) ero koopaunatabie dyukimn. Taknum o6pa3om, KoMIIeKcHast (yHK-
wust f unmezpupyema Ha oTpeske |a, b], eciim Ha 9TOM OTpe3ke mHTErpupyeMbl dbyHkuun u = Re f
u v :=Im f. IIpu srom unmezparom Pumana dbyuxiun f 1o orpesky [a,b] HassiBaeTcss cymma

b b b
/fdt::/ udt+i/ vdt.

b 4
WnTerpau fa fdt coBnamaer ¢ mpeaesoM” UHTErPpaJIbHBIX CYMM

)_l

n—

o-(f) =) f(&)(ti1 —ti), & € [ti, i,

M

i
o

[

COCTABJIEHHBIX TO pasbuenusm 7 = {t;
UX MEJKOCTH 0, := MaX;—o_ n—1(tit1 —

——
=3

" s 0 =1y < ...<t, =b, orpe3ka [a,b], mpu cTpemenun
;) k mymo. [JeiictBurensno, o, (f) = o,(u) + io,(v), e

~+~

[y
[asry

n— n—

or(u) == > w(&)(tipr —t:), o-(v) =) v(&)(tiv1 — i), & € [tis tiva),

%

I§
o
I
=)

7
— HHTerpajbHble CYMMBI (DYHKIINI % U ¥ COOTBeTCTBeHHO. [Ipu 3TOM
max{|o,;(u) —Rell,|o.(v) —Im |} <|o.(f) — I| < |o;(u) —Rel|+ |o (v) —ImI]|.
CBoiicTBa HHTErpaIOB KOMILTEKCHBIX (DYHKIUI MOBTOPSAIOT CBOWCTBA UX JEHCTBUTE/IHHBIX aHA-

JIOT'OB.

TEOPEMA 0.7. Ecau ¢ynxuyuu f, fi, fo unmezpupyemov. na ompesre [a,b] u ¢ € C, mo
dynwuyuu cf, f1 + fo unwmeepupyemvr nwa 3mom ompeske u npu IMom

/abcfdt:c/abfdt, /ab(fl+f2)dt:/abf1dt—l—/a‘bf2dt.

4Kax 06bran0, lims__.00,(f) = I v o,(f) — I upu 6, — 0, ecoiu mia moboro € > 0 cywecrsyer 6 > 0
TaKoe, YTO JJisi BCAKOrO pa3bueHusi T OTpe3Ka [a,b], MeJKOCTh §, KOTOPOTO MEHBINE § BBIMOIHSAETCS HEPABEHCTBO
lo-(f) —1I] <e.
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TEOPEMA 0.8. Ecau a,b,c € |, 5] u ¢pynryusa f unmeepupyema na ompesxe |cv, 3], mo

/fdt /fdt+/fdt

Ecian dynkunst F' HenpepbiBHA Ha poMexyTKe (a, b), nnddepenunpyema uva unrepsase (a,b)
u ' = f na unrepnase (a,b), To eé Ha3BIBAOT nepeoobpasnoli dynkyuet nns Gynkuun f Ha
npoMexkyTke {(a,b).

TrEOPEMA 0.9. Ecau dynkuus F asssemea nepeoobpasnoti ors dynwkuuu f Ha ompeske

la, b], mo
/ ft =

,HOKASATEJIbCTBO. HepBoe cooTHOIIeHnEe BhITeKaeT u3 ¢popmyabl HeioTona-J/leitbnuiia, koro-
PYIO JOCTATOYHO MPUMEHHUTh OTJAEIbHO K JIeHCTBUTEIbHON U MHUMOI dacTaM dyaKiuu f. Bropoe
COOTHOTIIEHNE BBITEKAET M3 MepBOro u TeopeMbl (0.6. 0

/ bfdt' < 1F)b — a),

npu HEKOMOPOM C 6

Ecian kommiekcnas dbyHkuus f HenpepbiBHA Ha oTpeske [a,b], To unmezpan ¢ nepemermvim

BEPTHUM NPEICNOM
t
‘= / F(&)de

sIBJIsIeTCsT €€ 1epBooOpa3Hoit Ha 3ToM oTpeske. Cjie0BaTe/IbHO, TOC/TIEIHSIsT TeopeMa OCTaHeTCs
CIPaBEIJINBOI, €CTi €€ MOCBLIKY 3aMeHUThb YCJIOBHEM: KOMNACKCHAA PYHKUUA [ HENPEPLLEHG Ha
ompeske [a,b], F — eé nepeoobpasnas Gynryus na smom ompesxke.

TEOPEMA 0.10. Ecau xomnaexcnas dynruus f unmeepupyema na ompeske [a,b], mo deti-
cmeumenvnas Gynkyus | f| unmeepupyema na Hém u npu smom

b b
fdt‘ < [ 1flar

JOKA3ATENBCTBO. Eciu dyukuus f := u+iv uarerpupyema Ha oTpeske [a, b], To dynkunn
U W U HHTErPUpPYeMbl Ha 9TOM orpe3ke. 3uaqut, S,(u) — s, (u), S-(v) — s;(v) — 0 npu J, — 0.
Baech Sy, s, — cymmbl JlapOy ykaszanubiX DYHKIWA, 0, — MeJKOCTh pa3bueHus T oTpeska [a,b).
3 04eBuIHBIX HEPABEHCTB

@) = [f ) || < [f(#) = f(E2) | < Jults) — ult2)] + [o(ta) — v(t2)]
Boeirekaer, ato S.(|f|) — s-(|f]) < Sr(u) — s-(u) + S (v) — s-(v) — 0 npu 6, — 0. CremoBaresbHO,
dbyukuusa |f| unrerpupyema ma orpeske [a,b]. OcrambHoe BhiTekaer u3 HepasencTsBa |o,(f)] <
a-(|f]). Bnecw o-(f),0-(|f|) — uHTErpaTBHBIE CYyMMBI YKa3aHHBIX (DYHKITHIA. O

t

Yupaxuaenne. /lokakuTe, YTO HHTETPaJI C IePEMEHHBIM BEPXHUM TTpeIesoM ¢ — fa f(&)d¢ nna
HeNpPephIBHON Ha oTpe3ke [a, b] kKomiuiekcHoi dbyHkunn f sBiasercs eé nepoobpasHoii dyHKIme
Ha 9TOM OTpe3Ke.

5. OyHKNUU OTPAHUYEHHOI Bapuwanum

Kommiekcnas dyHknus f uveer ozpanuyennyio eapuayuio Ha orpeske [a, b], ecin miis g060ro
pasouenns T = {t;}1" , a =ty < .. <t, =b, orpeska [a,b] cymma

= 3" 1fttr) - 70
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OrpaHUYeHa OJHUM U TeM K€ YUCJIOM. TouHasi BepXHssi IpaHb sup, v, (f) 9T0i CymMMbl 1O BCeM

pasbuenusiv orpeska [a, b] HazbiBaercs sapuayuel dyukmun f wa orpeske [a,b] n obozHauaeTcs
b

VZ(f)-

€} OY€BUJHBIX HEPABEHCTB

max{v,(Re f), v-(Im f)} < 0-(f) < v-(Re f) + v, (Im f)

cJIeJlyer, 94T0 KOMILIeKCHas (GyHKIUs f MMeeT OrpaHMYEHHYIO BapUAIMIO HA OTpe3ke [a,b] B TOM
U TOJBKO B TOM CJIydYae, KOTJa KaKjaas u3 jeiicrBuresbHbix pyuknuit Re f u Im f umeer orpann-
YeHHYI0 BapHaIliio Ha 3TOM oTpe3ke. [Ipum stom

max{V;(Re f), V;'(Im f)} < V7(f) < VJ/(Re f) + V;/(Im f).

[Tocnennme HepaBeHCTBA AT BO3MOMKHOCTH IIEPEHECTH HEKOTOPHIe CBOWCTBA BEMICCTBEHHBIX
bYHKITI orpaHnYeHHON Bapualuu Ha CIydail KOMILIEKCHBIX (DYHKITHIL:

1) ecu kommekcHas GyHKIUSA [ UMeeT OrpaHUYeHHY0 MPOU3BOAHYIO HA uHTepBae (a,b), To
OHA WMeeT OTPAHMYEHHYI0 BAPHAIMIO HA OTPe3Ke [a, b|;

2) KomIutekcHas (pyHKIMS f, MMeIoasi OrpaHNYeHHY0 BAPUAIUIO HA OTpe3Ke [a,b], orpanu-
YeHa Ha 9TOM OTpe3Ke W eé KosebaHuWe Ha OTpe3Ke [a,b] He MPEBOCXOAUT €€ Bapuald Ha TOM
OTpE3Ke:

wo(f) == sup [f(t) = f(t2)| < V2(S).
t1,t2€[a,b]

3) ecam KomIuiekcHas (byHKIWs f WMeeT OrpaHWYeHHYIO BapHAIllMi0 HA OTpe3ke [a,b], To eé
cy’KeHue Ha JII00oii dacTudaHblii 0Tpe3ok [¢,d] C [a,b] nmeer Ha HEM OrpaHUYEHHYIO BAPHAINIO;

4) eciim KomiiekcHast GyHKIUs [ MMeeT OrpaHHYeHHYI0 BapHaIlMio Ha OTpe3ke [a,b], To oHa
UMeeT Ha 3TOM OTpe3Ke He 0ojiee 9eM CUETHOe MHOXKECTBO TOUYEK pas3phIBa.

Jlnga Apyrux CBOMCTB IIPOBEIEM J0KA3aTelIbLCTBA.

TEOPEMA 0.11. Ecau xomnaexcras ¢ynkyus [ umeem 02panuMennyio 6apuayulo Ha om-
peske [a,b] u ¢ € (a,b), mo

V) = Vi) + V).

JJOKABATEJIbCTBO. Bribepem npoussosibHOe pasbuenne 7 orpeska [a,b]. [lycrs 7/ := 7U{c},
T :=1'N[a, c], 7% = 7'N|e, b]. Toraa

Ur<f) < UT/(f) = UT{(f) + Uré(f>

Buaunt, V2(f) < sup, v (f) = VE(f) + V(f). C apyroii cTOPOHBI, TIyCTh T, Ty — TPOU3BOILHBIE
pasbuenusi OTPE3KOB [a, c| u [c, b] coorBercTBenHO U T := T1UTy. Torma

vn (f) + v (f) = vr ()
Caenosarensno, VE(f) + VE(f) =sup,_.. ., v-(f) < V2(f). O

TEOPEMA 0.12. Ecau xomnaexchaa Gynkuus [ Henpepuiena u umeem 02paHudeHHyo 6a-
puayuto na ompesxe [a,b], mo deticmeumenrvnas ynrxuyua t — VI(f) nenpeprisna na smom om-
pesrke.

OKABATEJILCTBO. Ilycrs t € |a,b) u At > 0. Torna
I y [

[VIEBH() = VIO = VAU < VA Re f) + VA (Im f) — 0
npu At — 0+ 0. Ecu t € (a,b] u At <0, 10

V) = Vil = Visadf) < Via(Re f) + Vi a(Im ) — 0
mpu At — 0 — 0. O
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TrEOPEMA 0.13. Ecau komnaercuvie yruruyuy fi u fo umerom oepanuMenHvie 6apuauut Ha
ompesxke [a,b], mo gynkyuu fi + fo u fifo umerom oepanuuennvie apuayuy Ha IMom ompeske U

Vi(hi+ o) S VI(R) + V0 (), Vi(fif2) < MOVE(f2) + MoV (fr),
ede M, = supj,y [ f1], Mz == supj, | f2].

JJOKABATEJIBCTBO. Ina npousBosbHOro pasomenns 7 = {t;}1,, a =ty < ... < t, = b,
orpeska [a, b] nmeem

—_

v-(f1 + fa) §Z|f (tj+1) — |+Z\f2 j+1) = fa(t))] = v (f1) + v (f2),

=0

[ay
<.

n—

v-(fife) < ) i)l fa(ti) |+Z L) fi(tj) = fi(t)] = Mivr(f1) + Mav-(fo).

0

<
Il
o

6. Unrerpan Pumana-Ctuarbeca

[Tycrb Ha poMeskyTKe [a, b] onpeenensl kKoMiuiekcabie GyHknun f u A. Beibepem npon3Bosib-
Hoe pasbmenme 7 = {t;}7_,, a =ty < ... < t, = b orpeska [a,b] W cocTaBUM MHTETPaTLHYIO
CYMMY

Zf §)Ati) = AG)), & € [t ]

Ecmm cymecrByer npenen limg O'T( f,\)° u om me 3aBECHT OT BHIGOPA TOUYEK &j, TO PyHKIMIO
f HazpIBaOT unmezpupyemoli no GyHryuu A, a YIOMSHYTBHI Ipeaen HA3BIBAIOT UHMEZPANOM
b
Pumana-Cmuamoeca Gyaxuun f no dynxiun A u obosnauaor [ f(t)dA(t).
Yenopus cymecTBoBaHng umHTerpasia Pumana-CTuaTbeca MOXKHO M3BJI€Yb W3 YCIOBHIl CyIie-
CTBOBaHUS €ro JefCTBUTETLHOTO aHAJIOTA. DTY BO3MOXKHOCTH JAéT OUEBHIHOE IIPEICTABICHNE

[ rwaxo = [ utiat - [ oo+ [ oo +i [ uyasc

rie u ;= Re f,v :=Im F, a := Re A\, # := Im \. I3 3Toro npejicraB/ienns BbITEKaeT, HAIIPUMED, UTO
unrerpas Pumana-Crunrbeca cymecTByeT, ecin (DYHKIU [ ABIsIeTCS HEIPEPBhIBHOI, a DYHKITHS A
nMeeT OrpaHUYeHHY0 Bapuamuio. Ecin npeamnoaoKuTh JOIOTHATETBHO, YTO (PYHKIHS A, 8 3HAUUT,
u dyukmun o u [, senpepsiBHO auddeperupyembl Ha oTpe3Ke [a, b], To BHIYNCIeHHe HHTerpaia
Pumana-Cruirbeca cBOAMTCS K BRIYUCJICHWIO WHTerpaia Pumana. /leiicTBurenbHo,

/abf(t)d)\(t) = /abu(t)da(t) — /abv(t)dﬁ(t) _H-/ab (t)da(t) + ‘/b 0d8() =
:/ab““)a'(f)dt—/abv(t)ﬁ’@)dtﬂ'/ab (H)a ()dt—i—z/ Dt — /f DN

ITo Toii Ke cxeme MOKHO IepeHeCTH Ha KOMILIEKCHBIN cIydail m Apyrue cBOCTBa MHTEIPAIa
Pumana-Cruarbseca:

/ab<f1<>+f2 /f1 DAt /f2 DAt

507( fsA) = I mpu 6, — 0, ecam gyist moboro € > 0 cymectByer ¢ > 0 Takoe, 9TO JJIsT BCSIKOTO Pa3OMeHust T
orpeska [a, b], METKOCTh 0, KOTOPOTO MEHBIIE § BBIMOMHsIeTCS HepaBeHcTBO |0, (f, ) — I| < e.
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/abf(t)d()\( + Aot /f (t)dA (t /f ))dAo(t

b
/kf()dl)\ _kl/f £)dA(t), k,1 € C,

/f £)dA(t /f £)dA(t /f £)dA(t), ¢ € [a,b)],
/a PN = FAL - / A ()

(BO BCex cIydasgx CyIECTBOBAHKE MHTEIPAJIOB B MPABOil YaCTH BJIEUYET CYIIECTBOBAHNE HHTEIPAIOB
B JIeBOil WacTh, a i nocjaeareii hbopMmysbl BepHO u obpaTHOoe). BMecTe ¢ TeM, KaxK0e U3 THX
CBOIICTB TIPOIIIe U TIOJEe3Hell JT0Ka3aTh He3aBUCUMO. B KadecTBe mpumepa JOKazKeM TPH CBOUCTBA
nurerpasia Pumana-Crusirbeca.

Bo-tiepsrix, eciin dpyuknust f HenpepwiBHA, a (DyHKIUS A UMeeT OTPAHUYEHHYIO BAPUAIMIO HA

orpeske [a, b], TO
/f t)dA(t /|f ()| dVEHN) < M V2N,

rie VI(N), VP(\) — sapumamun dbynxumm )\ ma orpeskax [a,t] u [a,b] coorsercTBenno, M =
sup(,y | f|. Heficrsurensno, ¢ oanoit cropomsl, aus moboro pasomennsa 7 = {t;}7 o, a =ty <
.. < t, = b orpeska |a, b] umeem
n—1 n—1 n—1
o (£ Y IFEDIA 1) = AL < D IFEDT V) = D [FENIVE(N) = Vi (V).
=0 =0 =0
C apyroit cTOpOHBI,
n—1 n—1
o (IF1VEO)) = D IFENVEA) = V) < M Y VI (A) = M V().
=0 =0

Bo-Bropnix, HOKa}KeM, 9TO WHTErPUpPYEMOCTb (GYHKIUU [ MO0 (PYHKIHH A\ BJI€UET UHTETPUPY-
eMocTh dyHKIUU f* := f o ¢ mo (byHKuI/II/I A= Ao, Toe ¢ — HempepbiBHAS He YOBIBAIONIA
dyHKIU, 0T06pa>Kafomaﬂ 0Tpe3ok [c, d] Ha orpesok [a,b], u

/fd)\ /fd)\*

HeiicTeureibaO, BRIOEpeM Npou3BOIbHOE pasbuenne 7 = {t;}7_,, ¢ = 1o < ... < t,, = d oTpesxa
¢, d]. Dromy pa3bueHuI0 OTBEYAeT WHTErpajibHAs CYMMAa

or(f*, A7) Zf (o(tj1)) = Me()))s & € [t Tl

KOTOpasd cOBIaJaeT C I/IHTeraJIbHOI/I CyMMOI/I

Zf ]+1 — A(f] ) f E[]’ ]—H]

orsevatomeii pasonenmo 7 = {t/}"_ o a =ty < ... < 1), = 0° orpeska [a,b]. Bxecs & = ¢(§;),
t;- = (t;), 7 =0,...,n. Ocraércsa 3ameTnThb, 9T0 (DYHKIHS  ABILAETCH PABHOMEPHO HEIPEPBIBHOIT

6CoBnasaomue ToUKN B nEepeuncIeHn thy .-, th, TOUEK pA3OWEHNsT T/ MOYKHO YIAJWUTh W, TeM CAMbIM, JOOUTHCS
TIOJTHOTO COOTBETCTBHS OMPENEICHUI0 Pa3OMeHNsT OTPE3Ka.
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Ha OTpe3Ke [¢, d], MoITOMY MeJKOCTh pasbueHusi T CTPEMHUTCS K HYJIIO MPHU CTPEMJIEHHH K HYJIIO
MeJIKOCTU pa30ueHus 7.

B-tperbux, mokaxkem, 9T0 WHTErpUPyeMOCTh MYHKIUU f 10 (PYHKIUU A\ BIEUIET WHTEIPUPYeE-
moctb dyukmuu f~ @ [a,b] — C|t — f(a+ b —t) mo byukmum A~ : [a,b] — C|t — A(a+b—1)

H t/)f DA t/‘f HAN~ (1)

st sToro BeiGepem mpousBoiabHOe pasduenne 7 = {t;}7 o, a =ty < ... < t,, = b orpeska [a,b].
Oromy pa30MeHUI0 OTBeYaeT MHTerpajbHas CyMMa

7=0°

H

n—

or(f,A) = ) (&) Atin) = AL)), & € [ty 8l

.
Il
o

KOTOpasd OTJInYaeTCd JIUIIb 3HAKOM OT HHTeraJIbHOﬁ CYMMBbI

n—1

AN =D flatb—E)Mat+b—1t),) = Ma+b—1t))), & € [}, 1,1],

J=0

oTBedaloleil pazouenuto 7’ {t’ ", a =1ty <..<t,=borpesxa [a,b]. 3uech & = a+b—§, ; 1,
7=0,....,n—1m t; =a+b—t,_;,j=0,..,n. HeiicrBurennbno,

i
—
3
|

—

or (7 A7) = 2 J&amj) Altnjimr) = Altay)) = D J(§) (ML) = Mtjen)) = 0= (] ).

<.
Il
o

<.
Il
o

[Tpu 3TOM MeJIKOCTh pa3dueHus T COBIAIAET ¢ MEJKOCThIO pa3bueHus 7.

7. Komnuekcabie mepsbl. VI3mepumbie pyHKITUT

Hemycroe cemeiicTBo SR MHOXKECTB HA3BIBAETCS KOALUOM MHONCECME, €CJTH OHO 3aMKHYTO OTHO-
CUTEBHO OIepalnuii 00beJnNHeHNs, IepeceueHns I TeOPEeTHKO-MHOKECTBeHHON pasHocTH. Muoxke-
ctBo E € R maspiBaerca edunuuyeti KOIbIa MHOXKECTB R, ecin g 000ro A € SR BHIIOTHIETCS
paBercTBo A N E = A. Eciu KOabIo MHOXKECTB COIEPXKHUT €IUHHUILY, TO €r0 HA3BLIBAIOT a./A26-
bpoti mHoscecms. KONMbI0O MHOXKECTB HA3BIBACTCS 0 -KOALYUOM, €CTH OHO 3aMKHYTO OTHOCHTETHLHO
00pa30BaHusa CUYETHBIX OObeauHeHni. AreOpa MHOXKECTB, SBJISIOMAACA 0-KOJIBIIOM, HA3BIBAETCS
o-anzebpoti. Konbo (o-kombio, anrebpa, o-airebpa) noposicoaemes cemeticmeom MHOHCeCms 3,
ecJIn OHO COBIAJIAET ¢ IMepecevdeHrneM BceX Kosiern (o-KoJel, aaredp, o-ajire6p), BKIIOYAIONNX .
DaeMeHThl o-aJaredpsl B, MOPOXKIAEMOii COBOKYIMHOCTHIO BCEX MHTEPBAJIOB Ha MPSIMOil, Ha3bIBa-
0TCA 00pesescrumy mHostcecmeamu. 110 Teopeme 0 CTPOEHUH OTKPBITHIX MHOYKECTB Ha TPSAMOit
BCE OTKPBITBIE U 3aMKHYTHIE MHOYKECTBA Ha MPSIMOIi SIBJIAIOTCSI OOPEJTeBCKIMI.

Mepoti Ha KOJbIIe MHOXKECTB ‘R Ha3bIBAeTCs JIeHCTBUTEIbHASI HEOTpHUIATeIbHasd (DYHKIUA [,
omnpeaeéHHas HA R U 001a7a101ast CBOMCTBOM addumusHocmi:

A BeR, ANB =0 = u(AUB) = u(A) + u(B).

Ecnn npeanonoxkuth, 94To HYHKINSA (4 TPUHIMAET TPOU3BOJIBHBIE TeHCTBUTETbHBIE 3HAYEHUS, TO
€€ HA3bIBAIOT 3Hakonepemennoti mepoti wau aapadom. Ecim GyHKIMS (1 TPUHIMAET KOMILJIEKCHBIE
3HAYEHHUsI, TO €6 Ha3bIBAIOT KomnaekcHol mepot. Mepa (3apsij, KOMIUIEKCHAsI Mepa) (& Ha3bIBACTCs
o-addumuehoti, ecin oHa 00J1aJaeT CAELYIONNM CBOWCTBOM:

= JAeR A eR ANA =02, k#s= puA) =) pA

J=1
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MuozkectBO A € R HA3BIBACTCS NOAOHCUMEALHYM (OMPUYAMEALHBIM) OTHOCATETHHO 3HAKO-
MEPEMEHHON Mephl [, ONpEeJIeJIEHHON Ha o-ajredpe R, eciu s Jjiiodboro B € R BbINOIHIETCS
uepaeHcTBo p(B N A) > 0 (< 0). [To croiicTBam 3HAKOTIEPEMEHHBIX Mep, JJIsl KaKI0i U3 HUX
exunanna E o-anre6per R Mozker ObITH NpejacTaBieHa B Buje (pasaoorcenue Xana)

E=FE.NE_,

e MHOXKecTBa Fy, F_ mpunajexkar ‘R, He IepeceKaroTcsd U ABJIAIOTCI MOJOKUTETbHBIM U OT-
PUIATETEHBIM COOTBETCTBEeHHO. V3BecTHO, UTO (DYHKIIMHU MHOXKECTBA (L4 U [i_, ONPEJIEeJTEHHBIE HA
o-anrebpe R ¢ TOMOIIBIO COOTHOIIEHUH

p(A) == p(AN Ey), p(A) = p(ANE_),

U HasbIBaeMble 6eprreli W HuosKcHel BapUAIMSIMU 3HAKOIEDEMEeHHO (0-aJlIuTHBHOI) Mephl [ CO-
OTBETCTBEHHO, SBISAIOTCA (0-aJfuTUBHBIME) Mepamu. [IpejacraBienue 3apsiia B BUJE PAa3HOCTH
BepxHell u HUzKHell Bapuanui

M= My = p—
HA3BIBAETCS pasaooicenuem 2opdana sroro 3apsina. Besikast KomiuiekcHast (0-ainTHBHASI) Mepa,
onpejiesieHHAsT HA o-ajrebpe R, J0MyCcKaeT NpejacTaBIeHue

po= gy —pl il — i
rae ' := Rep, p” := Imp — 3nakomepemennbie (0-aJIuTuBHBIE) Mepbl Ha o-ajarebpe R, p' =
wo— o, W = p — p” — ux pasnoxkenuns ZKoprana.”

JeitctBuTenbHasa (yuknuga f, onpejeéHHas Ha (PUKCUPOBAHHOM MHOYKECTBE U3 0-aareOpbl
R, HazpBaeTca R—uamepumoti, eciu poodpas f~1(B) moboro Gopenesckoro MaoKecTBa B € B
npuaagnexutr R. Kovmmrekcnas dyuknus f, onpesgenénnas #Ha (PUKCHPOBAHHOM MHOXKECTBE W3
o-anrebpbl R, Ha3bIBaeTca R—usmepumoti, ecin jpeiicrBurenbubie hynkmun Re f u Im f aBng-
forcst R-u3mepumbivu. V3 W3BECTHBIX CBOWCTB M3MEPUMBIX JAeHCTBUTE/IHHBIX (DYHKIUN BHITEKAIOT
CBOMCTBA MU3MEPUMBIX KOMILTIEKCHBIX (DYHKITHIL:

1) ecan kommuekcHast dyukius f R-usmepuma, to byukuus |f| R-usmepnma;

2) ecam kommiekcubie byukun f u g R-usmepumsl, To GyHkunu f + g u fg R-usmepnms.

8. Nnrerpan Jlebera

[Iycts E — eqununa o-anreOpol R, (1 — o-a1IuTHBHALA Mepa Ha R, f — orpaHnyveHHas HEOTPU-
narenbHas R-uzmepnmas dyuxiua na E, A € R, [a,b) — IPOU3BOIBHBIN TOTYHHTEPBA, BKJIIO-
watoruit Muozkectso f(A). Beibepem mpoussonbnoe pasonenne 7 1= {t;}7_ o, a =1t < ... <t, =
orpe3ka [a,b] n coctaBuM mHTErpaabHyto cymmy JleGera

JT(f? ﬂ) = Z njﬂ<€j)-

B,ZLGCB 75 S [tj,t]url), €; = {l’ € A: f(.ﬁl]) S [tj7tj+1)} = f_l([tj,tj+1)> N A. I/ISBGCTHO, 9TO 1Ipu
U3MeJIbIeHNN pa3OneHnst T HHTerpaabHble CyMMBI Jlebera cTpeMsaTcss K KOHETHOMY MpeIey. DTOT

"Mepsr Wy, pl, pll, p momyckaioT m He3aBHCHMBIE OT PA3JIOKeHHs XaHa OIpeJIe/IeHns:

p(A) = sup p'(B), p(A):= sup (—4/(B)),
BCA,BER BCA,BER
pi(A):= sup p"(B), p’(A):= sup (—u"(B)).

BCA,BER BCA,BER
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npejiesl HasbiBaeTcss unwmezpasom Jlebeea (no mepe p) dbynkunu f Ha MHOKecTBe A M 0603HA-
waercst [ 4 fdp. Ecim onycruts Tpebosanne orpanudennoctd dynknuu f, To unrerpas JleGera

onpeJeaeTca Tak
/fdu = lim /fkd,u, (4)
A k——+o0 A

f(t) mpm f(t) <k,
e {0 1m0 <

Eciu npenen (4) cymectByer, To hyHKIUIO f HA3BIBAIOT unmezpupyemoti aHa Muoxectse A. Ecou
OIYCTUTH TpeOOBaHUE HEOTPUIIATEIHHOCTH, TO

/A fdu = /A Fody - /A [ (5)

) f(t) mpm f(t) >0, | —f@) mpm f(t) <O,
f+ ) '_{ E)) Hgﬂfgt;;(), I_®) '_{ O() Hgnfgtgzo.

[Ipu srom dyaknus f HA3BIBAETCS UHMEPUPYemoti HA MHOXKECTBe A, ecii WHTErpUpPyeMbl Ha
MHOZKecTBe A dyukmun f, u f_.

rjae

re

9. Unrerpan Jlebera-Ctuarbeca
10. KpuBble B KOMILIEKCHOM IIJIOCKOCTH

Kpusbie B KOMILTEKCHO# ILJTOCKOCTH 3aHUMAIOT 0C000€ MECTO B TeOpPUHU (DYHKINH KOMILTEKCHOM
nepeMenHoit. IIpobsiema 3ak/04aeTcda B TOM, UTO CYIIECTBYIOT pa3/UUYHbBIE MOIXOJbI K OIpe/ie-
JIEHUIO KPUBOH, KOTOpBIE POXKIAIOT Pa3JUUHbIe TEPMHUHOJOTHYECKHEe 0a3hl U pa3JIUIHbIE KPYT'U
BoOIpocoB. /11 HAC BayKHO OMPE/IEJIMTHCS ¥ 0003HAYNTH KOHKPETHYIO TEPMUHOJIOTHUIO U UCTIOJIH3Y-
eMyI0 Jiajiee CUMBOJINKY.

10.1. Onpegenenne Kpuboil. MHOXKECTBO HA3BLIBACTCA 4ACTNUMHO YNOPAIOUEHHBLM, E€CITH
JITsT HEKOTOPBIX IIap €ro 3JeMEeHTOB X W § ONpeaeaeHO OTHOIIEeHHe CTpororo mopsaka "<", To
€CTh HEKOTOPOE OTHOINEHHE, YIOBJIETBOPAIONICE CASAYIONUM YCJIOBUAM: T < I UCKJIIOYAET T = ¥;
e x <y Uy < z, TOx < 2. JIBa 3JIeMeHTa 9aCTUYHO YINOPAJOYCHHOTO MHOYKECTBA CPAGHUMDL,
€CJIM UMeeT MECTO OJIHO M3 TPeX COOTHOMeHu# xr < y, y < x, r = Y. JacTUIHO yNOPSI09eHHOEe
MHOZKECTBO Ha3BIBACTCA YNoPAJOUEHHbLM, €CU JIOObIe JBa €ro 3JeMeHTa CPABHUMBL. JacTHIHO
YIOPAI09eHHOe MHOYKECTBO ¢ OTHOIIEHHEeM Mopaaka "<'"MOKeT paccMaTpuBaTbhCs KaK YaCTHUHO
VIIOPSI0UYE€HHOE MHOXKECTBO C 00pammbiM omuowenuem nopsaaka "=": x = y Torga u TOJILKO TO-
raa, Koraa y < . Ilpu nepexoge K 06paTHOMY MOPSAKY 3aIa¢ CPABHUMBIX 3JIEMEHTOB He MEHACTCH,
B YACTHOCTH, YIOPSIOUYCHHOE MHOXKECTBO TAKOBLIM MU OCTAETCA.

Hacruuno ynopsimodennoe MuozkectBo | C C nazbiBaercs kpugoti (Tounee, kpusot XKopdana),
ecJIn 3a/IaHa HelpepbIBHAsi HA HEKOTOpoM mpomexyTke (a,b) C R, a # b, kommiekcHas GbyHKus
A, VJOBJIETBOPSIOINIAsS CJIELYIOIIUM YCIOBUSIM:

1) obpa3 npomexxyTka (a,b) mpu oTobpazkeHUn A\ cOBHAAAET C [;

2) ecau tq,ty € <CL, b) n A (tl) <A (tg) , TO t1 < to.

Kpusag [ HaspiBaerca npocmoti, €CIM BHIIOIHACTCS JONOJTHATEILHOE YCIOBHE:

3) dyHKIMS A ocyuecTBIsIET u30MOoHHKHoe 0TOOpAYKEHUe, TO eCTh U3 ycaoBuii ty,ty € (a,b) u
t1 < ty BBITeKaeT,9To A (t1) < A (t2).

Yenosust 2) U 3) B COBOKYIMHOCTH O3HAYAIOT, UTO A SIBJISETCS NOPAOKOGHLM U3OMOPPUSMOM:
t1,t2 € (a,b) u t; < ty TOrma U TOABKO TOrAA, Korma A (t1) < A (f). B wactaocTH, mpoctas Kpuast
He uMeeT camornepecedenuii. [Ipyrumu ciioBamu, eciu tq, to € (a,b) u ty # to, 10 A(t1) # A(t2).
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Takum obpazom, KpuBasi B KOMILIEKCHO TJIOCKOCTH OTPEJIe/IAeTcsl KaK yIopsI0u9eHHast napa
(I, A). IepBoiit 31€MeHT 9TO TApPBl HA3BIBAETCS HOCUMENeM KPUBOM, a BTODOIl JeMeHT — napa-
mempusayueti kpupoii. [lepemennas t, npuHUMAaOIIast 3HAYEHUs B 001aCTH ONpeaeIeHnst (DYHKIINH
A\, HA3BIBAETCS NAPAMEMPOM KPUBOT.

B obGserdyennoii TepMuHOJIOTHN, KOTOPYIO Mbl OY/I€M HCIOJIH30BATh HAPS/Ly C BBEJIEHHON, KpH-
Bast (I, \), ¢ OHON CTOPOHBI, OTOXKJECTBIISIETCS ¢ €€ HOCUTEIeM [, TIpU 3TOM ypaBHeHue z = (1),
t € (a,b) HazbIBAETCHA Napamempuieckum ypasreruem kpusot l. C apyroii cCrOpoHbI, BCsiKas HeTpe-
pBIBHAsI HA TMPOMEXKYTKe (a,b) KomImIekcHass (bYHKIHSA A OMpeJesisieT HeKOTOPYIO KPHUBYIO, st
KoTopoil momuelit 06paz {A(t) : t € (a,b)}, ¢ uagynUpoBaHHBIM U3 (a,b) MOPSIKOM, BBHICTYIAET B
posii HOCHTENsI, a camMa (PYHKIHSA A B posiu €€ mapamerpusanuu. [Ipo 3Ty KPUBYIO TOBOPST, UTO
OHA 3a0aHa NAPAMEMPUYECKUM YPAGHEHUEM

z=M\t), t € {a,b)
WK, B JefiCTBUTEIbHON TePMUHOIOTHH, 3a/IaHa MAPAMETPUYECKUME YPABHEHUSIMA

C(,’:l‘(t), y:y(t>7 te <a7b>v

rie ;= ReAlny:=ImA

Bamena mepeMeHHoil t — —t nepeopueHmupyem Kpusylo, To eCTh 3aMenaeT OTHOIIEHHE IMo-
psAKa Ha Heil ero o6paTHBIM OTHOIIEHHEM. [lepeopueHTupOBaHHAs KPUBad 3a/1aeTCs NapaMeTpH-
JecknM ypaBuenueMm z = \(—t), t € (—b, —a). Eciu xkenaTeapHO IepeOPUEHTHPOBATH KPUBYIO 663
U3MeHeHust 00J1aCTH U3MEHEHUs TTapaMeTpa, TO CJIeyeT 3aJaTh MepeopHeHTHPOBAHHYI0 KPUBYIO C
noMoIbio ypaBuenns z = Na + b —t), t € {(a,b).

Kpusast [, 3ajannas napamerpudeckum ypasaenueM z = \(t), t € (a,b) , Ha3bIBaeTCA Henpe-
poleho dudpepenyupyemoti, ecau GyHKIMs A UMeeT HeNPEPBIBHYIO Ha mpomexkyTke (a,b) mpo-
u3BojHYI0 dyuknuo. Ecim kK Tomy ke npousBogHas dyHKiusg A He oOpamiaercs B HOJIb, TO
kpuBas | HaspiBaercs eaadkol. Ecin miug moboro orpeska [a),b/] C (a,b) cymecrByer pasbue-
Hue a’ = tg < ... < t, = b/, upu Koropom yactuuHbie Kpusbie [y, k = 0,...,n — 1, 3a1aBaembie
ypaBHeHusiMu 2z = (1), t € [ty, tyy1], sBAAIOTCA HenpepbiBHO aAnd depeHnmpyeMbiMu (TJIAIKAMHA),
TO KpHBasi HA3BIBAETCS KYCOUHO Henpepuero duddepenyupyemoti (kycouno zaadkoti). Kpusas |
HA3BIBACTCSA CNPAMAAEMOU, ecn (DYHKIMSA A UMeeT OrpaHUYeHHYI0 BapHAIUIO HA JIIOOOM OTpe3Ke

[d,b] C (a,b).

10.2. 3amena mapamerpa. Kpusbie (I3, A1) u (I3, A2) 00bsBISIIOTCS ModtcdecmeenHvmi, ec-
g lp = lo mw Ay = Ay o, 1yie ¢ — HenpepbiBHAs He yObIBaiomias (pyHKIusA, oToOpazKaronias
npoMexkyTok (aj,by) := D), Ha npomexRyTok (ag,by) := D,,. Ilepexox or kpuBoii (I1,A;) K
TOXKJIECTBEHHO KpHUBO#i (I3, A2) HaspiBaOT 3amenoti napamempa n obosuadaior t — ¢(t). Ecin
yeaoBue Iy = ly 3aMeneno ycioBueM [; D ly, TO TOBOPAT O TOXKIECTBEHHOCTH KPHUBOH (lo, A2) U
JacTu KpuBOii (l1, \;) U COOTBETCTBEHHO O /A0KAAbHOU 3amene napamempa. Eciu xpusas (Iq, A1)
apasercs auddepeHnupyeMoit, HepepbIBHO JuddepeHIupyeMoil Il CIPIMIAeMOi, TO TOXKIe-
crBenHas KpuBad (la, Ay) OyIET TAKOBOII JKe, €CJIN MPE/IIOI0KHUTH JTOMOJTHATEIBHO, 9TO (QYHKIHS
apasercs auddepeHnupyeMoii, HelpepbiBHO T hepeHnupyemMoii nin adCoTI0THO HePepbIBHOM
COOTBETCTBEHHO.

PaccMoTpUM KOHKpeTHBIT npumep: [| — KpuBas, 3ajanHas ypasHenuem z = re'l, t € [0,27);
lo — KpuBasi, 3aJaHHas ypaBHeHueM z = —+/r? —t2 — it, t € [—r,r]. Hocurenb KpuBoii i coB-
MajaeT ¢ OKPYKHOCTBIO PAJIMyca I C IEHTPOM B Hadajie, HOCHTEIb KPUBOil [ COBIAIET C YaCThIO
9TON OKPYKHOCTH, Jiexkarieil B jieBoit nosymiockoctu. Oyukmus ¢ : ¢ — —rsint HenpepbiBHA U

1

BO3pAcTaeT Ha OTpe3Ke |37, %7?] Ob6sacTh eé 3HaveHnit HA ITOM OTPE3KEe COBMAIAET C OTPE3KOM

[—r,7]. TIpn aTom —+/12 — ©2(t) —ip(t) = — /12 — (=rsint)2—i(—rsint) = re. Taxum o6pazom,
KpuBasi [y TOXK/IecTBeHHA dacTu KpuBoii [1. Ilepexos oT KpuBoit [; K KpuBOil [y OCYIIECTBIIAETCS
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JIOKQJTbHOU 3aMeHo# nmapamerpa t — —rsint, t € [%71’, gﬂ'] [Tpu sTOM KpuBast [| ABASIETCS TIAJIKOI,
Tak Kak ynknus ¢t — re apaserca nenpepwisao quddepennupyemoii na npomexkyrke [0,27) u
(re)’ = ire® # 0. B 1o ke Bpems, kpusas lo He aBjsercs jaxe juddepeHnupyeMoii, Tak Kak
dyukuusa t — —\/r? — t2 ve gquddepennupyema B ToUKax —r u 7.

10.3. KacarembHasa K kpuBoii. [lycrh kpuBas [ 3ajlaHa napaMeTpuyecKuM ypaBHEHUEM
z = At), t € {(a,b). TIpeanonokum, 9T0 B HEKOTOPOil Touke tg € (a,b) CyIecTByeT NpOU3BOIHAS
N (to) 1 9Ta IPOU3BOIHASI OTJIMYHA OT HYJIs. DTO MPENOJ0KEHIe 0O3HaUaeT, 4To dbyHkuun t — x(t)
u t — y(t), onpemessieMble COOTHONIEHUSMU

x(t) := ReA(t), y(t) :=ImA\(t), t € {(a,b),

nuddepeHIupyeMbl B TOUKe tg KaK (DYHKIUU JIeHCTBUTEIbHON MepeMeHHON! W UX NMPOU3BOIHBIE B
9TO# TOUKe He 0OpaIaTcsd B HYJIb OJHOBpeMeHHO. Kak M3BeCTHO U3 JIeCTBUTEILHOTO aHAIN3A,
[PHU 9TUX YCJIOBUSAX KPUBasi [ B OKPECTHOCTH TOUKH Zo := A(tp) coBnagaer ¢ rpadukoM HEKOTOPOii
neiicrBuTesibHOl GyHKunY (GYHKINH, 331aBaeMOii ¢ TOMOIIBI0 TAPAMETPUYECKUX YPaBHeHUI T =
x(t), y = y(t), t € (a,b)), uMerOINM KacaTeIbHYI0 B TOYKE Zp. DTa KacaTeJbHas Ha3bIBACTCS
Kacameavroti k¥ kpusot | B Touke zy. OHa 3a/1aéTCs MapaMeTPUIECKUMU YPABHEHUSIMA

x=x0+ 2 (to)(t —to), ¥y =1yo + ¥y (to)(t —to), t € R,
e zo := Re 2y, Yo := Im 2. DTH ypaBHEHHS MOXKHO 3aMEHHUTH OJHAM KOMILJIEKCHBIM YPaBHEHHEM
Z=2zy+ )\/(t())(t - to), t € R.

Kacarenbuag K KpuBoii [ cama paccMaTpuBaeTCs KaK KpUBas M IOITOMY SIBJIAETCA OpPUEH-
THPOBAHHON IO BO3PACTAHUIO MapamMerpa t. YTOJ «, KOTOPBIii OHA 00pa3yeT ¢ JAeiicTBUTETbHOI
OChI0O — 3TO HAUMEHBIIHUI 1O aOCOTIOTHONW BeJWYHHE YroJ, HAa KOTOPBIH HAJ0 TOBEPHYTDH JIeii-
CTBUTEJBHYIO OCh JI0 €€ COBHAJEHUd ¢ KacaTeJbHON KaK MO TOJOKEHUI0, TaK U M0 OpHEeHTAIIHH.
Ecnu t > ty, 10 yron o coBnajiaer ¢ moJIIPHBIM YIJIOM TOYKHU, n300parkalonieil KOMIIJIEKCHOE YUC-
a0 z — zg = N(to)(t — to), T0o ectb coBnamaer c¢ arg(N (to)(t — tog)) = arg N (tp). Dro o3nauaer,
9T0 KacareiabHas K KpuBoii (I, \) B Touke 2y obpasyer yroa arg A (to) ¢ JAeficTBUTEIBHON OCBHIO.
B srom cocrout 2eomempuneckuti cmuica npousdsodroti komnaekcroti Gyruryuy deticmeumenvhori
nepemerrot.

C Gostee 0bmIUX MO3WINI KacaTesibHast K KpUBOii [, 3a1aBaemoii ypasaeruem z = A(t), t € {(a,b) ,
B TOuKe zy := A(tg), to € (a,b), onpenensercs Kak OpeJebHOE MOJOKEHUE CeKyIel, JIpyruMu
CTIOBAMH, KACAMeAbHAA 6 MoYKke Zy — OPUEHTHPOBAHHAS TpAMasd, TPOXOIdIiasd depe3 TOUKY 2o,
eIMHUYHBIN BEKTOP KOTOPO#l COBHAJAET ¢ Mpe/IeIOM eTUHIIHOTO BEKTOpa CeKyIIei

i (£ 20 =A0)
i (i IA(t) — A(to)\)

3nech crout 3uak "+", ecum t > tg, m 3nak "—", ecom t < to. CymecTBoBaHHe 3TOrO Ipeaesa

U O3HAYAET CYMeCTBOBAHUE KacaTeabHOil. Ycmoue N (tg) # 0 sBISETCS JTOCTATOYHBIM YCIOBHEM
CYTIECTBOBAHUSA KacaTeabHO#. /leficTBUTEHbHO, IPH 3TOM YCJIOBUT

At) = Alto) [t =to] A(t) =Alto) — N(to)
IA(E) = Ato)] — t—to [ME) = Alto)] [N (to)]

,t—>t0.

[Tycts B HEKOTOPOIT TOUKe ty € (a,b) cymecTByer mpomsBoguasa N (ty) u ona pasua uHyso. Cy-
MIECTBYET JIN KacaTeabHas K KpuBoii [ B Touke ()7 VlHOT1a, OTBETUTH HA STOT BOMPOC TO3BOJISIET
JIOKaJIbHas 3aMeHa mapaMerpa. lodnee, ecau yaaércs moaooparh gauddepeHumpyemMyio BO3pacta-
IOILYIO0 B OKPECTHOCTH TOYKH t( (PYHKIMIO (¢ TaK, 4TO MPOU3BOIHASA (DYHKIIUU Ay = A O (0 B TOUKE
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to = ¢~ (7p) oTuIMUHA OT HyJIsl, TO OTBET Ha MOCTABJEHHBIH BOIPOC nostoxuTesIen’. JleHcTBUTEIBHO,

[t —to| A(t) = Allo) _ 7' (1) =~ (10)] Ml (7)) = M~ (10) _ Ailto)
t—to [A(t) = Alto)l (1) =7 (7o) [l (7)) = Ml ()| [Xi(to)l”

B wacraocTtn, ecim onna m3 dyukimmit Re A mim Im A Bospacraer B okpecTHOCTH TOYKH tg, TO,
BOIIPOC pelaer JIOKaJbHas 3aMeHa napamerpa t — 7 = @(t), tae ¢ — obparHast GyHKIuS K
cyxennto ¢pyaknun Re A mim Im A Ha oKpecTHOCTH TOYKH t).

Hanpumep, mycth | — Kpubas, 3aJaHHad ypaBHeHneM z = t5 + it + 1, ¢ € [—1,1]. Tak kax
A(0) = 1, To kpuBag | TPOXOAUT Uepe3 TOUKY 2o = 1. Ilpum 3ToM B TOUKe t) = 0 mpoU3BOIHAS
dbyaxmma Nt — 5t* + 3it? dynkmum A : t — 2 + it + 1 pasHa Hya0. IlokaykeM, 9TO OHA
nMeeT KacaTedbHYI0 B 3Toif Touke. 3aMedaeM, uTo yHKIHa Im\ : ¢ — t3 quddepennupyema u
Bo3pacTaer Ha orpeske [—1, 1]. Eé o6parnast Ha 9T0M oTpe3ke DYHKIHs ¢ MOKeT ObITh OIpPejieseHa
CAeYIOMKUM 00pa3oM

T — T0-

11

[ —=V/—t, ecimt €[-1,0)
Vi, ecin t € [0, 1]

OcymiecrBum 3ameny mapamverpa t — o(t). ToxkmecrBennast KpuBas [; 3a7aéTcsi ypaBHEHHEM
z = M), t € [-1,1], tme A\i(t) = A(e(t)) = t(t% —|—i> + 1. YVaursiBas, 9T0 MPOU3BOIHAS

. 2 . .
A1(0) = limy_g (ts + 7,> dyuknun A; B Touke 0 paBHa i, 3aK/I109aeM, 4TO UCXOAHASA KPUBASA UMEET

X _
MO

KacaTeJIbHYI0 B TOUKE 2y = 1, COCTABJSIONIYIO C JeUCTBUTEIHHON OChIO YTOJ PaBHBIN arg

arg A (0) = argi = 7.

11. KomMmaKkTHbIE KPUBBIE

Ecin obnacte uamenenust (a,b) napamerpa KpuBOii siBJIsieTcsi OTPE3KOM [a, b], TO KpUBYIO Ha-
3BIBAIOT Komnakmhoti. HempepwiBHBIT 00pa3 KOMIIAKTA sIBJISIETCST KOMIIAKTOM, 3HAYHUT, HOCUTE]Ih
KOMITAKTHO#l KPHUBOIi, B CBOIO 0YePE/ib, SBJISIETCH KOMIIAKTOM.

11.1. dawnua xkpusoii. [lycrs kpusas [, 3ajgaBaemast ypaBHenuem z = A(t), t € (a, b) , sBJs-
eTCs CIPAMJIIEMOit, TO ecTh (PYHKINS A UMEET OTPAHUYEHHYIO BaPUAIIIIO V;b,' (A) Ha JIEO6OM OTpe3Ke
(@', b] C {(a,b). Eciu sta kxpuBasg KOMDAKTHA, TO KOHeUHYI0 Bapuamuio V.°(\) HasbiBaoT AmuHOl
kpuBoii | u obosznavaror |[|. Takum oGpa3om, 11 KOMIAKTHO CIPAMISEMOil KPUBOi

n—1
| := VE(N) = sup ijo [A(tj1) = At;)] > 0,

rJle TOUHAs TpaHb OepéTcs 1o BCeBOSMOMKHBIM pasbuennsm 7 = {t;}7 o, a =ty < ... < t, = b,
orpeska [a, b]. Ecim cnpsimisiemas kpusas | He sIBISIeTCS KOMIAKTHOR, TO €€ JIJIMHA ONMPEIesieTcs
dopmy.toit
|{| := sup [lx| < +o0,
keN

rie [ — KOMIaKTHAsl KpUBas, 3ajaBaeMas ypaBHenuneMm z = A(t), t € [ag, bx] C (a,b), ax — a,
by — b. Jnmua |L| KOHEIHOTO UM CIETHOTO ceMeficTBa L CIPSMIISeMBIX KPUBBIX [; OIpeIesseTcs
KaK CyMMa »_|l;| JAIHH KPHUBBIX, COCTAB/ISIOMUX 3TO cemeiicTBo. Ecam oana u3 KpuBbIX [; HMeer
OecKOHewHYIO JAnHy Han psaj y || pacxoguTes, To aymna cemeiictBa L 00bsiBIsIeTCsl GECKOHETHOIH.

83 1ech @~ ! — obparnas bynKmg qng GYHKIUE © U TEpexol K TOXKIECTBEHHOH KPHBOH OCYIIECTBIIACTCH C

TIOMOIIIBIO 3aMeHBI apamerpa t — 7 = ¢~ L (t).
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Ecnan kpusas | aBasiercst HenpepwsiBHO AuddepeHnupyeMoit, T0, Kak W3BECTHO, OHA SIBJISETCSI
crpsimisiemoii. @opmysia s BeraucaeHus IUHBL |[| HenpepbiBHO anddepeHnnpyemoii KpuBoii B
KOMIIJIEKCHBIX 0D03HAYEHUAX UMEeT BU/I

0 = / N () dt.

[Tpu 3TOM mHTErpas B mpaBoil 4acTH MOHUMAETCS B HECOOCTBEHHOM CMBICJIE:

b b
/|X(t)\dt - klim/ N (0)dt,

lag, bx] C (a,b), a, — a, by — b. Ecin kpuBasg | gBiasercs HenpepblBHO guddepentupyemoii u
npousBoHas ' eé mapamMeTpu3aluu OrpaHUyYeHa Ha TMpoMekyTKe (a,b), To eé JuHa He TPeBoC-
XOIUT
sup(by, — ag) sup | \'|.
k (a,b)
B uacTtHOCTH, BCsIKas HelpepblBHO aud pepeHnupyeMas KOMIAKTHASA KpHUBasg UMeET KOHEUHYIO
JUTHHY.

W3 cBoiicTB (GyHKIHIT OrpaHUYeHHOI BapUAIINN BBITEKAET, UTO:

1) ayimHa KOMIAKTHON CHPsIMJISIeMOii KpUBOil 00J1aaeT CBOCTBOM aJTATHBHOCTH: €CJIH KOM-
NAKTHYIO CHIPAMJISIEMYIO KPUBYIO pa3OuTh Ha JBe KPUBbIE, TO €€ JJIMHA COBNAAET C CYMMON JIJIMH
YACTUIHBIX KPHUBBIX;

2) ecam KpuBas [, 3aqaBaeMasi ypaBHeHueM z = A(t), t € [a,b] sBasiercst cupsMIIsieMOil, TO
nepemennas junHa |[(s)| — mauna Kpusoii [(s), 3amaBaemoii ypasuenuem z = A(t), t € |a,s],
SIBJISIETCSl HENIPEPBIBHOMN BO3pacTatomieii dpyHknueit Ha orpeske [a, ).

11.2. Ilnomane kpusoii. 3adurcupyem 6 > 0 u obo3HaunM A 0O0beIUHEHNe BCeX 3aMKHY-
THIX KBaJIPATOB

Apm={2:0k<Rez<Jjk+1),0m<Imz<dém+1)}, k,meZ,
IePECEKAONIUXCsl ¢ HOCUTeIeM KPUBOii [.

TEOPEMA 0.14. Ecau kxomnaxmmas kpueas | AGAAEMCA CNPAMAAEMOT, MO YUCA0 KEaIPa-

!
mose N, cocmasasowux mHoscecmeo A\, He npesocrodum 4 (%' + 1) .

JOKABATEJIBCTBO. Ecin |I| < d, 10 yTBepKI€HIE T€OpeMbl BBIOJHEHO, TaK Kak N B 9TOM
caydae ne npesocxoant 4. [Tosromy 6yaem cumrars, uto |I| > §. [lepemennas pymua |I(s)| kpusoit
| siByIsIeTCst HENPepBIBHOI 1 Bo3pacTamomeil dbynKumeil Ha orpeske [a,b]. O6o3HaumM ¢; TOUKY n3
U

orpeska [a,b], B koTopoii dbynkuusa |I(s)| npuHEMaeT sHadenue - j, Tae HATypajbHOe 1 BHIOPaHO

! I
U3 yCJIOBUS: % << % Touku a = to,...,t, = b obpasytor pasbuenne orpeska [a,b|. dTomy
pasOUeHni0 COOTBETCTBYeT pasOmeHnme KpHBOH | Ha M 9aCTUYHBIX KPHUBHIX. JlImHA KaxKaoil m3
I .
YACTUYHBIX KPHUBBIX PaBHA ln—‘ < 0. IMosromy Kak/10#f W3 TUX KPUBBIX KACAKOTCS He 0ojiee dem

YeThIpe KBaJpaTa u3 YuCja TeX, YTO COCTABJISAIOT MHOKeCTBO A. 3HaunT, ncjio N He MPeBOCXOIUT
l
m<a(if+1). O
[Lnomaap muoKecTBa A pasHa N§2. 13 10Ka3aHHO TeopeMbl BLITEKAeT, B YACTHOCTH, UTO JI/Is
M1060# KOMIAKTHO# crpsmasgeMoit kpusoit N62 — 0, ecmu 6 — 0. DTo 03Ha9aeT, 9T0 HOCHTEND
JII060# KOMIAKTHON cHpsAMJIseMOil KpuBoil uamepum 1o 2Kopjany u uMeer HyJIE€BYIO ILIOMIAIb.
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11.3. IIponpos>xkeHne apryMeHTa BIOJIb KpuBoOii. [Ipeanosoxkum, 410 KOMIIAKTHASA KPU-
Bast [, 3a/1aBaeMasi ypaBHenneMm z = \(t), t € [a, b], He npoxoaUT Yepe3 Hadaso, TO ecTh A(t) # 0
nutst ioboro t € [a, b]. Tlo Teopeme 0.3 st sio6oro t' € [a, b] Haiinérest HenpepbiBHAsi B TOUKe t/
JeiicTBuTesIbHAST (DYHKIMST 0y, ONMPeJIeTIEHHAsT HA BCEM OoTpe3ke [a, b, Takas, 9410

At) = r(t)e Dt ¢ [a,b],

riae r = |\|. us onpepenéunoctu canraem, 9to @u (t) = arg{A(t)\(t)} +arg A(t'). Bocnonbsyemcs
HENPEPBIBHOCTHIO DYHKINI ¢y B ToUKe t' 1 BoiGepeM okpectrocTh U(t') = {t : [t —t'| < dy} 9r0ii
TOYKH TaK, 4ToObl 11a Beex t € U(t') N [a,b] Bemommanocs nepasenctso |oy(t) — pp(t')| < .
Hanee Bribepem nponspoabHOe pasbuenue 7 = {t;}7 o, a =ty < ... < t, = b, orpesxa [a, b, ;06bIe
JBa COCEIHMX dJIeMeHTa t;,1;41 KOTOPOIO JIeXkKaT B IpeAeIax OJHOH OKPECTHOCTH M3 CeMehcTBa

{U) : ' € [a,b]}. Cymma
n—1
argl = Zg‘:o (e (tj+1) — (L)) (6)
He MEHAETCs MPU MOCIeIYIONeM U3MeIbIeHNH pa3OueHnst T U HA3BIBACTCS USMEHEHUCM AP2YMEHMA
BJOJIb KPUBOIi [.

JlarHoe ompejenenne TpeOyeT HEKOTOPBIX pa3bscHeHuil. Bo-mepBuIX, JI000€ pa3bueHmne oOT-
pe3ka [a,b], MeJKOCTH KOTOPOTO MEHBIE HEeKOTOPOTO MOJIOKHUTEJBHOTO 4YHCIa, 00Ja1aeT CBOi-
CTBOM: JIIOOBIE JIBE €r0 COCEJHME TOYKM JIeXKAT B NpeJesax OJHONH OKPECTHOCTH W3 ceMeiicTBa
{U() : t' € [a,b]}. Tdeficrurennno, oxpecrnocru 3U(t'), ¢ € [a,b] nokpesaor orpesok [a,b].
BribepeMm u3 3TOT0 MOKPBHITHA KOHEYHOE IIONOKPLITHE %U (t), s = 1,...,N. Ilyctb r — MuUHU-
MaJIbHBIH PajIMyc BRIODAHHBIX OKpecTHOCTeH, T = {t;}"_, — pasbuenue orpeska [a,b], MemKoCcTh
kotoporo mennme . Toraa, ecin t; € LU(t,) C U(t)), 10, ouesnano, t;_1,t;11 € U(t)).

Bo-Bropsix, pasuuna ¢y (tj11) — ¢ (t;) He 3aBucuT oT BBIGOpA t', TO €CThL HE MEHSETCS NPH
3aMmene t’' ¢ yciaosueM t;, ¢ € U(t') na t” ¢ yenosuewm 5,41 € U(t"). eiicTBUTENBHO, 3HAYEHNS
dbyurumii @y @ B MpousBosbHOI TOUKe t € [a,b] mpunagmexar Arg A(t) u, ciaegoBaTesbHO,
OTJIMYAIOTCS Ha cjaraemoe Bujaa 2nk, k € 7. 3uavwur,

pv(tiv) — v (ty) — oo (i) + o (t;) = 2k, k € Z.
Ecnn e oxpectaoctu U(t') u U(t") nepecexatorcs u tj,t;41 € Ut )NU("), o | (tj41) —pp(t;)—
/ " "
pur(tir) + oo (t))] < lopw(tjer) — oo )+ o (t) — e+ lpe (i) — o)+ o ") —
@ (t;)] < 4% = 2. CnemosaTensno, k = 0.

B-rperbux, cymma (6) He 3aBucuT 0T BhIOOpaA pasbuenusi T oTpeska [a, b], r00bie aBa cOCeIHUX
3JIeMEeHTa KOTOPOTO JieXKaT B mpejienax oauoro saementa U(t'). JleficTBUTENBHO, TYCTh T1, Ty —
JIBa, TaKUX pa3ouenusi, 7 := 71 U Ty. Pa3zbuenne 7 MOKHO HOJIYYUTDH U3MeIbIeHneM pa30neHus 7
u3MebIeHneM pasouenus 7. CregoBaTenbHo, cymma (6), cocraBieHHast MO Pa30HeHUsIM T; U Ta,
COBIAJET C 3TOI CYMMOM’, HO COCTABJIEHHOM 10 Pa3dUEHuIo 7.

HUsmenenue apeymernma BIOIb MPOM3BOIBHON KPHUBOIi [, He TPOXOAAIIEl Yepe3 HAa4YaI0, Ompe-
JIEJISIETCS € TIOMOIIBIO COOTHOTIEHU ST

argl := lim arg [,

rae [, — KOMIAKTHAst KpHBasi, 33jaBaeMasi ypasuenneMm z = \(t), t € [ag, bx] C (a,b), ax — a,
by — b (upwm ycjaoBum, 9TO yKa3aHHBI Npejes CyIeCTBYeT W He 3aBUCAT OT BBIOOpA OTPE3KOB
[ax, bi)).-

B kauecTBe mpmmepa paccMOTpuUM KpHUBYIO [, 3ajJaBaeMyio ypaBHeHHeM z = t + ¢lnt, t €
(0, +00). Hocurens 310i KpuBOii coBnagaer ¢ rpadpukoM HATYpaJbHOrO Jorapudma. V3venenue
apryMeHTa BJIOJb KPHUBOIi [, 3a1aBaeMoit ypaBuenneM z = t+ilnt, t € [ay, by] C (0,4+00), ar, — 0,
by, — +oo, pasno arg(by, +ilnby)— arg(ax +ilnay) = arctg % lnb’“ arctg = h”’“ . 3HAUYNT, U3MEHeHne

us

apryMeHTa BJIOJIb KpUBOIi [ pasHo lim (arctg by _ arctg 1”“’“) =Z.
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Ecan xpusast | 3amaéres ypasuennem z = A(§), € € [a,b) , To peiicTBuresbHast GyHKIUSA
argl(t) :== arg N(a) + argly, t € [a,b),

rie [, — KpuBas, 3ajgaBaeMast ypasaerneM z = A(§), € € [a,t] C [a,b) , HazpiBaeTcs npodosscenuem
apeymenma B10b Kpuboii [. ITpojozKeHne apryMeHTa BJOJIb KPUBOIl SIBJISETCS HENPEPhIBHOM
Ha TPOMeEKYTKe [a,b) dbyuknueii. IIpu srom

A(t) = r(t)e' 8O ¢ € [a,b).

Ecnu xpuBasg [ aBnsgerca HenpepbIiBHO jauddeperiupyemoii, To mo teopeme 0.5 Tpou3BOIHAS
dbyukuus ¢’ gaBnserca HenpepbIBHOI HA WHTEepBaJe (a,b) U OMpeIesieTcs OTHO3ZHATHO

LN
Sp—i A oor /)

[MTosromy aprymenT Touku A(t) KpuBOii [ MOXKeT ObITH MPeICTABICH 3HAYEHIEM HeIPEPBIBHOIL j1efi-
CTBUTETBHOM (DYHKIINH (0, OTPeJIeIsIeMOil ¢ TOMOTIHIO WHTerpaJa ¢ IepeMeHHBIM BEPXHUM Ipeie-

oM @(t) = %fat </\,(£) _ TI(E)) d¢. Buaumr,

A r(©)

r(t
argl(t) = arg A(a) + %/ (% - :/((g) de.

Ecnu venpepwiBHo guddepennupyemast Kpubasi | siBJIsIeTCS KOMIAKTHOW U Mpou3BoiHas A eé
napaMeTpusalii OrpaHnveHa Ha uHTepBase (a,b), To

1PN 1. r(b)
argl;/ﬂ Wdt—;m@,

L [PN() 1. r(t)
argl(t) = arg AM(a) + f/ —==d¢ — = In——+.
i Ja A& i r(a)
[Ipm 3TOM HecoOCTBeHHBIE MHTETPAJIBI B TPABBIX YACTAX CXOAATCS W M3MeHeHWe apryMeHTa BJOJb
3TOW KpUBOI KOHEYHO U HE IPEBOCXOJUT

a , r(b) ‘
sup |A'| + [In —=].
p(07 l) (a,b) | | r(a)

Buecn p(0,1) := inf 44 |A| — paccTosinme oT HavYaTA KOMIUIEKCHOM TIJIOCKOCTH JI0 HOCHTEIs KPUBOl

L.

[Tycrs kpuBast | 3amaéres ypaBaenneMm z = A(t), t € (a,b) n zo & . Kpusasi | — 2y, 3amaBae-
Mast ypaBHeHueM z = A(t) — zq, t € (a,b) , He TPOXOAUT Yepe3 HAYAIO KOMIIEKCHOMN TJIOCKOCTH.
lI3MeHeHne apryMeHTa BIOIb KPHBOi | — 2y HA3BIBACTCH USMEHEHUE AP2YMEHMA OMHOCUMEALHO
mowKY Zg BIOIb KPUBOii [ m obo3Havaerca arg, [. OcTaqoch 3aMeTHTD, 9TO BCE IPOBEJIEHHBIE BbI-
IIe PacCyKIeHns OTHOCATCA K caydaio zg = 0. OGHAPYKUTH U3MEHEHHS, CBA3AHHBIE C IePEX0I0M
K OOIIeMYy CIydaro, IpeJoCTABIgeM YATATEIO.

st Beex t w3 U(H') N [a, b) mveer Mecto npeacrapienne arg [(t) = pu (t) + 21k, tie k € Z w sBisiercs omamm
n meM e 1uisi Beex t u3 U(t') NJa,b).
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11.4. Anmpokcmmanusa KOMIIAKTHOUW KpuBoii. /lajiee Ham norpedyercss onucarth HEKO-
TOpBIE TOMOJIOTUYECKHEe CBONCTBA 3aMKHYTHIX KPUBBIX. DTH CBOICTBA M3BJIEKAIOTCSA W3 CBOICTB
3aMKHYTBIX JIOMaHHBIX .HI/IHI/II71, KOTOPbIE€ MbI 6y,[[eM CYUTaTh U3BECTHBIMU YUTATEJIO. OCHOBHYIO
POJIb B 9TOi1 mporeaype OyAyT UTPaTh CJIeIYIONne TBe TEOPEMBbI.

[lycrs | — xommakTHas Kpubasd, 3ajaBaevMas ypapuennem z = A(t), t € [a,b]; 7 = {t;}]_
— IpoU3BOJIBHOE pasbuernne oTpeska [a,b]; [, — JOMaHHAs JUHU, ¢ BEPIIMHAME B TOUKaxX (1),
tj € T, OTOXK/IeCTBJIsIEMAas HAMU C KPHBOH, 3a1aBaeMoii ypaBHeHueM z = \,(t), t € [a,b], r1e

Atj+1) — At5)
i1 — 1

A-(t) = (t—1t;) + Alt;), t € [tj, tj4a]-

Touku A(t;), t; € T, B cBOIO OUepeib, pa3OUBAIOT KpUBbIe [ U [, HA N YACTHYHLIX KPUBBIX [; 1 [,
COOTBETCTBEHHO. Y paBHEHHA YaCTUYHBIX KPUBBIX [; U [.; onpeJendioTca cyzKeHuaMn (pyHKIui A
U A, Ha COOTBETCTBYIOMIHUil OTPe30K [t;,t;41].

B kavecTBe mpmmepa paccMOTPUM KDPUBYIO [, 3a1aBaeMyio ypasHeHuem z = sint, t € [0, 27].
Hocuresn sroit kpupoii coBnagaer ¢ orpeskom [—1, 1] meiictBurenproit ocn. Onnako, Kpupas [
He SIBJISIETCS TJIQJIKOM ¥ jlayke KYCOYHO TJIAJIKO¥, HO SIBJISIETCS HENPEPBIBHO AnudhepeHnupyemoii.
Ynopsgouennoe Muoxectso 7 = {0, 7, T, 37”, 27} pasbuBaer orpe3ok [0, 27|. Dromy pazbueHHIO
COOTBETCTBYET JIOMaHHasi JUHUsA [ (nMeromas 4 3BeHa), 3a1aBaeMasi ypaBHEHHEM

2¢ npu t € [0, % ,
_ 2 T 37
z = ;;t+2 npu te[—,j],
T
2t—4  wpm te 7,27

Kpusast [, He siBsercs HenpepbiBHO Jud depeHmpyeMoil, HO ABJISETCS KYCOUHO MIAIKON (MOKeT,
HATpUMep, ObITh pa3OuTa HAa TPU IJIAJKUE KPUBBIE); €€ HOCUTEIb COBNAIAET ¢ HOCHTEJIeM KPUBOii
[. Bmecte ¢ Tem, eciu B KauecTBe pasbuenus orpeska [0, 27| B3arb muoxkectso 7 = {0, 7,27},
TO COOTBETCTBYIOINIAs JOMAHHAS JUHUA (MMEroIasi JBa 3BeHa) 3aJaércs ypaBHenueM z = 0, t €
[0,27]. Dra kpuBasi siBisiercs HenpepbiBHO JuddepeHnmpyemMoii, eé HOCUTe b COAEPKUT JIHUIIb
omay TOUKYy 0.

TrEOPEMA 0.15. Ecau omxpwmoe 6 C mmoocecmeo G 8KA0uaem HOCUMEND KOMNAKMHOTU
kpueoti I, mo dasa arwbo20 pasbueHus T = {tj};?zo ompeska |a,b|, meaxocmo O, KOMOPozo Menvue
HEKOMOPO20 NONOHCUMENDHOZ20 O, NOMAHHAA Aunud L aeocum 6 G.

JIOKABATEJBCTBO. IlycTh € — paccrognme MexKIy HOCHTeNIeM KpubBoil | m rpanmneii 0G
muO)kecTBa (G. Hocurenh KOMMakTHON KPWBOI sIBIsSIeTCS KOMIIAKTOM, a Tpannna OG saBjsieTcs
3aMKHYTHIM MHOYKECTBOM (KaK JOMOJHEHHEe OTKPHITOro MaoXkecTBa int G | ext G), 3uaqur, € > 0.
C apyroii croponsl, o Teopeme Kanrtopa cymectsyer ¢ > 0 takoe, 910 |[\(t1) — A(t2)| < €, ecan
t1,tz € [a,b] m [ty —t2| < 6. Bribepem npoussombHoe pasbuenne T = {t;}7_, orpeska [a, b], MeskocTh
d KoToporo menbine J. s moboro t € [t;,t;41] nmeem

’ _ >‘(tj+1) — )‘(tj)
L1 —

[A-(t) = A(t;) (t =) < IA(tin) + AR <€

Buaunt, JoManHas auHuA [ 1eKuT B 00beunennn Kpyros U:(A(t;)), j = 1,...,n. Ho xaxprii n3

TUX KPYTOB BKIIOUYEH B G. U

TEOPEMA 0.16. Fcau xomnaxkmuas kpueas | He npoxrodum wepe3 Ha%as0 KOMNAEKCHOT
nAoOCKOCMU, Mo 0as 1106020 pasbuenua T = {t; };?:0 ompeska |a, b|, mearxocmo 0, Komopozo menvue
HEKOMOPO20 NONOHCUMENDHO20 O BVINONHACNCS PABEHCNEO

argl = argl,.
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JTOKABATEJBCTBO. [Ipeanono:kuM, 94T0 HAYaJI0 KOMILIEKCHON MJIOCKOCTH JICsKUT BHE HOCH-
resst kpusoii [. Muoxkecrso C\{0} stBisteTcst OTKPBITBIM U BKJIIOUAET HOCUTEIh KPUBOIi [. 3HAUNT,
a1 moboro pasbuenns 7 = {t;}7_, orpeska [a,b], MesKOCTH J; KOTOPOTO MeHBIIE HEKOTOPO-
ro MOJIOKUTENBHOTO O JoMaHHas JuHust [, jexur B muoxkectBe C\{0}, 10 ectb He mpoxoaur
gepe3 0. DTo MO3BOJsIET TOBOPUTH O MPOJIOIKEHHN apryMeHTa BAoAb Kpuboii [.. ITo dopmye
(6) argl = "2 (pultor) — gu(t), e p(t) == arg{ADNE)} + arg A(¢). Ocradres same-
THTB, 9TO PA3HULBL @y (t;11) — @y (t;) He Mensiorcs, ecin GyHKIUIO @y (t) 3aMeHnTs QyHKIME]T
Orp(t) == arg{ A\ (H)\(¥')} +arg A, (t'), Tak Kax A(t;) = A\-(¢;) Ang Beex ¢; € 7. DTO O3HAUAET, UTO
argl = argl,. O

11.5. 3amkHyTbhIe KpuBbIe. KomMmnakrHas KpuBast [, 3a/1aBaeMasi ypaBHeHueM z = A(t), t €
la, b], naszpiBaerca samrnymoti, eciun A(a) = A(b). 3aMKHYTast KpUBas HABBIBACTCS KOHMYPOM, €CITH
OHA He HMeeT BHYTPEHHUX CaMOIepeceueHnii, IpYyIruMu CJI0BaMU, KpUBad, 3aJaBaeMas ypaBHeHneM
z=M\t), t € (a,b), apagerca npoctoit. Undexcom 3aMKHYTON KPUBOii | OTHOCUTEIHHO TOUKH 2 ¢
[, B obo3navennsx ind,, [, Ha3pIBaeTCd OTHOIICHHE % arg, [, Tae arg, | — M3MeHEHHe apryMeHTa
OTHOCHTETHHO TOUKH Zo BJOJb KpuBOii [. Touka zy ¢ | HazbiBaercs enewnedi (COOTB. enymperned)
TOYKON 3aMKHYTON KPHUBO# [, €C/Ii HHJEKC KPUBOil | OTHOCHTENLHO TOUKH zg paBeH 0 (COOTB. He
paser ). COBOKYNHOCTb BCEX BHENTHUX (BHYTPEHHHX) TOYEK 3aMKHYTON KpUBOi | Ha3bIBaeTCHA
6HEWHOCMvI0 (COOTB. 6HYMPENHOCMbIO) ITOI KpUBOH 1 obo3Hadaercs ext ! (cooTs. intl).

[lycrs | — kommakTHas Kpubas, 3ajaBaeMas ypapHenumeM z = A(t), t € [a,b]; 7 = {t;}],
— pasbuenne orpe3ka [a,b|; I, — jOMaHHAs JIMHUS, ¢ BepIIMHAME B TO4UKax A(t;), t; € 7. Jlerko
3aMETUTh, YTO BHYTPEHHOCTH intl, 3aMKHYTON JIOMAHHOW JIMHUU [, COBHAJAET C O0beJIMHEHUEM
KOHEYHOTO YHCJIA OTKPBITHIX NYTOIBHUKOB (1 > 3), a BHEMIHOCTD ext [, COBIAIaeT ¢ TOMOJTHEHIeM
KOHEYHOTO YHCIA 3aMKHYTBIX NYTOJBHUKOB (1 > 2).

Yupaxkuenue. Vcnonb3ys TeopeMy 0 MPOMeKYTOUHBIX 3HAUYEHUSIX HEIPEPBIBHOI JTeficTBUTE -
HOIT (DYHKIUH, TOKAXKUTE, YTO BCAKASA KPUBAsS, HOCUTEIh KOTOPO COMEP:KUT BHYTPEHHIE U BHEIII-
HEE TOYKHU NYTOJbHUKA HE MOXKET He NMePECEeKAThCs C IPAHUIEl 9TOr0 NyroJbHUKA.

TrEOPEMA 0.17. Ecau xpusas | asasemea 3amrxnymoti, mo

intl =U,—, s, <1intly, extl = Ure, s, <2 extly. (7)

JIOKABATEJIBCTBO. Ilycth | — KOMIaKTHAsi KpuBasi, 3aJaBaemMas ypaBHeHumeM z = (i),
t € [a,b] m zp € intl (coorB. 29 € extl). B cuny meopembr (0.16) st siroboro pasbuenust
7 = {t;}7_, oTpesxa [a,b], METKOCTh §; KOTOPOTO MeHbIEe HEKOTOPOTO § > 0, MMeeT MecTO paBeH-
crBo arg, | = arg, l.. Snaunt, ind., | = ind, [,. Otciona BeITeKaet, 4To 29 € ;. <1 int [, (coors.
20 € s, <1 ext l;), tne k > %. Bepno u obparnoe. /leiicreurenbno, ecam npu HeKoTopom k € N
BHITIOJIHACTCS BKITOUeHue 29 € [ ;- <1intl; (cootB. 29 € (5. <1 ext l;), T0 obsi3aTesnbHO zg & [,
TaK Kak 2o & [, W He MOXKeT sIBIATHCS BEPIIUHOI JJOMaHHO# JuHuH (. [Ipu 9TOM B CHITy Teopembl

(0.16) arg, | = arg, ., ecm MeIKOCTD ¢, pa3dHeHus T MeHbIIe HeKOTOporo 0 > 0, cieoBaTeIbHo,
2o € intl (cooTB. 2o € extl). O

MuoxkecTBO G HA3BIBAECTCS CA3HULM (TOUHEE, AUHETHO C6A3HVLM), €CJTU JII JTHIOOBIX JIBYX TO-
Y€K M3 9TOr0 MHOYKECTBA CYIIECTBYe KpUBas ¢ KOHIIAMHI B 9THX TOYKAX, HOCUTEb KOTOPOil JIeXKUT
B GG. OTKpBLITOE CBA3HOE MHOYKECTBO HazblBaeTcs obaacmublo. Bedkoe OTKPBITOe MHOKecTBO B R?
(3auut, u B C) mpejcraBisger coboii obbeanHenne He Gojiee 4eM CYETHON COBOKYITHOCTH TIOTAD-
HO He TepeceKaronuxcst obaacreil (HA3bIBAEMBIX KOMNOHEHMAMU CEA3HOCTU ITOTO MHOXKECTBA).
SaMbIKaHie 00JIaCTH HA3BIBAETCSA 3aMKHYMOU 00.4acMbIO.
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TEOPEMA 0.18. Fcau c6a3H0e MHOHCECMBO He NEpPecekaemcs ¢ Hocumesem 3aMEHYMOoU
Kpueoti, mo oo AUOO BKANOUAEMCA 60 BHYMPEHHOCMD KPUBOT, AUOO BKAOUAEMCA 80 GHEUHOCTDL
KpuBo.

JJOKABATEJBCTBO. Ilycts | — 3amKHyTas KpuBasi, 3ajaBaeMasi ypaBHenneM z = \(t), t €
la,b]; G — cBasuoe muoxkecTBO M G N1 = (). Boibepem npoussonbhyo TOUKy zg € G. Bygem
cautath, 410 zo € Intl (coors. zo € Extl). Ilycts z € G n ly — KpuBasg ¢ KOHIAMH B TOYKAX
20 M 2, HOCHTENb KOTOpoil texur B G. Tak xak [ Nly = 0, To p(l,lg) =: 2¢ > 0. O6o3naunm
U.(l) oobeaunenne e-okpectrocreii Uo(z) Touexk z € [. Muoxecro U.(l) aBIgeTCa OTKPHITHIM I
BKTIOUaeT HocuTe b KpuBoit [. [To Teopenme 0.15 aia moboro pasomenns 7 = {t;}7_, orpesxa [a, b],
MEJIKOCTb 0, KOTOPOTO MEHBIIe HEKOTOPOIrO IMOJOKHUTEJLHOrO 0, 3aMKHYTasd JOMAHHAS JTUHHAA [,

nexut B U, (l) u, smaunt, e nepecexaercs ¢ ly. Orciona Beitexaetr, ato ly C () 1 Intl; (coors.
k

ly C ﬂ57<% extl,), tae k > %. ITo Teopeme 0.17 Iy C Intl (coors. Iy C Extl). CiemoBaresnbHo,

G C Intl (coorB. G C Extl). O

Yupaxuaenne. 1. JIokaykuTe, 9TO BHYTPEHHOCTb U BHENTHOCTh KAaKJI0# 3aMKHYTON KPUBOI SIB-
JISIOTCS OTKPBITBIMU MHOZKecTBaMU. 2. JIoKazKuTe, 9TO MHIEKC 3aMKHYTON KPUBOil [ OTHOCUTEIHHO
TOYKHM 2 WMeeT OJHO W TO Ke IeJIoe 3HAYeHNe JJIA BCeX zZ M3 CBA3HONH KOMITOHEHTHI BHYTPEHHOCTH
kpuBoii [. 3. /lokaxkurte, 9T0 BHYTPEHHOCTH BCIKOW 3aMKHYTON KPHUBOI SBJIAECTCS OI'PAHUYCHHBIM
MHOYKECTBOM, & BHENTHOCTH 3aMKHYTOW KPHUBOU sIBJSETCS HEOTPAHUYEHHBIM MHOY)KecTBOM. 4. Jlo-
KayKuTe, 9To JH000M JIyd (29, 00) ¢ HAYaIOM B TOUKe 2o € Int [ nepecekaercs c .

TEOPEMA 0.19. Ecau xpusas | Asisemcs 3aMKHYMOT U HEKOMOPOE OMEPLIMOE MHOIHCE-
ecmeo G sxarouaem Hocumens | u enympernnocms Int l amoti kpusoti, mo dis a0bozo pasbuerus
T = {tj};?zo ompeska [a,b], meaxocms O, Komopozo MeHvUEe HEKOMOPO2O NOAOHCUMENLHO20 O
svinoanaemca exarouenue - UIntl, C G.

JOKABATEMBCTBO. Ilo Teopeme 0.15 ama moboro pasémenma 7 = {t;}7_, oTpeska |a,b],
MEJIKOCTb 0, KOTOPOTO MEHbIIe HEKOTOPOI'O MOJOKHUTEIbHOTO 0, JOMaHHas JuHud [, jgexur B G.
Badurcupyem oano u3 takux pazbuenuit 7. [lycts 2o € Intl,. Eciu 25 € [U Intl, 1o mo ycinosuio
Teopembl 29 € G. Tlosromy cumraem, ato 2y € [ U Intl. Ho Torma m3menenne aprymenta OTHOCH-
TeJIbHO TOYKM 2) BJI0JIb HEKOTOPOIl 4acTU4YHOM KpUBOH [ 1 3aMbIKaIOIEero eé¢ 35eHa JJOMaHHOM [ ;
Oy/IyT pa3JuIHBIMH. JTO O3HAYAET, YTO TOYKA 2( MPHHAJIEKAT BHYTPEHHOCTH KpHUBOil [; U lT_jlo,
rje | — nepeopuenTnposanHas kpusas [;;. B cuiy orpanniennocru BayTpennocTn kpusoit [;UL
yd [z, 00), Aexamuii Ha npamoit (A(t;), zo) 1 He mpoxoxsAmuii Yepe3 TOUKy A(f;), mepecekaeTcs
c kpusoit [;. Touka nepeceuenua A(t'), t' € (¢;,t;+1) He coBnamaer ¢ Toukamu A(t;) u A(tj11).
O6o3naunm 7’ pazbuenne 7T g0nONIHEHHOE TOYKOI /. MeakocTs pasbuennsa 77 Menbme 0 u 2o € L.
Buaunr, 2y € G. O

12. IIpousBoaHasi Mo KPUBOIi
13. WaTerpasn mo xKxpusoit

Besikast kommiekcnast ¢pyuknust f, onpejiesieHHas HA HOCHTeNe KPUBOH [, 3a7aBaeMoil mapa-
MeTpuuecKuM ypaBaeruneM z = A(t), t € (a,b), MOXKeT OBITH OTOXKJIECTBJIEHA ¢ KOMILIEKCHOI
dbyukmeit geficrBurebHON epeMenHoil F = fo )\, onpeenénuoil Ha pomexkyTke (a,b) . B Tou-
Kax mpoMexkyTka (a,b), B KOTOpPBIX (DYHKIUSA A IMPUHAMAET OJUHAKOBBIE 3HAUeHUs, DYHKIHs F
TOXKe NPUHUMAET OJNHAKOBBIe 3HadeHus. C Ipyroil CTOPOHBI, BCIKas KOMILTeKCHas (pyHKnus F|

10318 KpUBas MOXKeT ObITH 33/aHA yPaBHEHUEM
_ )\(t) opu t &€ [tj,tj_H],
)\T(Qtj+1 — t) upu te [tj+1, Qtj+1 - tj].
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onpejiesiéHHast Ha TpoMexkyTKe (a,b) , MOKeT paccMaTpUBaThCsl KAK MHOTO3HAYHAS KOMILIEKCHAST
bynkuua z — {F(t) : t € A(2)}, onpenenéunasa na Hocurene kpupoit . B Toukax camonepece-
YeHUsI KPUBOH [ 3Ta (DyHKIMS NIPUHUMAET MHOKECTBEHHbIE 3HATYEHUSI.

[Iycth Ha HOCHWTE/IE KOMIAKTHON KpUBOil [, 3a/laBaeMoil mapaMeTpruyecKuM ypaBHEHHEM z =
A(t), t € [a,b], onpenenena komiiekcaast dynknus f. Eciu cymecrByer naTerpas f: FA(2))dA(t)
Pumana-Crunrheca dyakmun f o\ mo pyaknun A, 70 GYHKIHUIO f HA3BIBAIOT UHME2PUPYeMmoti o
KPUBO#i [, & YyIIOMSIHYTHIit I/IHTeI‘paJI Pumana-Cruitheca HazbBaoT unmezpasom GyHkmun f 1o
KpUBOii [ 1 0603HAYAIOT fl z)dz. U3 onpesienenust narerpaia Pumana-CTHITbECA BHITEKAET, UTO
UHTErpaJl fz z)dz coBnajaeT ¢ NpejieioM WHTErPAJILHON CyMMBbI

[y

n—

or(f,1) = D FME)) (A1) = A#5)), & € [t 4]

<.
Il
o

IpU CTPEMJIEHUN MEJKOCTH pa3OueHus 7 = {tj}?:o, a=ty<..<t,=0>bx Hymo.
Ecnu npeanonoKuTh, 9TO0 KOMIIAKTHaA KpHUBad [ dBJsSeTCs CIpaMisgeMoii, a dyHkmug f o A

ABJIIETCS HEIPepBhIBHON TO (byHKIuaA f gBasgeTcsa uHTerpupyeMoit mo Kpusoii [. [Ipu sTom

[ <, ®
I

e M — npousBo/ibHaAs MamopaHTa dbyukuun |f], |l| — anmua kpusoit [. eiicrBuresbro, cy-
necTBoBanme uHTerpana [, f(z)dz obecredeno cymecTBOBaHIEM COBIAJAIONIETO ¢ HIM HHTErpaa

Pumana-Cruirbeca fa F(A(t))dA(t), a nepaBencTBo (8) BbITEKAET U3 OIEHOK
n—1

o= (£, D] < D IFMENDAE 1) = AlL)] < MZ (A1) = At;)].

j=0

Ecnu npeamnono:kuTh JTOMOJTHATEIBHO, YTO KpHUBasl | SIBJIgeTCA HeNpepbiBHO Jud hepeHupyemoii,

) [tz = / N

W3 s1oit popmyJibl, B 4aCTHOCTHU, BHITEKAET (l)opMy.na

dz |>\ b)|
argl = - [ — — =
iz ")
JITsT BBIYUC/IEHUsT U3MEHEeHNsT apTyMeHTa BJIOJIh HempepbIiBHO A depennupyemoit KpuBoit u ¢pop-
MyJia
) 1 dz
ind¢l = —
2w J; 2 —C
JIUTsT BBIYUCIEHUST WHIEKCA 3aMKHYTON HenpepwuiBHO juddepeHnupyeMoii KpuBoit | 0OTHOCHTEIHHO
touku ( ¢ I.

W3 paccMoTpeHHBIX paHee cBOiicTB mHTerpaia Pumana-CTuarbeca BBITEKAIOT CBOWCTBA WHTE-
rpaﬂa o KpI/IBOﬁ

1) [,(fi(z) + fa(2 dZ—flfl )dz + [, fa(2)
flk:f dz_kfl 2)dz k€ C;

fl 2)dz + fl dz = fl 2)dz, ly,ly — 9acTHYHBIE KPUBBIE, MOJTYyUYEeHHbIE TYTEM pa3Ou-
eHI/IH O6JIaCTI/I I/ISMeHeHI/Iﬂ mapaMerpa KpHBOii [ Ha IBa IPOMEKYTKa;

fl* z)dz = [, f(z)dz, I* — TOXKIeCTBEHHAS KPHBAS;

5) [,- f(2)dz = — [, f(2)dz, I~ — nepeopuenruposanHas Kpusasi

(BO Beex CJIyqaﬂx CYILIECTBOBAHIE HHTETPAJIOB B IPABOIl YaCTH BJICYET CYIIECTBOBAHIE HHTETDAJIOB
B JIEBOIT 9acTn).
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Ecin kpusasi | He siBjsiercss KoMnakTHoii, o nnrerpai [, f(z)dz onpenensiercst no gopy.ie

/f(z)dz =1lim [ f(2)dz.
! I
Baech kpuBas [, 3agaérest ypaBHenuem z = A(t), t € [ag, bg] C (a,b) u a — a, by — b.
[TonsiTme MHTErpaia MO KPUBOIi JICZKUT B OCHOBE MOHATHUS UHME2PANG N0 CEMETCMEY KPUGHLL.
I[Tycrs 3amano cemeiictBo L KpuBbIX [j, j = 1,...,n, 1 HA 00 UHEHUH HOCUTENEH ITUX KPUBBIX

ompejeneHa KomiiekcHaga dyakius f. Torma

/Lf(z)dz ::é/ljf(z)dz.

[Tpu sTOM cylecTBOBaHME UHTETPAJIOB B MPABOil YaCTU MOXKET ObITh rapaHTUPOBAHO TpeOOBAHUEM
KOMIAKTHOCTU U CHPIMJISEMOCTH KPUBBIX M3 ceMeiicTBa L u TpeOOBaHWEM HEIPEPBIBHOCTH CY-
keruit pyHKIUN f Ha KaXKIyI0 TaKyl KpUBYIO. Ecau cemeiicTBO KPUBBIX L TMOIyY€HO U3 OTHOM
KpUBOii [ myTeM pa3OuMeHus 00JaCTH U3MEHeHHUs mapaMeTpa Ha KOHEUHOe MHOXKECTBO IPOMEXKYT-

KOB, TO UMeeT MecTo (opMy.ia
[ 1@z = [ sz
L !

(cymecTBOBaHMe MHTErpaja B IPABON YACTH BJIEUYET CYNIECTBOBAHUE WHTETpAja B JIEBOH YacTH).



