§5. Cxonduuecs Nociae10BaTeIbHOCTH B METPUYECKOM NTPOCTPAHCTBE

IlocnedosamenbHocmpio B METPUYECKOM IPOCTPAHCTBE R Ha3bIBAIOT OTOOpaXkeHUeE, olpe-
neneHHoe Ha N M IIPUHUMAOIIEee 3HaYEHUs1 B CAaMOM METPHUYECKOM MpocTpaHCTBEe R . B yacTHO-
CTH, YHMCIIOBBIE IOCIIECJOBATEIBHOCTH MOTYT PACCMAaTPUBATBHCS KaK IOCIEAOBATEIBHOCTH B OJHO-
MepHOM apudmeTnueckoM mnpocrpanctBe R. [l mocnenoBaTesnbHOCTEH B METPUUECKHUX IPO-
CTPaHCTBaX UCIOJIb3YIOTCA 0ObIYHAS TEPMUHOJIOTUS U CTaHIapTHBIE 0003HAYECHHUS.

Omnpenenenue. [ ogopsam, umo nocie008amenbHOCmyb {Xx, } . 21eMeHMO8 U3 MEMmpuUIecKo2o
npocmpancmea R cxooumcs k anemenmy a € R (6 0bo3navenuax: x, —>a, n—>o0), ecau O Jt0-

0020 &>0 Hatioemca Homep N €N, Hauunas ¢ KOMOPO2O BbINOJIHAEMCSA HEPABEHCHBO
p(x,,a)<e. Ilpu smom snemenm a € R nazvieaemcs npedenom nociedogamenvHocmu {x,} . u

obosnavaemcs lim x,, .

n—>
[IpuBeneHHOE onpeaeneHue mpeaena CXosIencs Iocaea0BaTeIbHOCTH Ha3bIBAETCs OIpe-
JICJICHHEM Ha SI3bIKe « & — O ». Ha mpakTuke yno0Ha ero CUMBOJIUYECKAs 3aITUCh:
(x, >a, n >0) = (Ve>0)AN eN)(Vn=N):p(x,,a)<&.
[Tone3na u GopMyIupoBKa ATOrO ONPEAETIEHUS U Ha S3bIKE «OKPECTHOCTEW», CUMBOJINYE-
CKasl 3aIIMCh KOTOPOTO UMEET CIICIYIOIINI BU/T
(x, >a, n >0) < (YU, (a))AN eN)(Vn=N):x, €U, (a).

CBoWicTBa cxoasaLMXcs nocnenosaTenbHOCTeN

Teopema. [locnedosamenvnocms {x,}  21eMeHMO8 Mempuyecko2o npocmpancmea R
cxooumces K 21emeHmy a € R moeda u moabko mo2oda, K020a HUCI08dsi NOCAE008AMENTbHOCHb
{p(x,,a)},_, cxooumcs k nynio.

Teopema. IlociedosamenvHocms Modtcem umems MoabKO 0OUH Npeoel.

ITycts {x,},_, - HOCIENOBATEIBHOCTD IEMEHTOB METPUUECKOTO IPOCTpaHCTBa R, {n, }, -

BO3pACTarollasl NI0C/IE/[0BATEIBHOCTD HATypaibHbIX vncen. [locneposarensHoCTs {xX, },, HasbiBa-

€TCsl NOONOCIe006aMeNbHOCHIbIO TIOCIEA0BATENILHOCTU {X, } . .

Teopema. Jlwbas noonocredosamenbHoCmb CX00AWEUC NOCIE008AMENbHOCMU CXOOUMCS
K MOMY Jice CAMOMY npeoeiy.
Teopema. Eciu x — mouka npukocrhogeHus muoxcecmea M C R, mo cywecmseyem

0
n=1°

nocneooeamenbHocms {x, ., x, € M, cxooawasca k x .

HJoxaszaTtenbcTBoO.IllycTh x — Touka npukocHOBEHUs1 MHOkecTBa M. Torna mis
moboro neN Haiinercs Touka x, € Uy, (x)(1 M . U3 nepasencts 0 < plx,,x)<1/n, neN, BrrTe-

KaeT, YTO YMCIIOBAs MOCIEIOBATENbHOCTh {P(X,,X)} | CXOAUTCA K HYII0. DTO O3HAYaeT, 4To IOo-
CJI€J0BATENBHOCTD {X,}, , CXOAUTCA K x M

CXOIUMOCTh ~ TMOCIEIOBATEIILHOCTH — 3JIEMEHTOB  mpocTpaHcTBa R”  o3Havaer ee
MOKOOPAMHATHYIO CXOJUMOCTb, TOYHEE CITPABEIIMBA CIICIYIOIIAst

0
m=1~

Teopema. [Tocredosamenvrnocms {x™} x" =(x",..,x")eR", cxooumes k snemen-

my a=(a,...,a,)€R" mozoa u monvko mozoa, kozoa uucnosvle nocredosamenvrHocmu (Hazvigae-

0
m=1"’

mbte koopounammuwimu) {x"} i=1,...,n, cxooamesa Kk coomeemcmayrouumM KOOpOUHaAmam a.

(m) (m)

Heoo6xoxgumocts. Ilycte x™ —>a, m—o. Torma p(x"",a) >0 npu m — .

Taxk kak 0<|x" —aq, |< \/(x,('”) —a)’ +.+x" -a,) = p(x"™,a), 10 | x"™ —a,|>0 npu m—>o.
(m) (m)

CnepoBarensHo, x;"’ —>a;, m —>o, i=1,.,n. ObparHo, mycts X;"’ —a,, m—>o©, i=1L..,n.



Torma p(x™,a)= \/(x]('”) —a,)’ +.. 4+ (x"

n

(m)

—a,)’ -0 npu m—>oo. Cnenoparensho, x" —>a

npu m—>oo B
[TocnenoBarenbHOCTH {X, } . 21eMeHTOB npoctpaHcTtBa Cla,b] - 3T0 3HaKOMas HaM (yHK-

LUOHAJIbHAS T0CIIEA0BATEIBHOCTD, JJIEMEHTBI KOTOPOH €CTh (YHKIUHU X, = X, (f), OIpe/eIICHHbIE

Ha otpe3ke [a,b]. CxonuMoOCTh MOCIenoBaTeNbHOCTU {X,} _, B npoctpaHctBe C[a,b] o3Hauaer

0
n=1

PABHOMEPHYIO CXOJAUMOCTb (DYHKIIMOHAIBHOW NOCIEN0BAaTENbHOCTH {X, (1)}, _, Ha oTpeske [a,b].

§6. IIpenen oroOpaxenus. HenpepriBHbIE OTOOpaXKeHUS

IIycte X =(X,p,), Y =(,p,) - Merpudeckue npocrpancrsa, x,€ X , aeY , U(x,) -
HEKOTOpasi OKPECTHOCTh TOYKH X,. PaccMoTpum npousBoipHOE oToOpaxkeHnue F: X — Y, ompe-
JICNICHHOE B «IIPOKOJIOTOM» OKpecTHOCTH U (xy)={xeU(x,):x#x,} TOUKH X,.

Onpeneaenue. [ osopsam, umo omobpadicenue F: X —Y cxooumcak a€Y npu x = x, (6
obosnauenusx: F(x)—a, x = x,), ecau ona 106020 € >0 naitoemcs & >0 makoe, umo 0ns 6cex
xeX, yoosremeopawwux  ycrosuro  0<p,(x,x,)<0,  6bINOIHAEMCA  HEPABEHCMBO
py (F(x),a)<e. Ilpu smom anemenm a € Y Hazvieaemcs npeoeiom omoobpadxcenuss I 6 mouke X,

u obosnavaemcs lim F(x).

X=X,

[IpuBeneHHoe omnpezaeneHue npeaena 0ToOpaKeHUsl Ha3bIBACTCA ONPEICIICHUEM Ha SI3bIKE
«&—0 » (nm onpenenenueM no Kommu). Ha npaktuke ncnonb3yercs cleayromias CMUMBOINYECKast
3aMKCh 3TOTO ONPECIICHHUS:

(F(x) >a, x> x) <= (Ve>0)30>0)(Vxe X :0< py(x,x,) <0): py(F(x),a)<e€.

[IpuBeaeM CHMBOJUYECKYIO 3alIUCh 3TOTO OMPEENICHUS Ha S3bIKE «OKPECTHOCTEN):

(F(x) = a, x = x,) & (YU, (@)@U, (x,)): FU, (x,)) S U, (@).

Hapsiny ¢ 3TumM onpenesieHneM IHUPOKO UCIONb3YETCs U OIpEeNIeHUe Ipeiesia 0Toopaxe-
HUS Ha SI3BIKE «II0CJIeI0OBAaTEeIbHOCTEN) (onpenenenue mo ['eine):

(F(x)—>a,x—>x)) & (x, >x),n—>0,x, eU(x))= F(x,) > a,n—> ).

Jloka3aTenbCTBO 3KBUBAJIEHTHOCTU 3THUX ONPEICIIEHUN MOBTOPSET M3BECTHOE J10KA3aTelb-
CTBO PKBHUBAJICHTHOCTH ompeneneHuid npeaena nmo Komu u no ['eiine A aeicTBUTENbHBIX (DYHK-
LU,

HonyctuMm, nanee, 94To oToOpakeHue F : X — Y omnpenercHo B HEKOTOPOW OKPECTHOCTH
U(x,) Toukn x, € X . OtoOpakeHne I Ha3bIBACTCA HENpPepbléHbIM 6 MOYKe X, €CIIH CYIIECTBYET
npezen oToopaxkeHus [~ B TOYKE X, M 3TOT IpeJell COBNANAeT CO 3HaYeHHEM (YHKIMU B TOYKE
x,. Onpenenenne oToOpakeHHs, HENPEPHIBHOIO B TOYKE, JOIYCKAET PAJ SKBHUBAJICHTHBIX (opMy-
mupoBok. IlpuBeneM camble pacpOCTpaHEHHbIE U3 HUX, B YAOOHBIX JJISl UCIOJIb30BaHUS U 3aIlo-
MHHAHUS, CHMBOJIMYECKUX (hOpMax 3arucH:

(F - HempepbIBHO B
X)) (Ve>0)(F0>0)(Vxe X 1 p,(x,x,)<0): py (F(x), F(x,))<¢€;
(F - menpeppiBHO B x,) < (VU (F(x)))) (3U;(x,)): F(U;(x,)) U, (F(x,));
(F - HempepwIBHO B X,) <> (x, > x,, n—=> o0, x, €eU(x,) = F(x,) > F(x,),n—> ).

OtobOpaxenue F: X+ Y, onpeneneHHoe BCIOAYy Ha X , HA3BIBACTCS HENpepvléHbIM, €CIIN
OHO HENPEPBIBHO B KaXKJ10M Touke npocrtpaHcTBa X . OtoOpaxkeHue F :X — Y Ha3bpIBaeTcs He-
npepuleHbIM Ha MHoxcecmee M C X , eCiu HEeTIPEPBIBHO CyXEHHE 0TOOpakeHusT F Ha MHOXKECTBO
M , TpakTyemoe Kak oToOpakeHue u3 noamnpocrpancrsa M < X B npoctpancTBo Y . OToOpake-
Hue F:X — Y Ha3bIBaeTCs HenpepvblgHbIM, €CIIM OHO HEMPEPHIBHO Ha o0nactu ompeaenenus. [lo-
CJICIHUE OTpENEICHUsI CIeAyeT MOSCHUTh KOHKPETHBIM mpuMmepoM. JlelcTBuTenbHas (QyHKIMS



y= Jx , TpakTyeMasi kak oTtoOpaxxenue u3 R B R, ompezenena B Hyne, HO HE SBISICTCS HEIpe-

PBIBHOM B 3TOH TOYKE, TaK KaKk OHa HE OIpeJiesieHa B ee oKpecTHOCTU. OiHaKo, PyHKIus y = Jx
HEeNpephiBHA, TaK KaK OHA HempepblBHA Ha oOnactu ompeneneHus [0;+00), Kak 0TOOpakeHHE U3
noanpoctpancTBa [0;4+00) — R B mpoctpanctBo R. Ilpu 3TOM HEnmpeprpIBHOCTH 3TOr0 OTOOpaxe-

HUA B Touke () 03HAYaeT HEMPEPHIBHOCTH ClipaBa (yHKIHUHU Y = Jx B a0 TOUKE.
Teopema. Omoobpasicenue F :X Y, onpedenennoe 6crody na X, sA6nsemcs Henpepvle-

HbIM mM020a U MOJbKO mMo2od, Ko20a Npoodpas Kaicoo20 OMKPLIMO20 MHONCeCm8d Npu 3MmMoM
omobpadicenuy OMKpbim.
JNoxkxaszaTensbcTBo . Beibepem mpousBoiapbHOE OTKpHITOE B Y MHOXECTBO G U

IIPOU3BOJILHYI0 TOuky x € F~' (G)={xe X :F(x)eG}. HykHO noKa3aTh, YTO X — BHYTPEHHss
Touka jis MHOkectBa F'(G). Tak kak y =F(x)e G, To Haiimercs okpectHocts U, (y) B Y,
BlOXkeHHas B G . OTtoOpaxkeHne F HENMPEphIBHO W OMPEICICHO HAa X , 3HAYUT, HAMAETCS OKPECT-
HocTh Uyg(x) B X, ynosnerBopstomas ycnosuto (U, (x))cU,(y) < G. Orcrona BBITEKAeT, 4To
U,(x) < F'(G). 3naunt, x — BHyTpeHHss Touka MHOKecTBa F ' (G).

O6patno. Ilpeamonoxum, 4To mpoolOpa3 KaKIOTO0 OTKPHITOTO MHOXECTBAa IPH OTOOpa-
xeHnn F: X =Y, onpeneneHHOM BCroay Ha X , SIBJISIETCSI OTKPBITBIM MHOXECTBOM. JlOKaxeM,

4yT0 oToOpaxeHnue F HenpepwiBHO. Ilycth x € X, y = F(x) € Y . BoibepeM npou3BOIbHYIO OKpPECT-
nocts U, (y) Toukn y . INo npeanonoskenuto MHO)ecTBO F ' (U, (X)) ABNSETCS OTKPHITBIM B X U
xe F'(U,(»)). CnenosarensHo, Haiiiercst okpectHocTh U, (x) Takast, uto Uy (x) < F (U, ().

Orcrona BeiTekaer, uto FF(U;(x)) c U, (). 3Hauut, oroOpaxeHue [ HempepblBHO B ToYke x M

Yunpaxuenue . l. Jlokazare, uto OroOpaxkenue F : X > Y , onpeeieHHoe BCIOAY Ha X , SBJISIETCS

HEMPEpbIBHBIM TOTZIA U TOJNBKO TOT/A, KOrZa IMpooOpa3 KaXKAoro 3aMKHYTOIO MHOXKECTBA IPH STOM OTOOpa)KEHHH
3aMKHYT.
2. Jloka3aTb, 4TO KOMIIO3UIINS HENPEPBIBHBIX OTOOpa)KeHHU HeNpephIBHA.



