§5. Teopema Kantopa—DbepHiTeiina

Teopema: ecnu cymiecTByeT OuEKIMs / MHOXKECTBA A4 Ha MHOXECTBO
B, < B u Ouekuus g MHOXECTBa B Ha MHOXECTBO A, = 4, TO A~B.

JloKa3aTenbCTBO:

BoiGepeM x € 4 U COCTABUM MOCIIEN0BATENLHOCTD {x, | MO3JIEMEHTHO: x, =X,
x, =g '(x,)eB, x,=f"(x,)e 4 u 1.a. [TocnenoBarenbHOCTh {x,} MOXET COCTOSATH

W3 KOHEYHOT'0 YHCJIa 3JIEMEHTOB MJIHA U3 O€CKOHEUYHOTO.
Yucno 371€eMEHTOB B MOCIEA0BATEIIbHOCTH {x n} Ha3bIBACTCA IMMOPAIAKOM 3JIC-

MeHTa x € 4. Pa3o0beM MHOXECTBO 4 Ha TpH MOAMHOXECTBA: A,, A,, A, TIE A,
— COBOKYHNHOCTB BCEX DJIEMEHTOB U3 4 HEYETHOIO IIOpsAaKa, 4, — COBOKYIIHOCTH
BCEX JJICMEHTOB U3 A4 YETHOI'O MOpsJKa, A, — COBOKYIIHOCTH BCEX DJIEMEHTOB U3
A OECKOHEYHOTro Mopsiika. AHaJIOTMYHO pa30uBaeM MHOXECTBO B Ha B,,B,,B, .
OxaseiBaercsa f(4,)=B,, f(4,)=B,, g(B,)=4,< g'(4,)=B,.

g_](x)’XEAl c 4,
F(x)=1 f(x),xe4, ecTh Ouekuusi 4 Ha B.

fx)hxeq,

Cnenctsue: [01] ~[0,1], T.€. m([O,l]z)zm(R)

N.

§6. CpaBHEHHE MOIIIHOCTEMN

JUIss MOIIHOCTEN KOHEYHBIX MHOYKECTB UMEIOT MECTO TOHATHS «OOJIbIIEY U
«MEHbIIEY». PacpoCcTpaHUM 3TH MOHATUS U HAa OECKOHEUHbIE MHOKECTBA.

IIycth 4 ¥ B — JBa MPOM3BOJIBHBIX MHOKECTBA, m(A4) U m(B) — UX MOILIHO-
ctH. JIOrH4ecKr BO3MOKHEI 4 CUTYaIlHK:

l. A~B,cB, B~4,cA4;

2. A~B,cB, B~A4 <A (T.e. MHOXECTBO A DSKBUBAJIEHTHO YacTu
MHOX€CTBa B, HO BO MHOXKECTBE A HET YAaCTH OKBUBAJIECHTHOM
MHOXECTBY B );

3. A~B, cB, B~4,c4;

4. A~B cB,B~A4 cA.

ITo Teopeme Kanropa—bepHmTeiiHa B TEpBOM Cly4a€ €CTECTBEHHO
m(A4)=m(B). Bo BTOpoM cilyuae MPUHATO TOBOPHUTH, YTO m(A)>m(B), B TpEThbeM —
m(4)<m(B). B 4eTBEPTOM Clly4ae CleJ0Ban0 Obl CYMTATh, YTO MHOKECTBA A U B
HE CPAaBHUMBI 10 MOIIHOCTU. OHAKO TOT Clydyal OKa3bIBAETCSA HEBO3MOXKEH, T.€
CIIpaBeUINBa TEOPEMA.

Teopema: 00Ol JBa MHOXKECTBA 4 M B MO0 DKBMBAJIEHTHHI M TOIJA,
m(A)=m(B), mu6o m(A)<m(B), mu6o m(4)>m(B). dpyrumu cioBamu — JIOOBIE
JIBa MHO’KECTBA CPABHMMBI 110 MOIIHOCTH.




JloKaszath 3Ty TEOPEMY MOXHO OCHOBBIBAsCh Ha TeopeMy Llepmena, KoTopast
YTBEPIKIAET, YTO JH0O00E€ MHOKECTBO MOKET OBITH BIIOJIHE YIOPSAIOYEHHO (Teope-
ma [lepmeria SKBUBAJIEHTHA aKCHOME BBIOODA).

Teopemal: ecnii 4 ¥ B — NPOM3BOJBHBIE MHOKECTBA, TO COOTHOIIEHHS
m(A)=m(B), m(4)<m(B) u m(4)>m(B) HECOBMECTUMBI.

JokasarenscTBo:  OtHOmenue  m(4)=m(B) WCKIIOYAET  OTHOLIEHHS
m(A)< m(B) u m(A)> m(B)

Voenumest, uto m(A)<m(B) u m(4)>m(B) TO *e HECOBMECTHMBI: JOMYCTUM,
YTO M TO, W JPYroe OTHOINCHUS BBHIOJHAKOTCA Ui MHOXKECTB A4 M B. Takum
o0pazoM, A~B B, A+B u B~A cA, A+B. Ho no teopeme Kanrtopa—
bepnmreiina 4~ B. llpunuim K OpOTUBOPEUHIO, KOTOPOE JTOKA3bIBA€T HECOBMEC-
THMOCTb OTHOIIECHUH «MEHBIIIE» U «OOJIBILEY.

Teopema 2: ecitu m(A4)<m(B) u m(B)<m(C), 10 m(A4)<m(C).

JokaszarenbctBo: m(A4)<m(B)<m(C)= A~B, B, B~C,cC=A~C,cC.
Jonyctum, 410 C~ A4, cA=C~A4, T.e. B~A4 c A= B~ A4, 1.e. m(B)=m(4), uro
npoTuBopedut m(A4)<m(B).

§7. bynean MHOXECTB

OcTtaercss OTKpPBITBIM BOIPOC CYIIECTBOBAHUS MOIIHOCTEH CKOJIb YTOAHO
Oonbinx. PaccMoTpenue 3Toro Bornpoca HayHEM ¢ KOHEYHBIX MHOYKECTB.

Omnpenenenne MHOXECTBO BCEX MOJAMHOXECTB JAHHOTO MHOKECTBAa A Ha-
3pIBacTCs OyJICAaHOM MHOXKECTBa A M 0003HauaeTcs B(4).

IIpumepsr:
1. 4, ={a}, cneposarensno B(4,)={a},{@}} n m(p(4,))=2".
2. A4, =la,b}, CJIEI0BATENLHO B(4,)={al,{@ }{ b}, {b}} u

m(ﬁ(Az )): 2m(ﬁ(’41 )): 4=2%
3. m(B(4U{p})=2m(B(4)), THe 4 — KOHEYHOE MHOXKECTBO, bg A. IlycTh
A={a,,...,a,}, Torma m(B(4))=2". Eciu 4 — OECKOHEYHOE MHOXECTBO,
10 m(B(4)) 0603HauaroT Kak 2"
Teopema: 2"™ >m(A), T.e. MOIHOCTH OyJicaHa MHOKECTBA A OOJIBILE MOII-
HOCTHM CaMOI'0 MHO>KECTBa 4 .
JlokasarenscTBo: Tak Kak f(4) COMEPHKUT YCTh SKBUBAIECHTHYIO MHOKECTBY
A (9Ta 4aCTh COCTOMT U3 OJHODJIEMEHTHBIX MHOXKECTB), TO K00 2"™ > m(4) 1100
2" =m(4). OcraeTcs 1M0a3aTh, YTO MOCIENEE HEBO3ZMOXKHO. [IpeanonoKuM mpo-
tuBHOE. Ilycth f(4)~A. VcTaHOBUM B3aMMHO OJHO3HAYHOE COOTBETCTBUE:
x> X, yeY, zoZ, ... O003HaUNM yepe3 M MHOXKECTBO BCEX DJICMCHTOB U3 A4
HE BXOJAIIHUX B MHOKECTBA, KOTOPbI COOTBECTCTBYIOT. Tak kak M c A, TO dme A:

m<M.
Bo3MoXkHBI 1BE CUTyallUu:



1). me M , HO TOT/1a IO OTIPEACICHUIO M m<> M ;
2). mgM ,HOTOTIAa meM .
DTO MPOTUBOPEUUE U JIOKA3BIBACT TEOPEMY.

§8. bynean MHOKECTBA HATYPAJIbHBIX YHCE

Teopema: 2% =X. MomHocth Oyieana B(N) paBHa MOIIHOCTH KOHTHHYY-
Ma.
JlokasarenscTBo: PazoobeM S(N) Ha 2 moamuoxectBa S u T, rae S cocToUT

U3 MOAMHOXKECTB N C KOHEUHBIM JOMOIHEHUEM; 1 COCTOUT U3 MOAMHOXKECTB N ¢
OECKOHEUHBIM JOTMOJTHEHHEM.

1). MHOXecTBO S cueTHOe, T.K. 9KBUBAJIEHTHO MOJIMHOKECTBY MHOXECTBA C HATY-
paNbHBIMU KO3 PUITUEHTaAMU.

2). IlokaxxeM, uto 7' MMeeT MOIIHOCTh KOHTUHYyMa. Kaxaomy asieMeHty X e T
(X < N) cTaBUM B COOTBETCTBHE OECKOHEUHYIO ABOUYHYIO Ip00b x =0,¢,¢,..., TO€

g, =1,ecmm keX u ¢, =0, ecim k¢ X . Hanpumep MHOXKECTBY X = {1,3,5} COOTBECT-
o 1 1 1
ctByeT Apo6k 0,10101 (B mecsITUYHOM 3aMMCH 3TO YUCIIO 5 + < + 5 0,65625).

MHOKeCTBO BCeX 3THX Apo0eil 0XBaThIBaeT MoJXyuHTpBai [0,1). 3aunut 7~[0,1)~R.
Tak kak B(N)=SUT, TO 10 CBOWCTBAM CYETHBIX MHOKECTB B(N)~R .

Teopema: MHOXKECTBO BCEX MOCIEA0BATEILHOCTEN HATYPAJIbHBIX YHUCEI JK-
BHUBAJICHTHO MHOYKECTBY JCHCTBUTEIILHBIX YUCEIL.

HoxasarenscTBo: [locnenoBaTenbHOCTH n,, n,, ... CTABUM B COOTBETCTBUE

nocjaeaoBaTCJIbHOCT n,, n, +n,, n, +n, +n,, ... DTO COOTBETCTBHE B3aMMHO OAHO-

3HaYHO 0TOOpa)XKaeT MHOXKECTBO BCEX MOCIIEIOBATEIbHOCTEN HATYPAJIbHBIX YHCEI
Ha MHOXECTBO BCEX BO3pACTalOIIMX NocaeaoBarenbHocTel. O003HaUUM mocie-
Hee MHOKeCTBO M . OHo skBuBajieHTHO yacTH B(N). C apyroi cropousl B(N)~T .

Ho T sxBuBasnentHo yact N. ITo reopeme Kantopa—bepHiureiina M ~ B(N)~R.



