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G*HJI,K,L,M,NBI&OQP>RBI,SUT�VXWJY�ZBMJY[O
∞
∑

n=1

cn(z − z0)
n, \^]Q_

` Y>a cn, z0 ∈ C b I&OdceSUZBOfahgBijWkihgBaml,amI,I,SonpVXWJY>NBnqi(K.NBnrlJP>amK.imI,SUnrMtsJP>amI&OfnrM<uwvxgBaml,amI&I,NBTkVXWJY \^]Q_izyXN{Y>M|gBi}W~Of�BimNeP>��gBI,N
Z
K,V|H ` a Ur(z0) := {z ∈ C : |z − z0| < r},
ami}P>M�Y,P&W�P>���BN ` N z ∈ Ur(z0)izyXN{Y>M|gBi}W�ceI&OfK.NBl,NeP>N{��M|gBa�P>RBI,SUT�VXWJY ∑∞

n=1 |cn||z − z0|
n.
vxgBaml,amI&I,NBT�V.WJY \^]Q_ nwOd��NBV,M,V|HXahgBi}W�ZK,V|H ` a Ur[z0] := {z ∈ C : |z − z0| ≤ r}

ceI&OfK.NBl,NeP>NQ��M|gBa�P>RfI,SUn�VXWJY>NBn ∑∞
n=0 an,

amizP>M
Y,P&W
P>���BS�y
n = 0, 1, ...

M
z ∈ Ur[z0]

ZBSUl,NeP>I|W,��gBi}W
I,amV&OfZBamI,ihgBZXO
|cn||z

′ − z0|
n ≤ an

u
���>���>�>���E�|u ]�\�� �Ba�P>R _m�����z�>�
�h���h�>�h�&�>�{ �¡|¢&£ (1) �}¤>�{£Q�&���}¢#¥����{¦J§.� z′ 6= z0 ¨ �����{�
�}¤>�{©£Q�&���}¢kªf«d�m���>¬U���>��¥�§m¡>­.®�� U|z′−z0|(z0) ��¯�ªd°��z¡>�f¡>­B�h���}¢~�}¤>�{£m¢&±��J¯²�}¢k³d�&ªf§.�{�>���[�e°��&���z�>´X�&µ/¯

¡|¢&£d�h¯ ∑∞
n=0 Mqn ¥�§m¡>­.®h� Ur[z0], ®j£d� q = r

|z′−z0|
< 1 � Ṁ �>��³dªB¥d�>�h�&�¶�{� r < |z′ − z0| ·¸¹��ºA�A»X�6¼6�,½w¾>¿<¼6À4� ��Á OfÂ²M,K.imM,V|HXamnÃK.NBnrlJP>amK.imI|HJ�Äl,amV,amnramI,I|H|�

z
geOfK b s|gBNB�BS�ZBSUl,NeP>I|WJP>NBimRI,amV&OfZBamI,ihgBZBN

|z − z0| < |z
′ − z0|

u[Å�imMJP&H�I,amNB�dyXNeY>M,nrN ` N¹l,V,M|ceI&OfKBO�izyXN{Y>M,nrNBi�gBM�V.WJY[O�iÆKJNBnrlJP>amK.i�ÇI,SUnrM�sJP>amI&OfnrM b NB�fÈÉM,T�sJP>amI {cn(z′−z0)
n}∞n=0

VXWJY[O ∑∞
n=1 cn(z

′−z0)
n
i}yXNeY>M|gBijW�K�I|HdP>� b M�ceI&O{s,M|g bN ` V&OfI,M,s,amI<u4vwP>a�Y>NBZBOdgBa�P>RBI,N b

|cn||z − z0|
n| = |cn||z

′ − z0|
n
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∣

∣

∣
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∣
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∣
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∣

∣

∣

∣

z − z0

z′ − z0

∣

∣

∣

∣

n

,

` Y>a ∣∣
∣

z−z0
z′−z0

∣

∣

∣
< 1. Ê iml,NeP>RfcmHfWËl,V,M|ceI&OfKËimV&OfZBI,amI,M|W b Y>a�P[Ofamn�ZBSUZBNeY b s|gBN�VXWJY ∑∞

n=1 |cn||z − z0|
n
izy.NdÇ

Y>M|gBi}W<u6ÌxgBN(NfceI&O{s&Ofahg:Of�BimNeP>��gBI|HJ�Ãi}yXNeY>M,nrNBihgBR(ihgBaml,amI&I,N ` N(V.WJY[O�Z�K,V|H ` a U|z′−z0|(z0)
u4Í�V,M�ÎhgBNBn bamizP>M

|z − z0| ≤ r < |z′ − z0|,
gBN�ZBSUl,N{P>I|W,ahgBi}W
NBL,amI,KXO

|cn||z − z0|
n| 6Mqn,

` Y>a q := r
|z′−z0|

< 1.
ÌxgBN
NfceI&O{s&Ofahg
V&OfZBI,NBnramV,I|HJ�Ïi}yXNeY>M,nrNBihgBR�ihgBaml,amI,I,N ` N�VXWJY[O:Z�K,V|H ` a Ur(z0)

u
ÐAamNBV,amnwO*Y>NBKXOdc{OfI&O|u

¤

Ê c�gBamNBV,ahnwS � �Ba�P&WtZBS�gBamKBOfahg b s|gBN#ZBijW,K,M,TkihgBaml,amI,I&NBT~VXWJYkP>M,�BN#ZBim��Y&HÑV&Ofi}yXNeY>M|gBijW \ K,V,NBnraI&O{s&OQP[O _�b P>M,�BN�ZBim��Y&Hti}yXNeY>M|gBijW b P>M,�BN�ihH.ÈÉamimgBZfHXahg R > 0 b I&OdceSUZXOfamnrNBa�V&OQY>M|HBimNBnÏizyXN{Y>M,nrNBihgBMihgBaml,amI,I,N ` N
VXWJY[O b geOfK.NBa b s|gBN�V.WJY�Of�BimNeP>��gBI,N�izyXN{Y>M|gBi}W
Y,P&W�gBa�y z b Y,P&W
K.NfgBNBV,S�y |z − z0| < R
M

V&OfizyXN{Y>M|gBi}W�Y,P&W�gBa�y
z b Y,P&W�KJNfgBNBV,S�y |z−z0| > R

uJÒ�gBK,V,S�gBSoT¹K,V|H ` V&OQY>M|HBieO R ioL,amI|gBV,NBn�Z²gBNBs,K.a
z0
l,V,M,I|W|gBN�I&OdceSUZXOdgBR�K,V|H ` NBnti}yXNeY>M,nrNBihgBM�ihgBaml,amI,I,N ` N¹VXWJY[O|uÓ²P&W~l,V,M,nramV&O�V&OdimimnrNfgBV,M,nÏV.WJY ∑∞

n=0 z
n
u�Ò�I~V&Ofi}yXNeY>M|gBijWÔZËgBNBs,K.a

z = 1
u�vwP>a�Y>NBZXOdgBa�P>RBI,N bV&OQY>M|HBi�izy.NeY>M,nrNBihgBM�ÎhgBN ` N�V.WJY[OoI,a�nrN{��ahg��BS�gBR��BNeP>RfÕÉaxa�Y>M,I,M,L,S�uXv�Y>V|H ` NBTÉihgBNBV,NfI,S b Y,P&W²P>���BN ` N

z ∈ (0; 1)
V&OfimimnwOdgBV,M,ZXOfamnrSUT~V.WJY~izy.NeY>M|gBi}W<u Á I&O{s,M|g b l,N
gBamNBV,amnra � �Ba�P&WtNBIÑi}yXNeY>M|gBijWtZ�P>���BNBTgBNBs,K.a

z
nrNeY&HdP>RÆK.NfgBNBV,NBT�nramI,RfÕÉa�a�Y>M,I,M,L,S�u|ÌxgBNÆNfceI&O{s&Ofahg b s|gBNÆV&OQY>M|HBi�izyXN{Y>M,nrNBihgBM�Y[OfI,I,N ` N²V.WJY[OV&OfZBamI

1
u

Ö<%�×[;J?A;>=�;>2AØ�0/;[7B),Ù#F,0/F|?AC/),C/D/+J7B9<;>Ú�Ø:Û60/9/Ü/C/C
���>���>�>���Ý�|ußÞ �o���z�>��§.�h¯��.�[�h§.�h�&ª{¢kàr­.�,§.á,�J¢ f ®����[�h¯²�z¡Jàr�&ª#¥����{¦J§.� z0, ���:�{�&ª�ªf�&ªe�>�&©���&¦J�&ª�¥ÉâQ���{ ����{¦J§.�e·¸¹��ºA�A»X�6¼6�,½w¾>¿<¼6À4� �xÊ c�l,V,a�Y>ihg{OfZdP>amI,M|W f(z) =

∑∞
n=0 cn(z − z0)

n, z ∈ UR[z0]
ZBS�gBamKBOfahg b s|gBN

∣

∣

∣

f(z)−f(z0)
z−z0

− 1

∣

∣

∣
≤
∑∞

n=2 |cn||z−z0|
n−1.

Í�N�gBamNBV,amnra � �Ba�P&W�Z�K,V|H ` a Ur[z0], r < R
VXWJY ∑∞

n=2 |cn||z−ã
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z0|
n−1 nwOd��NfV,M,V|HXahgBi}W�ceI&OfK.NBl,N{P>N{��M|gBa�P>RBI,SUn�VXWJY>NBn ∑∞

n=2 Mqn, 0 < q := r
R

< 1.
Ò�ihgeOfahgBijWc{OfnrahgBM|gBR b s|gBN

∑∞
n=2 Mqn < Mq

1−q
→ 0

l,V,M
r → 0

u
¤

���>���>�>���q�|u # �o���z�>�k§.�h¯��.�[�h§.�h�&ª{¢tàr­X�&§Xá&�J¢ f ªf�&ªe�>�&���&¦J�&ª�¥����{¦J§Xª{¤k§m¡>­.®jª UR(z0) :=
{z : |z−z0| < R}, �����{�&ª*�m�Q¥d�&ªf£QªB�h� ¥�âQ���h¯�§e¡&­J®��o���h­d¯�¯²�{ :�������>�h�&�>�Q®��x¡|¢&£Qª ∑∞

n=0 cn(z−z0)
n,

®j£d�
cn =

1

2πi

∫

Cr(z0)

f(ζ)

(ζ − z0)n+1
dζ, 0 < r < R

¸¹��ºA�A»X�6¼6�,½w¾>¿<¼6À4� � Í�HBihgBR z, ζ ∈ UR(z0), |z − z0| < |ζ − z0| = r.
ÐAN ` Y[O

1

ζ − z
−

N−1
∑

n=0

(z − z0)
n

(ζ − z0)n+1
=

1

ζ − z
−

N−1
∑

k=0

(z − z0)
n

(ζ − z0)n+1
=

1

ζ − z
−

1

ζ − z0

1− (z−z0)N

(ζ−z0)N

1− z−z0
ζ−z0

=
1

ζ − z

(z − z0)
N

(ζ − z0)N
.

Á I&O{s,M|g b
f(z)−

N−1
∑

n=0

cn(z − z0)
n =

=
1

2πi

∫

Cr(z0)

(

f(ζ)

ζ − z
dζ −

N−1
∑

n=0

f(ζ)

(ζ − z0)n+1
(z − z0)

n

)

dζ =

=
1

2πi

∫

Cr(z0)

f(ζ)

ζ − z

(z − z0)
N

(ζ − z0)N
dζ.

vwP>a�Y>NBZXOdgBa�P>RBI,N b
∣

∣

∣

∣

∣

f(z)−
N−1
∑

n=0

cn(z − z0)
n

∣

∣

∣

∣

∣

=

=
1

2π

∣

∣

∣

∣

∫ 2π

0

f(reit + z0)

reit + z0 − z

(z − z0)
N

(reit)N
rieitdt

∣

∣

∣

∣

≤

1

2π

∫ 2π

0

|f(reit + z0)|

|reit + z0 − z|

|z − z0|
N

rN−1
dt ≤

Mr

r − |z − z0|

(

|z − z0|

r

)N

→ 0,
l,V,M

N →∞.
ÐAamNBV,amnwO*Y>NBKXOdc{OfI&O|u

¤


