Mepa JleGera na npsimoi
§1. limHa 3/1eMeHTapHBIX MHOKECTB

OnHOTOUYEYHBIE MHOXKECTBA, MHTEPBAJIBI, OTPE3KHU, MOJTYHHTEPBAIBI U MyCTOE
MHOYECTBO Oy/ieM Ha3bIBaTh npomexcymrkamu. aunou npomexyrka P =< a,b > Ha-

3piBaeM uuciao m(P)=b—a>0. JInuHBI OJHOTOYEYHOTO MHOKECTBA M IYCTOTO
MHOKECTBA 110 ONPEAEICHUIO paBHBI HyII0. MHOXecTBO 4 — R Ha3eBaeM aznemen-

MApHbIM, €CIIM OHO MPEJICTABISAETCS B BUJIE 00BEAMHEHNUSI KOHEYHOTO MHOYKECTBA I0-
MapHO HEIMEPECEKAIOIUXCSl MPOMEXKYTKOB. /J[nunoti >IEMEHTapHOTO MHOXKECTBa

A= UZ:] P, HazpBaeM uncio m(A) = z::] m(P,)=0.

JImuHa 3JIeMEHTapHOTO MHOXECTBa ONpeesieHa KOPPEKTHO M HE 3aBUCHT OT
croco0a pa3OMeHus] JIEMEHTAPHOTO MHOXECTBAa Ha MPOMEKYTKU. J[eMCTBUTENBHO,

nycTb 4= UZ:] B = UZ] O, . Torpa
m(A) = z; m(ﬂ) = Z;; ZZI m(ﬂ n Ql) = ZZI Z;; m(ﬂ n Ql) = ZZI m(Ql)

Teopema 1. Cosoxynnocme snemenmapnvix mnoscecms obpazyem Koavyo
MHOJICECm8, mo ecmb 00veouHeHue, nepeceyeHue, pasHoCmMb U CUMMEMPUYECKdsl

PAa3HOCHb ()ny INIEMEHMAPHLIX MHOJNCECME AGTIAIOMCA INEMERMAPHBIMU MHOJNCECN-
eamu.

7 m
|_HyCTB A= Uk b, B= U |0, - onemenTapHble MHOXeCTBa. Toraa
- =

ANB= UZ:] Ul"; (P, N Q,) - anemMeHTapHOE MHOXECTBO, TaK KakK MepeceyeHue IBYX
IIPOMEXYTKOB €CTh IPOMEXYTOK. BpiOepem npomexyrok P Tak, urodsl 4 < P. To-
rna P\A=P\ UZ:] P = ﬂZ:] (P\ P,) - onemeHTapHOE MHOKECTBO, TaK Kak P\ P, -

aJIeMEeHTapHbIe MHOXKECTBA. OCTaIbHOE CIIETYET U3 JIETKO MPOBEPSEMBIX COOTHOIIIE-
HUU

AUB=P\(P\A)N(P\B)), A\B=AN(P\B), AAB=(AUB)\(4NB)_]

Teopema 2. [Juuna snemenmaphvix mnosicecms, Kak GyHKyus MHOX CeCmaa,
onpeoeneHHAs Ha COBOKYNHOCMU 8CEX DIeMEHMAPHLIX MHONCECME ABNAeMC sl MEPOLL.
[ Hawm JOCTaTOYHO 0Ka3aTh YTO JUIMHA adoumueHa. Ilycts A,,...,A - die-

n

7
MEHTApHBIE, MOMIAPHO HENEPECEKAOINEC, MHOXKECTBA U 4 = Uk:] A4, . Torma

may=mlJ U B )= 3 S i) = 3 m4,)

W3 anauTUBHOCTH AJIMHBI 2JIEMEHTAPHBIX MHOXKECTB CIIEAYET €€ n01yadou-
mugHocmy. Y 0EIUMCS B 3TOM.

Teopema 3. Ecu Ac UZ:] A, u A, A, - snemenmapnvie MHOXCECMEA, MO

m(A)<Y " m(4,).
|_HyCTB B =4, B, =4 \U:} 4,, C,=B,(1Ac A, . I3 anauTuBHOCTH
anuHbl BbITeKaeT, 9to m(A4;,) =m(C,)+m(4,\C,) 2m(C,) . Tak kak C, nonapHo He
nepecekaroTcs U A = U; C,,10 m(A4) = Z; m(C,) < Z; m(A4,) _|

Teopema 4. Eciu A, B - onemenmapnvie MHodicecmsa, mo



m(AN B) =m(A) +m(B)—m(AU B).
[ U3 pasenctB m(AU B) =m(A\ B) + m(B), m(A) =m(A\ B)+m(A( B)
Beitekaet m(A () B) =m(A) —m(A\ B) = m(A) + m(B)—m(AU B) _

§2. CuerHas AJIUTHUBHOCTD JJIHHBI 3JIECMCHTAPHBLIX MHOYKECTB

[Tpexne Bcero, yoeauMmcest, 9To JUTHHA 3JIEMEHTAPHBIX MHOKECTB 00J1a/1aeT
CBOWCTBOM CUEeMHOU NOAYAOOUMUBHOCTIU.

Teopema 1. Echu Ac U; A, u A, A, - anemenmapnvle MHOJICECMEA, MO
m(A)< Y m(4,).
[ Tiyers A= P, A = f(k)P.. 3aMEeHHMB TNPOMEXKYTOK P OTpe3KoM
y =1 k i=1 ki p i

1

Pc P, nmeromuM Jumny m(Fl) >m(P) —2i , IOJIyYM KOMIIAKT A= Un ]E . IIpn
n =

3TOM m(Z) = Z; m(Fi) > m(A) —% . 3aMEHHMB IPOMEXKYTOK P, HHTepBaJIoOM

&

P, D P, UMEIOIUM JUTHHY m(P.)<m(P,) +2k”—n(k) , IOJIy4UM OTKPBITOE MHOXKE-
~ n(k) = ~ n(k) o3 &
crBo A, ={)_ F;. Ilpu stom m(A4,) < Zi:] m(P,;) < m(Ak)+F. Tak kak

— 0~ o — N ~
AcC Uk_] A, , TO IO CBOMCTBaM KOMIIAKTOB Haunercs N Takoe, 4to0 A Uk_] A4, .

CunenoBatenbHo, m(A) < ZI]L] m(Zk) . IloaToMy

— & N ~ E 0 ~ &
m(A4) < m(A)+E < zk:]m(Ak)+5£ Z“k:]m(/1,()+5 <

o0 0 & & 0
S zk:] m(Ak) + zk:] 2k+] + 5 S zk:] m(Ak ) t+é.

OcTanock OTMETUTh, 4TO & > (0 BBIOpaHO npomBonLHoJ

Teopema 2. Eciu A = U; A, u A, A, - anemenmapmnvie Mmrodcecmea, mo

pao z; m(A,) cxooumca u e2o cymma pagna m(A) .
[ B CWITY aJUZITATHBHOCTH JUTMHBI ITPH JIIoOoM N uMeeM
m(A4) > m(U:]:] 4, ): S m(4,).
3HAYHT, Pl z; m(A,) cxomures u z; m(A4,) <m(A). U3 cueTHol nonyanau-

TUBHOCTHU JJINHBI BBITCKACT 06paTHOG HepaBeHCTBOJ

§3. BHemHsis u BHyTpeHHss1 Mepbl JleGera. Ux cBoiicTBa

3adukcupyem otpe3ok E =[a,b] u onpenenum Ha ero Oyneane S(E) pyHk-
U0 MHOYKECTBA

W (A)=inf Y m(P),



/i€ TOUHasl HWKHSIS TpaHb OepeTcs M0 BCEM MOKPBITUSAM MHOXKecTBa 4 C £ KoHeu-

*
HBIMU WUJIW CUCTHBIMH COBOKYITHOCTSMHU ITPOMECIKYTKOB. Ywucio /,l (A) Ha3bIBaACTCs

enewneli mepoii Jlebeea muoxectsa A . Buyrpenneit mepoii Jlebera muoxecrtsa A
Ha3bIBAETCS YUCIIO

p(A)=m(E)—p (ENA)=(b—a)—p"(E\4).
CBoiictBO 1. Ecru A< E - anemenmapnoe muoscecmeo, mo ' (A) = m(A).

[ Cucrema HOPOMEXYTKOB {F, };_, cocTaBIsIomMX A4, 00pa3yeT NOKpPbITHE

n * 00
3TOT0 MHOXKECTBA, 3HAYUT, m(A) = zk:] m(P,)= p (A). Ecim {Q,}, - npou3BosbHOE
IIOKPBITHE A TPOMEKYTKAMHU, TO B CUIIYy CYETHOM IOJIYaJAMTUBHOCTHU JUIMHBI UMEEM

m(A) < ZZ] m(Q,), 3HaunT, m(A4) < /,t*(A)J

CBoiicTBO 2. Ecu A< Uk:] A, A, A, cE, mo u (A< zk:]u (4,) (cuer-
Hasl MMOJIyaJIATUBHOCTh BHEIITHEH MEPHI).
|_)1J151 KaXI0ro A, Haiinercs nokpsitue {F,}, , yIOBIETBOPAIOILEE YCIOBHIO

© * &< 00 0
zi:] m(P,)< u (Ak)+2—k. 3HauuT, 4 C Uk:] _ Pe ¥

RTE I WILIES W PRCNEES I YR EN R

CBoiicTBO 3. Eciu A< E - anemenmapnoe muoscecmeo, mo ,(A) = m(A).

[ E\A - SIIEMEHTAPHOE MHOXKECTBO, 3HauMT, 1 (E\ A)=m(E\ A). B cuny
ammutuBHOCTH JUHHBI M(E) = m(A) +m(E \ A). CienoBatensHo, p,(A) =m(A) _

CgoiictBO 4. Eciu A, c A, C E, mo u,(A) < u.(4,) (M30TOHHOCTH BHYT-
pEHHEN Mepbl).

Tak xkak E\ 4, D E\ 4,, TO B CHTy aJlANTUBHOCTH BHEITHEH MEPHI IMEEM

U(E\NA)>u (E\A4,). CaenoBarensHo, m(E)— u (E\NA)<m(E)—u (E\ 4,) _

CBoiictBO 5. Eciu Ac E, mo 0< u,(A)<u*(A)<b-a.

[ Tax xax E\NAcCE,Ec AU(E\A), Ac E, To B culy aAJMTUBHOCTU
BHEIIIHEW MEPBI UMEEM:

p(ENADSp(E)=b—-a, p (E) < pu"(A)+u (ENA), 1 (4) < ' (E).
3HauwT,

0<(b-a)—pu"(E\A) = p (A< u*(A)<b—a_l
§4. U3mepumbie no Jlebery MHo:KeCTBA

MuoxectBo A < E HaswiBaeTcs uzmepumvim (no Jlebeey), eciiu iMeeT MECTO

paBeHcTBO w1, (A) = (A), npu stom, obmee 3uaueHue i,(A)= u"(A) Ha3pBaeTCs
Mmepou Jlebeca mHOXkecTBa A M o0o3Havaerca cuMBoJioM u(A). Mepa Jlebera, kak
(GYHKIMS MHOXKECTBA, SIBJISIETCS Cy’K€HUEM BHellHel Mmepshl Jlebera Ha COBOKYITHOCTh
BCEX U3MEPUMBIX 110 JIebery MHOXKECTB.

W3 cBolicTB BHYTpeHHEN U BHelIHeW mep Jlebera BbITEKAeT, UTO BCE DIIEMEH-
TapHbIE MHOeCTBa n3Mepumsbl 1o Jlebery u ux mepa Jlebera coBmamaeT ¢ IJIMHOM.



IToxaxxeM pasee, 4ToO TeM ke CBOMCTBOM 00safaroT u3MepumMsle 1o JKopraHny MHOXKe-
CTBa.

1
Bribepem n € N u pazoobem R Touxamu %,k € 7., Ha OTPE3KU JJIHHbI o

Bynem Ha3bIBaTh 3TH OTpE3KH OTpe3KaMu paHra n. Ilycte 4 - mpon3BOJIBHOE IOJ-
MHOXK€ECTBO £ ; s, - 00beMHEHHE BCEX OTPE3KOB PaHIa 71, JIEKAIIUX BO BHYTPEHHO-
CTH MHOXeCTBa A (BHYTpEHHsAA «CTyneHuaras» (urypa panra n); S, - oObenuHe-

HUE BCEX OTPE3KOB paHra 7, MepeceKarolIuxcs ¢ 3aMbIKaHUEM MHOecTBa 4 (BHeII-
HAA «cTyneHdaras» ¢urypa panra n). [lo ompeneneHuio BepxHEll M HIKHEH Mep
Kopnana mHO)KecTBa A UMeeM:
m.(A) = '1112010 m(s,) =supm(s,) - HWKHAA Mepa JKopaana MHOkecTBa A ;
n

m’ (A)=lim m(S,) =inf m(S,) - Bepxuss mepa YKopana MHO)ecTBa A .

Teopema. s 1106020 noomnoscecmsa A npomesxcymra E cnpaseonuso
m.(A) < p (A <y (A)<m'(4).

[ Tax xax s, cA,10 p.(s,)=m(s,) < u.(A), 3Haunt, m.(A4)< p.(A4). Takx
kak ACS,, 10 u (A)<u’(S,)=m(S,). 3nauur, u (A)<m (A) _

U3 5Toif TeOpeMBI BBITEKAET, UTO paBeHCTBO m1,(A) =m (A) BiedeT paBeHCT-
B0 11,(A)= ' (A). Jlpyrumu cioBamu, BCAKOe H3MepumMoe 1o JKopaaHy MHOKECTBO
A c E usmepumo no Jlebery.

[TIpumep. Iycts 4=Q E. dns ynobersa Oymem cuutarh, uto E =[a,b] u
a,beN.Torna S, =E, s, =&. 3naunr, m (A)=m(S,)=b-a, m.(A)=m(s,)=0.
CnenoBarenbHO, eciii a # b, To MHOXecTBO 4 He uzmepumo 1o XKopaany. C apyroit
CTOPOHBI, MHOKECTBO A = {a, :k € N} - cuetHoe. Ilokpoem A c4eTHON CUCTEMOM HH-

€ € * 0 o &
TepBanoB P, =(a, _F’ak +F)’kEN . Torma u (A)Szk:]m(ﬂ):zk:]z—k:g.

U3 npoussonsHocTH & BhiTekaeT i (A)=0. 3uaunr, u,(A)=p (4)=0, T.e. MHO-
xecTtBo A m3mepumo 1o Jlebery u umeer Hynepywo mepy Jlebera.

§5. Kputepuii usmepumoctu MHokecTBa 1o Jledery

Teopema. /[ns mozo umobsl mnoscecmeo A< E 6v110 usmepumvim no Jle-
becy, HeoOXo00umMo u oOocmamouno, umobwl Ons awbozo & >0 cywecmeosano
onemenmaproe muoxcecmeo B < E maxoe, umo u' (AAB)<¢.

[ Heo6xo0 T U MO CTh. Eciu MHOXEeCTBO A C £ m3mepumo, To

HAENA) =m(E) = u"(A) = m(E) — p.(A) = " (E\ 4).
3Haunt, MHO)kecTBO £\ A4 wusmepumo. Haiinyres moxperrus {F,},, {0,}., MHO-
xecTB 4 u E\ A npomMexyTKaMu TakHe, 4To
S m(B)<u(A) e, Y m(0) < uE\A)+e.
CnegoBaTenbHO,
Do m(P)+ Y m(Q) < p(A)+&+ p(E\A)+e=m(E)+2¢.
O603HauUM



00

0 N-1
p=\ R.P =l PP, P

>N T k=N k°

Q = UZ] Qi’ Qi<N = UN_] Qi’ QizN = UZN Ql'a

i=1
rae N BbIOpaHO U3 yCIOBUM ZT:N m(F,)<e¢, ZZN m(Q,) < & . VI3 oueBUAHBIX BKIIIO-

uennii P Qc (B«N N Qi<N) U B@N U QiZN’ Ec (B«N U Qi<N) U B@N U QiZN u I0Iy-
aJTATUBHOCTH BHEIITHEH MCPBI BRITCKAIOT HCPABCHCTBA

u(PNQO)< m(P_y NQOy)+ ,U*(szN) + :u*(QiZN)’
m(E)<m(P,_, UQ, )+ 1 (Buy) + 17 (Quy)-

Tak kak MHOXkecTBa P,_,, 0, ,, dIE€MEHTapHBbIE, TO

m(B(<N n Qi<N) = m(B{<N) + m(Qi<N) - m(Bc<N U Qi<N) .

CnegoBaTeibHO,
1 (PNQ)<m(B_y)+m(Qy)—m(By Ui )+ 1 (Boy) + 17 (Qy) <
<m(By) +m(Q,y) = m(E) + 24" (P ) + 217 (O ) <
N-1 N-1 * *
<D mB)+ Y m(Q) = m(E)+ 24" (Bay) + 217 (0 <
<m(E)+2s—-—m(E)+2¢+2¢ =6¢.
Haxkowner, tak kak A\P,_, c P, u P_y,\AcP\Ac PQ, 10
W (AP ) < ' (ANB) + 1 (B \ AV S 1" (Py) + 1 (PN Q) < T
HoctatouHocTs. Illycte 4,BC E, B - aneMeHTapHOE MHOXKECTBO U
W (AAB)< ¢ .Takkak E\ A< (E\B)U(A4B), A< BU(AA4B), 10
W (ENA)< ' (E\B)+ 1" (AAB), 1 (A) < " (B)+ " (AAB) .
Buaunt, —y (E\A)>2—-pu" (E\B)—¢, u"(B)>2u"(A)—¢ n
p.(A)=m(E)— i’ (E\ A) = m(E) - u'(E\B) & =
=u(B)—e=p (B)-ezp (4)-2¢.
B cuiny npousBonsHOCTH £ uMeeM 1, (A) > u (A). 3naunr, p,(4) = /,t*(A)J

|



