[IpocTpalcTBO KOMIIIEKCHBIX UNCE

1. Ucropuydeckme npeanoChlJIKN KOMIJEKCHOTO aHAJIM3a

PazBuTne MareMaTHKH TECHO CBA3AHO € MOCTOSHHBIM PA3BUTUEM TOHATHS ducIa. MHOXKecTBO
HATYPATbHBIX uncea N He 3aMKHYTO OTHOCHTETHLHO Oleparuu BeraunTanusg. Heobxoanmocts obpa-
MEeHNs OTePAIUU CJIOXKEHUS TOCTYKUJI0 OCHOBHOI TMPUYMHON BO3HUKHOBEHUS TOHSTHUS OTPUIIA-
TEJIbHOTO YHUCJIa, 9TO, B CBOIO OYepe/ib, MPUBEJIO K BBEJIECHUIO B MATEMATHKy MHOYKECTBA IEBIX
quces Z. DTO MHOXKECTBO He 3aMKHYTO OTHOCHTEIBHO Olepannu jejenus. HeobxoauMmocTs obpa-
IIEHUs ONepaluU YMHOXKEHHS NPUBOJIUT K BOSHUKHOBEHUIO MOHATHSA OOBIKHOBEHHOMN JpoOHU, COOT-
BETCTBEHHO, K BOSHMKHOBEHUIO MHOYKECTBA pamuoHa bHbix dnces Q. Bo3uumkHoBeHne MHOXKeCTBA
JieficTBUTEIbHBIX dnces R He MOXkeT ObITh 00bsICHEHO YHCTO aaredpandecKuMu cOOOparKeHUsIMHU,
OHO UMeeT TeOMeTPUYeCKUe MPEeNOCHUIKI W CBA3AHO, MPE¥KIe BCero, ¢ He0OXOIUMOCTBIO UCCIIE IO~
BaHUs GECKOHEUHBIX (TIPe/IeIbHBIX, HEPEPBIBHBIX U T.JI.) MATEMATHYECKUX TIPOIECCOB.

[TepBbiMu mocste meiicTBUTENbHBIX dnces (B Hauase X VIII Beka) B MaTeMATHKY BOILIN MHUMbIE
uyncna iy, y € R, rae ¢ — MEnMas equHuna (pelenne KBaJIpaTHOro ypaBHennsa r° = —1). Bxo-
JKJIEHWEe MHHUMBIX YUCEJT B MAaTEeMATUKy 00d3aHO Psijy MaTeMaTHYeCcKUX OTKpbITHil. PaccMoTpum
OJIHO W3 HUX — TpUroHoMerpuieckyio dbopmyny Beprymin (1712 r.)
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Bumecre ¢ TeM, BXOXK/JIEHUIO MHUMbBIX YHCEJI B MATEMATHKY MENIAIN 4aCTO BOSHUKAKIINE 1apa-
TOKCHI (anmunomuu). PaceMorpum onuH u3 HUX — mapaaoke bepuysuin-Jleiibanna (1713 r.).
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DTOT MapaJ0KC pa3perieH SfmepOM B 1749 roay, ¢ TOMOIIBIO OTKPBITOM UM MEePUOIMIHOCTH TTOKAa-
3aTebHON (DYHKIIUN KOMILTIEKCHOM mepeMenHoii. [leproananocTh moka3aTeabHoOi (DYHKIIUN BIedeT
MHOTO3HAYHOCTh 00OpaTHO (hbyHKIHH — JorapudMudecKoit pyHKIUN KOMILIEKCHOH TepeMeHHOil.
B wacraoCcTH, cpen 3HavYeHUit JorapudMudeckoilt (pyHKIUE B TOUKe 1 €CTh YUCTO 277i.

Vupaxuenue. [lonbitaiitech HAlTH ¥ yCTPAHUTH OMMUOKY M3 CEPUU PABEHCTB, MPUBEJINNX K
BBIBOJLY, uTO 277 = In 1.



2. TIPOCTPAHCTBO KOMIIJIEKCHBIX YHNCEJI 2

2. IIpocTpaHCTBO KOMIIJIEKCHBIX YHCEJ

[Tycts R? — gekapToBa cTemenb MHOXKeCTBa jeficTBUTeIbHBIX uncea R. Ecam onpemennts B
R? onepanuio npousBeeHns Ha JeHCTBATEILHOE YHCIO

ANz, y) = (Az, Ay)
nu OHepaHI/IIO CJIOZKEeHU A
(z1,91) + (T2, 92) := (71 + T2, 91 + Y2),
1o R? cTaHOBUTCS KOHEUHOMEPHBIM BEeKTOPHBIM (JIMHEHbIM) MPOCTPAHCTBOM HaJ TojleM R pas-
MepHOCTI/I 2 ECJII/I, JOIMOJTHUTEJIbHO K STOMy, OHpe,ZLe.HI/ITb B R2 CKaJIHpHoe HpOI/I3Be,ZLeHI/Ie
((z1,11), (T2, y2)) = T122 + Y1Y2,

To R? cTaHOBUTCS eBKAMIOBBHIM IMPOCTPAHCTBOM. DTO, B CBOIO OUEpeIh, MO3BOIAET PACCMATPHBATD
R? xak HOpMHpPOBaHHOe MTPOCTPAHCTBO, ¢ HOPMOif

@)l = V(@) (x,9) = Va2 +

U KaK MeTPHYECKOe MPOCTPAHCTBO, € (€6KAu00601) METPUKOI

(@1, yn), (@2,92)) 1= (@1, 0) = (@2, 90) ] = V(@1 — 22)? + (41 — y2)?.

Ecau ompenenuts B R? eme u nponsseenue

(21, 11) (22, Y2) := (2122 — Y1Y2, T1Y2 + T2y1),

To oHo cranosutcst mojeM: (0,0) — Homb, a (1,0) — eamuuna sroro noss. Pemrasi ypaBHeHue
(x1,11)(x,y) = (z2,Y2), OTHOCUTEIBHO (Z,%), MOXKHO MOIYIUTH (HOPMYJIy OOpAIIEHHUs ONepAInH
YMHO2KEHU A
T1T2 + Y12 T1Y2 + Y172

ity T owlt
B wacrroctn, nenenne na snement (0, 0) meBozmoxkHo. Jlerko yoeautnes, 1ro Muoxectso (R, 0) =
{(x,0) : z € R} 3aMKHYTO OTHOCHTEIHHO ONEpaIHii, BBEJIEHHBIX B R?, U ABIAETCS €ro MOIOIeM.
Orobpaxenne (R,0) — R| (z,0) — = aBasercs nzomopduszmom noss (R, 0) va nose R. Dro
o3Hauaet, uTo noje R msomopdno Baoxkeno s noae R?, To ects none R? apaserca pacmmpenuen
moJis geiicTBUTeIbHBIX dncea R.

Muozxkectso R?, paccmaTpuBaeMoe BMeCTe CO BCEMH, YKA3aHHBIME BBIIIE, MAaTeMaTHUECKIMA
CTPYKTYPAMH, HA3ZBIBACTCS NPOCMPAHCMEOM KOMNAEKCHOT yuces n oboznadaercsa C.

JIs KOMIUIEKCHBIX YUCesl UCIONB3YIOT YIpOIeHHble 000o3nauenus. Tak napa (z,y) € C o6o-
3HAYaeTCs OJHON OyKBOit, Hampumep, z. [Ipu 3TOM, mepBBIi 37eMeHT 3TOi mapbl HA3BIBAIOT defi-
cmeumenvHoti 4acmsvo KOMILIEKCHOTO YUCIa 2z 1 0003HAYa0T Re 2, a BTOpOii 371eMeHT 3TOoi mapsl
HA3BIBAIOT MHUMOT 4acmbl0 KOMILIEKCHOTO dncaa z u obo3nadaor Im z. HeorpumnarenbHoe seii-
CTBUTEJIbHOE YHCIO0 /22 4 y2 HA3BIBAIOT MOJYAEM KOMIUIEKCHOTO YuCIa 2z 1 0003HadaoT |z|. Kom-
wiekcuoe ancio (x,0) € (R,0) oroxkaecTBisieTcst ¢ IeHCTBATEIBHBIM YUCIOM T U 0003HAYAETCS
npocto x. B wacraoctu, enqunrnna (1,0) noas C obosnavaercs 1, a vosb (0, 0) noas C obozHavaeTcs
0. Kommrekenoe unciio (0,1) obo3nadaor ¢ u Ha3bIBAIOT MHuMOT edunuyet,. OTMETHM OCHOBHOE
CBOWCTBO MHUMOW €JIWHUIIBI:

(a:,y) =

i? = (0,1)(0,1) = (—1,0) = —1.

Kommnekcroe 9ucio (r, —y) HA3BIBAETCS CONPAHCEHHbLM KOMIUIEKCHOMY ducity z = (z,y) u
obo3navaerca z. [lepexoa oT mMpou3BOIBHOIO KOMILIEKCHOTO YHCTA K €r0 CONPAXKEHHOMY Ha3bIBa-
eTCsI ONePayueti CONPANCEHUA.

Vupaxuenue. 1. [Toayunts dpopmysry obpaliennst onepanun yMHOKEHUS KOMILJIEKCHBIX UHUCEJI.
2. ¥6eauThcs B BBIIOMHUMOCTH caeaytomux coorHomennit: max{|Rez|,|Im z|} < |z| < |Rez|+



3. ®OPMBI 3ATINCY KOMIIJIEKCHBIX YUCEJI 3

| Im 2|, |21+ 22| < |21]+]22|, |21 —22| > ||21|—|22]l, |2122] = |21H22| |21/22| = |zl|/\z2] 3. Yéeaurned
B BBITIOJITHUMOCTH CJIEIYIONINX CBONUCTB OTEepaIun CONPSIKEHU: 2 = 2, 22 = \Z’ 21+ 29 = Z1 + 2o,

Z1Z2 = 2129, 21/%9 = 21/ Za.

3. @OpMI:I 3alInmcl KOMIIJIEKCHBIX YHCeJI

Paccmorpum C kak BeKTOPHOE NMPOCTPAHCTBO HaL ojieM R 1 BriGepeM Mpon3BOILHBIN BEKTOP
z € C. Hcnonb3ys pasyiozKeHne BEKTOPOB 0 OPTaM, MOYKHO TOJTY YU Th

z=Rez (1,0) +Imz (0,1) = (Re z,0) + (0,1) Im 2.

CorsiacHO TPUHATBIM 0003HAYEHUSIM
z =+,

e r = Rez, y := Im 2. Takoe npejicraB/ienre KOMILIEKCHBIX YHCEJI HA3bIBACTCS AA2€0paueckor
Popmoti 3anuch. DTO HA3BaHUE OOBICHIETCS TE€M, UTO ajaredpamdecKue Omepaluu HaJl KOMILIEKC-
HBIMH 9HCTAMH, ¢ HCIOJb30BAHUEM aJredpamdeckoii (hopMbl 3alUCH, OCYIIECTBISIOTCA IO O0bIU-
HBIM ajirebpandeckuM npasuiaMm (ybeaurech B 310M). HemocpeJcTBeHHO W3 ONpeeIeHns BbITe-
KaeT, 9To ajarebpamdeckas (popMa 3alliCH KOMILIEKCHBIX YHCeT 001a1aeT CAeAYIOMUM c80ticmeom
eOUHCTBEHHOCTIU

T1+ 1Y = To + 1Yy & 1 = Ta, Y1 = Yo
Hapsny ¢ anrebpandeckoii (hopMoii 3anmcu KOMILIEKCHBIX YHCET UCTIONb3YIOTCS 1 apyrue. Ecan
KOMILTEKCHOE UHCIO Z = T + iy OTJIMYHO OT HyJsd, TO €ro MOJAYJb |z| TOXKe OTIUYEeH OT HyJI.

[TosToMy BO3MOYKHO MpeJICTaBeHne z = |z| ( + z| ‘>. [Ipu sTom

|2l

2 2
1<t <n 1L (E) (L) =1
|| || ] ||
MmuozkecTBo Beex pemennii @ € R cucrembl ypasnennii
r . y
cosp = B sin ¢ = E

HA3bIBAETCS AP2yMeHMOM KOMILIEKCHOTO Yncjia 2 u obo3navdaercs Argz. YduTbiBas, 4To sing =

/1 —cos?p npu ¢ € [0, 71|, nmeem

Argz = {arccosli‘%—%rk::ke Z}, y > 0;
z

Argz = —arccosﬂ+27rk keZ,, y<O0.
z

JleficTBUTE/ILHO, U3 YPABHEHUS COS (O = % BBITEKAET, YTO € {:I: arccos | + 2rk k€ Z} . IIpn

3TOM Sin (i arccos | + 27rk:> = 4 sin arccos % = i\/l — cos? arccos é‘ +./1— |Z‘2 j:li‘z"|

Takum 00pa30oM, HA TOAYHHTEpBaJe (—7r, 7| HAXOJAUTCS €JINHCTBEHHBI 3JIEMEHT MHOYKeCTBa
Arg z. DTOT 3/1eMEHT HA3BIBACTCS 2A46HbLM 3HAYEHUEM AP2YMeHMa KOMILIEKCHOTO YUCIa 2 U 000-
3HadaeTcsd arg z. Jlerko yBujern, 4To

arccos npu y > 0;

|Z|7

arg z =
— arccos | ; TpH Y < 0;

I TIPH 3TOM
Argz ={argz+ 27k : k€ Z}.



4. TEOMETPUYECKUN CMBICJI OMIEPAIIN HAZT KOMILTEKCHBIMU YUCTAMU 4

I/IS onpegesienund apryMeHTa BbITE€KaeT, 4TO AJid BCAKOT'O OTJIMYHOTO OT HYJIA KOMIIJIEKCHOT'O 2
AMeeT MEeCTO Tpe/ICTaBJIeHne
z=r(cosp+1i singp).
rae r = |Z|, (2 c Arg zZ. TaKOG npeacTaBjJaeHue OTIMYIHBIX OT HYJIAd KOMIIJIEKCHBIX YUCEJT Ha3bIBa€TCA
mpuzoromempuveckoti popmot zanucu.
Ceoticmeo eduHcmeeHHocmu Mpu20HOMeMmpuYeckot Gopmv, 3anuct, COCTOUT B CJEIYIOIIEM:
$1— P2

cZ.
2

r1(cos g1 +isiny) = ro(cos g +isingy) < 1 = 1o,

Yo6eaumcst B ero cipaBeinBocTu. [Iperkae Bcero, u3 cBoWCTBa €JIMHCTBEHHOCTH aJiredOpanvecKoit
dOpMBI 3aNUCH KOMIIJIEKCHOTO YUCJIa BBITEKAET, YTO 1) COS (01 = T3 COS (Pg, 11 SIN (01 = T3 Sin s. Bo3-
BOJIMM 00€ YacTH Kark/IOr0 W3 3TUX PABEHCTB B KBaJpaT U cKjaajbiBaeM. [lomydaem 7‘% = 7’%. 3na-
9uT, 71 = T9. [Ipy 9TOM M3 paBeHCTBA COS Y1 = COS g BBHITEKAET, 4T0 @1 € {+py + 21k 1 k € Z},
a M3 PAaBEHCTBA Sin ¢ = Sin @y BBITEKAeT, 910 @1 € {ps + 2wk : k € Z} . O6paTHast UMILIAKATIUSA
OYeBH/IHA.

Vupaxkuaenue. /lokazaTh, 9TO TJIaBHOE 3HAUEHHE apryMeHTa KOMILIEKCHOTO YHCIA 2 := T + 1Y
npu = # 0 MOXKeT ObITH BBIYUCIEHO 110 (hOpMy.Ie

arctg ¥ npu x > 0;
argz = ¢ arctg £+ 7 mpmx <0,y > 0;
arctg £ — 7 mpu x <0,y > 0;

4. TeomeTpuyecKuii CMBICJI OHl€panuii HAJ| KOMIIJIEKCHBIMU YUCJIaMU

[IpoctpancTBo KOMILTeKCHBIX unces C, KaK MHOXKECTBO, COBIAIAET C JICKAPTOBBIM IPOU3BE/Ie-
mreMm R? = R x R. TTostomy a1emenTs C MOXKHO H300pazkaTh TOUKAMI KOOPIHHATHO IIOCKOCTH
WJIN BEKTOpPaMH, ¢ HaYaJoM B HadaJe KoopauHat. Vcnomb3yeMas, Tpd 3TOM, KOOPAUHATHAS TLIOC-
KOCTH (IJIOCKOCTB € 3aJIaHHO¥ Ha Hell TPAMOYTOJbHOI JIeKAPTOBON CHCTEMON KOODJIMHAT), HA3bI-
BAaETCA KOMNACKCHOU NaoCKocmbio, ock abcnuce Ox — deticmeumenvhoti ocvlo, och opaunar Oy
— MHUMOT ocblo, Todka O — HAYAAOM KOMNAEKCHOU NAOCKOCMU. J1eKapTOBBI KOOPJIUHATHI X, Y
TOYKH (BeKTOpa), n306pazKalieii JaHHOe KOMILUIEKCHOE YUCI0 2, COBIAJAIOT ¢ JAefCTBUTEIHLHON 1
MHUMOW 4HaCTSIMU YHUCIA 2 COOTBETCTBEHHO

r=Rez, y=Imz

CoBmecTuM ¢ MPSAMOYTOIBHON JeKaPTOBON CHCTEMOIT KOOPAWHAT MOJISIPDHYIO CUCTEMY KOOP/IU-
HAT, BHIOpAB JefICTBUTE/IFHYIO OCh B KAa4eCTBe MOJISPHOI OCH W HA4YaJ0 KoopawHat, Touky O, B
KadecTBe nosroca. [Ipm aTom KaxKkgas ToYKa KOMIJIEKCHOH TIJIOCKOCTH, OTJIMYHAs OT HavdaJIa KOOp-
JIMHAT, TPUOOpeTaeT MOJsIPHBbIE KOOPJAUHATHI 7" U (p, TJie 1 — TOJISAPHBIH paJnyc, a ¢ — MOJSPHbII
yroji. [TousaTHO, 4TO MOJSAPHBII paJuyCc r TOYKH KOMILIEKCHO! IJIOCKOCTH, M300parkaolieil KoM-
IJIEKCHOE YUCJIO Z COBIIaJaeT ¢ MOJYJeM 3TOr0 YHUCIa, a MOJAPHBIA yroa ¢ coBHajaeT ¢ IVIaBHBIM
3HaYeHneM apryMeHTa 3TOr0o YHuciIa

r=|z|, p =argz.

CroJib 7Ke TTPOCThIE TeOMETPUYECKHe HHTEPIIPETAINN UMEIOT U OCHOBHBIE ajiredpandeckue ore-
panuun HaJd KOMIIJIEKCHBIMU YHUCJIaMU. TaK onepanudaM CJI0KeHUd U BIYUTaHUA KOMITJIEKCHBIX YUCEeJI
COOTBETCTBYET CJIOJKEHWE U BBIUYUTAHUE H300PaKAIOIINX UX BEKTOPOB HA KOMILIEKCHOMN MJIOCKOCTH,
OCYIIECTBAsIEMOMY TIO U3BecTHOMY 'mpaBuiy mapaJuiesorpamma'. Omepanun yMHOXKEHHS HA MMO0-
JIOXKUTETBHOE JIEHCTBUTENbHOE YHCIO A COOTBETCTBYET TOMOTETHs C IEHTPOM B Hadaje u KO-
dunuertom romorernn A. Onepanun yMHOKEeHHsI HA — 1 COOTBETCTBYeT MEHTPAIbHAS CUMMETPHUST
OTHOCHTEJIbHO HadaJa. Onepanun COnpsizKeHUst COOTBETCTBYET OCeBasi CHMMETPHUsI OTHOCUTEIHHO
JEeNCTBUTEJIHLHON OCH.



5. CTEPEOTPAOUMYECKAM TTPOEKIINSI 5

OcTaHOBHMCS HA TEOMETPUYCCKUX WHTEPIPETANUAX OICPAIMi YMHOMKCHHS U JeJCHUS KOM-
meKCHbIX ancest. [Tyerb z1 1= r1(cos @1 +isin¢y), 22 := ra(cos pg +18in @y) — JABa TPOM3BOIBHBIX
KOMIIEKCHBIX YA, OTJIUYHBIX OT HYJIsA, TAe 11 := |21], 12 := |2a], ¢1 € Argzy, po € Arg ze. 13
TEOpeM CJIOXKEHUs JIJI TPUTOHOMETPUYECKUX (PYHKIMI JefiCTBUTE/ILHON TIepeMEeHHOIl BBITEKAeT,
4TO

2129 = 11(C0Os 1 + i sin pq)r2(cos o + i sin o) = r1712(cos (1 + @2) + isin (@1 + ¥2)).

Ha ocnoBanun csoiicrBa CINHCTBECHHOCTHU TpI/IFOHOMeTpI/I‘{eCKOﬁ (bOpMBI 3allUCu KOMIIJIEKCHOT'O
Yucjla 3aKJII049aeM, 9TO

|z122] = |z1]|22], Argzize = Argz; + Arg zo.

D10 03HAYAET, B YACTHOCTH, YTO YMHOKEHUIO YHCJA 2] HA YHUCIO Zy COOTBETCTBYET MOBOPOT (OT-
HOCHTE/IBbHO HAavaJla KOOPJMHAT) BEKTOPA, N300parkalolero mepBoe 4nucio, Ha Jioboil yrosi us ap-
T'yMeHTa BTOPOT'O 4YuCIa U IMOCJIEAYIOIIasd IoOMOTETUdA C HEHTPOM B Ha4daJle U C KOS(b(bI/IHI/IeHTOM
TOMOTETHH |23].

YauTbiBasi CJIeyIOMNe COOTHOICHNUS

Argzy = —Argzy = {p € R: —p € Arg 2o},

AL_AE N _ .. _
A2 BB D o (o) + isin 1 — ),

3aK/IH09aeM, UTO
z—: = %, Argi—l = Arg z; — Arg 2.

D710 03HAYAET, B YACTHOCTH, YTO JICJICHUIO YHCIA 2] HA YHCIO Z COOTBETCTBYET MOBOPOT (OTHOCH-
TeJIbHO HadaJa KOODAWHAT) BEKTOPA, W300parKaroIiero neppoe Ynuc/io, Ha Joboil yron u3 — Arg zo
U TOCJIeIyTOIIasi TOMOTeTHsI ¢ eHTPOM B Havasie u ¢ Kodbduumentom romorernu 1/|zs].

Vopaxnenune. B uem cocTonT reoMerpuuecKuii CMBICJ MOAY/IS PA3HOCTH JBYX KOMILICKCHBIX
ypuces. OnucaTb reOMeTPUIECKH MHOYKECTBO TOYEK KOMILIEKCHON ILIOCKOCTH, YIOBIETBOPSIIOIINX
CJIeTYIOTIEeMY HEPaBEHCTBY |2 — zp| < €, T11e 2p — (PUKCHPOBAHHOE KOMILIEKCHOE THCIO0, € > () —
pUKCHPOBAHHOE JEHCTBUTENBHOE YHCTIO.

5. Crepeorpadudeckasi IIpOEKIs

B pgje BompocoB KOMILIEKCHOTO aHAU3a MPOCTPAHCTBO KOMILIEKCHBIX YHCET YJI0OHO Tpak-
TOBATh HE KaK IJIOCKOCTH, & KaK c(epy B TpeXMEpHOM BEKTOPHOM MPOCTpPaHCTBE. BO3MOXKHOCTH
HCIIOIB30BAHUST TaKOH TeOMeTpPUYecKoil mHTepnperamnun mpocrpancrBa C mpegocTaBisieT Crelu-
aJlbHOE 0TOOparKeHnWe KOMILIEKCHOW TJIOCKOCTH Ha, ¢depy, Ha3bIBAEMOe cmepeozpapuueckoti npo-
exyued.

T -

-
'-!-



6. PACHIMPEHHA Y KOMIIJIEKCHA{ IIJIOCKOCTbH 6

[Tycts S — cdepa eauHUYHOTO pajauyca B TPEXMEPHOM BEKTOPHOM MPOCTPaHCTBe. Bribepem
eHTp cepsl S B KauecTBe HaYa/a HEKOTOPOI MPSMOYTOIBHON JIeKAPTOBOIl CHCTEMBI KOOP/IMHAT.
Koopaunarsl mepemenHoit Touku B 910l cucreme kKoopauHat oyaem obosuadath X, Y, Z. Chepy
S, paccMaTpuBaemMyio KaK METPUYECKOEe MPOCTPAHCTBO ¢ METPHUKOM, WHIYIUPOBAHHON U3 00beM-
JIIOIIETO TTPOCTPAHCTBA,

P, G) = V(X1 — Xo)? + (Y1 — Ya)2 + (Z1 — Za)?,

Ha3bIBalOT chepoli Pumana. Jlerko yBugers, uto chepa Pumana siBjisiercss KOMIIaKTHBIM MeTPHUIe-
cknM mpoctpancTBoM 1 p((r, (o) < p(N', N) = 2 g mobbix (1, (o € S. Crepeorpadudeckoit mpo-
eKIneil Ha3bIBaeTCs COOTBETCTBHE z — ( MeXKIy TOYKaMH KOMILIeKCHOi miaockoctn C, KOTOPyIo
MBI OTOXKJIECTBJIsIEM ¢ KOODAXHATHOI m10cKOCThI0 X OY (mpudem, mosaraem, 9To JedcTBUTEIbHAS
och coBmagaer ¢ ocbio OX, a MEHUMAsg 0Ch coBnajaer ¢ ocsto OY), n Toukamu cdepsl S, ¢ moMo-
b0 NPAMBIX, poxoganmx depes rouky N := (0,0, 1). Hanumem napamerpuveckue ypaBHeHUst
npsMoit, mpoxojsieit gepe3 Touky N € S u Touky z = x + iy € C. [loayanm

X=Xg+pt, Y=Yy+qt, Z=Zy+ st,

e Xo =0, Yy =0, Zy = 1 — koopaunarsl Touku N;p = x,q =y, s = —1 — KOOp/IMHATHI HAIIPAB-
JISTIOIIIETO BEKTOPA JTE; t — mapamerp, npunnmatonuii 3aadenus B R. Mcnonab3ys atu ypaBaenus n
KaHoHmueckoe ypasuenue cepst S: X2+Y?+ 72 = 1, nonyunm (xt)*+(yt)*>+(1—t)* = 1. 3nauwnr,
t =2/(]z]* + 1). OTciona BEITEKAET CIEAYIOMEe NpPeICTaBIeHne cTepeorpadbuaecKoil TPOeKIuY B
KOOpAMHATHOI (opme:

o ¥y, P
2|2+ 1’ |z]2 4+ 1’ |22+ 1
N3 pasencrBa Z = t:z—: BBITEKAET, 9TO W% = 1 — Z. 3Ha9uT, KOOPANHATHOE TIPEJICTABICHIE
oTobparkeHusi 00paTHOTO cTepeorpaduyuecKoil MPOEKIINU UMeeT CAeYIONINi BUI:
X Y
Y1z VTiz

N3 s3tux dopmys1 BbITeKaeT, 4TO crepeorpaduyeckasi MPOEKIHUs YCTAHABJIMBAET B3aUMHO OJHO-

3HAYHOE COOTBETCTBHE MKy TOYKAMHU KOMILIEKCHON TJIOCKOCTH M ToYKaMu MHOzxecTBa S\{N}.

Bepmuna cdepnr, Touka N, He COOTBETCTBYET HU OJIHOI TOUKEe KOMILIEKCHON TJIOCKOCTH.
Sadukcupyem 3HaUeHHe anIIukaTel Z, mojarag —1 < Z < 1. Koopaunatbl To4uek cdepsl

S, UMeIUX OJHYy U Ty Ke alllIuKaTy Z, yJIOBJeTBOPAIOT ypabHenmio X2 + Y? = 1 — Z2

CooTBeTcTByOIIIE TOYKH 2z = & + 1y KOMILTEKCHOI TLIOCKOCTH 0Opa3yloT OKPYKHOCTBH |z| =

V(1 +Z)/(1 = Z), c nentpom B nauase. JleiicTBuTebHo,

X2+Y? 1-2* 1+7Z

1-22 (1-22 1-2

[Ipu HempepsIBHOM cTpeMaeHun Z K 1, paauyc 3TOi OKPYKHOCTH CTPEMUTCS HEMPEPBIBHO K +00.

Takum 0Opa3zoM, BHEIIHOCTH KPYTOB C HMEHTPOM B HadaJie 0TOOParKaroTcs crepeorpadudecKoit

npoeknueil Ha cdhepudeckne OKPeCTHOCTH TOYKU N. DTO MO3BOIAIET TPAKTOBATH TOYKYy N Kak

TOYKY, COOTBETCTBYIONIYIO beckoneurocmu. 1Ipm 3TOM BHeNmTHOCTH KPYTOB € IEHTPOM B HadaJe
BBICTYTIAIOT B POJIM OKPECTHOCTEH OECKOHEYHOCTH B KOMILJIEKCHOH TJIOCKOCTH.

2|2 = a® +y* =

6. PacmmmpenHasi KOMIJIEKCHAA TIJIOCKOCTD

B pazne BompocoB oKa3bIBaeTcd yI0OHBIM TPAKTOBATH OECKOHEYHOCTb KAaK OTJIETBHYIO TOUKY,
JIOTIOJTHSIIONIYIO IIPOCTPAHCTBO KOMILIEKCHBIX YHCeJ. DTy TOYKY HPHHATO HA3bIBATH OECKOHEUHO
ydanennoti mowkoti (mam beckoneunocmoio) 1 0003HAIATH CHMBOJIOM 00. [Ipn 9TOM MHOKECTBO
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CJ{oc} obosnauator cumpomom C u HasBIBAIOT pacwiupennoti komnaexcrot naockocmuvio. s
9JIEMEHTA 00 OOBSIBJISIIOTCS JIMIIEHHBIMU CMBIC/Ia TaKue ToHsTHst Kak Re oo, Im oo, Arg oo, arg oo
(ormerum, uTo Her cmbicia u B noHsTHsAX Arg(, arg(). Uro Kacaercs MoyJisi GeCKOHEUHO yia-
JIEHHO# TOYKH |00|, TO JJIs1 HEro BBOANTCS 0003HAYeHHEe 00 U MOCTYJIUPYeTCs, 9T0 +00 > |z| as
qoboro z € C.

NMmeror cMBICT cleaytomme aaredpandeckue OMepanuu ¢ yaacTHeM od:

l)ootz=z2t00=00, 2/00=0, 0/z =00 VzeC,

2) 0 z=z00=0000=00,2/0 =00 Vze C\{0}.

Bwmecte ¢ Tem, 00bSIBISIIOTCS JIMIMIEHHBIMU CMBIC/IA ONEPAIINN, HA3BIBAEMbIE HEONPEJeACHHOCA-
Mmu: 00 & 00, 000, 0/0, o0o/oco. Takmm o6pazom, B C BO3MOXKHO JIe/leHre Ha HYJIb YHCE] OTIMIHBIX
ot HyJs1. Bo3MoxkHO 1 jiesieHne Ha O€CKOHETHOCTD YHCEeT OTJUYHBIX OT OECKOHEIHOCTH.

Crepeorpaduieckasi TPOEKIUs YCTAHABIUBAET B3aWMHO OJIHO3HAYHOE COOTBETCTBHE MEKLY
siementamu C u Toukamu cdepsi S. 1o mossossier cuntarth cdepy Pumama S reomerpuue-
ckoit unTepuperarueii C. [eoMeTpraecknM aHAIOroM 0o saBisgercs Touka N na chepe Pumana S.
Ecrectsenno mepenectn na C MeTpmuecKyto cTpyKTypy m3 S: ps(z1,22) := p((1, (). Ucnonpsya
mpejicTaBieHne crepeorpaduiecKoil TPOeKIuu B KOOPAUHATHON (dhopme st JTIOOBIX 2, 21, 29 € C
MOy daeM

PS<217 Z2) = p(<17 CQ) =
= V(X1 = X0)2+ (V1 = Yo)2 + (2, — Z2)2 = /2(1 — X1 Xy — V1Yo — 2, 7,) =
V2([21 P+ D)([22 +1) = 8125 — 8y1ye — 2(|212 = D([22 — 1) 2|z, —2|

V(zP + 1([2) +1) VAP + 1) ([P +1)
ps(z,00) = p((,N) = /X2 4+ Y2+ (1 - Z)2=V2-27 = 2

\/|z|2—|-17

pS(OO’OO) = p(N,N) = 0.

Pacmmpennas KommiekcHas Ti0ckocTh C, ¢ 9TOH METPHKOH, ABIAETCA MeTPHICKHM TIPO-
CTPaHCTBOM H30MeTpHIHHIM cepe Puvama S. OTciona BhITeKaeT, 1To npoctpamctso C apisgercs
KOMIIAKTHBIM MeTPHIeCKHM TPOCTPAHCTBOM. [IpH 3TOM /1 MoObIX 21, 2p € C BHIOMHAIOTCA Ote-
BUJIHBIE HEPABEHCTBA pg(21, 22) < 2 = pg(0,00).

Vupaxnuenne. Jokazath, uto npoctpanctso C, ¢ onpejieeHHoil BHITITE MeTPUKOil, ABISETCS
MOJTHBIM METPUYECKMM MPOCTPAHCTBOM. [10JIE3HO MPOBECTH JI0KA3ATEIbCTBO (€3 MCHOIb30BAHUS
u3omerpianoctu npocrpancts C u S.

7. Metpuku B C

7.1. Ompenesierue MeTpuk. Her neooxommmoctn pasiandats R? n C Kak MeTpHdIecKme mpo-
cTrpaHcTBa. X cBoeoOpasme 3aMeTHO JIUIIb B CBS3H C HCIOJIb30BAHHEM PA3TNIHBIX 0003HAYEHHUI.
Tax eexaudosa MeTpuka B R2, onpejesngeMas ¢ TIOMOIIBbIO COOTHONIEHH

(w1, 90), (22,92)) = v/ (01 — 22)* + (11 — 12)%,

B 0603HaquI/IHX, CBA3aHHBIX C MPOCTPaHCTBOM KOMIIJIEKCHBIX YHUCEJI, OllpeaeadeTCd ¢ IMOMOIIBIO
IKBUBAJICHTHOT'O COOTHOIIICHUA

p(z1,22) = |21 — 2.
[Tostomy mpoctpancrBo C ¢ eBKINIOBON METPUKOIl aBTOMATHYECKHU SIBJISETCS] TMOJHBIM METPH-
YeCKUM MPOCTPAHCTBOM. [Ipyrumu cIoBamu, MOCJIeI0BATEIbHOCTD {2, }°° | Touek u3 C cxomurcs
TOIJIA U TOJIBKO TOIJIA, KOTJIA 9Ta MOCJeJI0BATEIbHOCTD SBJsIeTCs (DyHIaMeHTAIbHOI (KpuTepuii
Komm). Ha npakTuke 910 yTBepZK/IeHIe yI00HO 3alUCHIBATh B CHMBOJIBHON (opme:

{zn}22, — cxopures < (Ve > 0)(IN € N)(Vn = N)(Vp € N) : |zp4p — 20| <e. (1)
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Vcnonb3ys onucanne KOMIakToB B R?, MOKHO ckazaTh, 94T0 MHOKecTBO B C ABJISETCS KOMIAKTOM
TOrJa W TOJBKO TOTJA, KOIJIa OHO 3aMKHYTO W OI'DAHHYEHO.

Hapsiay ¢ eBKInI0BOI METPHUKOIA, TPOCTPAHCTBO KOMILIEKCHBIX YHCEJI YACTO HAJIEJSIOT U JIPY-
roif MeTpHKOil, Ha3bIBAEMOH cepuneckoti. dta merpuka mHaymupyercsa B C u3 npocrpancrsa C u
OTIPEIEISIETCST ¢ TIOMOIIIBIO CJIEYIOIIEr0 COOTHOIIEHU T

2|Zl — Zgl
21> + 1)(|22[* + 1)

[IpoctpanctBo C, ¢ 9TOif METPUKOM, He SBJISETCSA MOJTHBIM, TaK KaK, HAIpUMep, IOCTeI0Ba-
TeJbHOCTH HATYPaJIbHBIX YHCEJI SIBJIsIeTCs (pyHIaMeHTAIbHOW B 9TOW MeTpHUKe

2p 2p 2 9
< <=<e n>[3]+1,
2+ 1)((n+p2+1) nn+p) n

ps(z1;2) = N

ps(n,n—l-p) == \/

HO HE SABJISIETCS CXOASIIencs
2ln — 2\n — 2
sy Anm okl i,
V2 D[P +1) 7 /(2 + 1)z + 1) (Iz[*+1)
B 10 ke Bpemsi, 3Ta MOCTEIOBATEIHLHOCTD HE MMEeT CXOMSIIUXCS MOJANOCTe0BaTebHOCTeH (10~
KazkuTe 910), 3Ha4uT, npocrpancrBo C, co cdepudeckoit METPUKON He SBJSETCS KOMITAKTHBIM,

HO SIBJISIETCS] OTPAHWYEHHBIM: [T JTIOOBIX 21, 29 € C cnpaBeinBo HEPABEHCTBO ps(z1,22) < 2, B
9acTHOCTH, JUisi Jiroboro z € C crnpaBeyinBo HepaBeHCTBO pg(z,0) < 2.

7.2. DxBuBasieHTHOCTH MeTpuK. O6o3uaunm V(zy) — cdhepuaeckyio e-OKPeCTHOCTb TOUKH
20, @ Uz(29) — €BKIMIOBY £-OKPECTHOCTH TOUKH 2.

TEOPEMA 0.1. Jlasa aobvx zg € C u e > 0 natidymesa €', " > 0 maxue, wmo
Uer(20) € Ve(20), Ver(20) € Ue(20)-

JJOKABATEJIBCTBO. Tak Kak zg # 00, 10 pg(zp,00) > 0. MoxkuO cunrarh, uto £ < pg(2g, 00).
[Tpu 5170M B CHIIy AKCHOMBI TPEYTOJIBHUKA ps(2, 00) = ps(z0, 00) —ps(20, 2). HAUAT, U3 CIIEYIOIIAX
COOTHOIITEHUN

0=zl AIFEPVIT P _
VIFEPVI TP 2 2
2ps(2, 20) - 2ps(2, 20)
ps(z,00)ps(20,00) ~ (ps(z0,00) — ps(z0,2))ps(z0,0)’
2|z — z|

= <2
VI PV 0l
BBITEKAeT, ITO B KadecTse ducen £, e” MoKHO B3aTh "nciaa (pg(z0,00) — €)ps(20,00)5 m § coot-

BETCTBCHHO. |

|z — 20| =2

,OS(Z,ZO) ’Z - Zo’

N3 nokaszannoit TeopeMbl BbITEKaeT, 4TO cdepudeckas Merpuka B C TOMOJOIAYECKU IKBU-
BaJIEHTHA eBKJIMIOBON MeTPHKe, TO eCTh 3allac OTKPHITHIX MHOYKECTB (3HAYMT, 3alac 3aMKHYTHIX
MHOZKECTB U 3aI1ac KOMIIAKTOB) He MEHSIEeTCsl TP Mepexo/ie 0T OJHON MeTpuKHu K JApyroit. deiicTBu-
TeJbHO, TycTh MHOZKEeCTBO G C C oTKPHITO B chepudeckoit Merpuke. [lokaxkeM, 4TO OHO OTKPBITO
B eBKINJ0BOII MeTpuke. BuibepeM mpous3BosbHYIO TOUKY 29 € G. Ilo ompemenenunio OTKPBITOTO
MHOXKECTBA, Haiijercs cdepuieckas e-0KpeCTHOCTh Vi(zg) TOUkHm zy Takas, 1arto V.(z9) C G. Ilo
JOKa3aHHoii Teopeme cymectyer £ > 0, rakoe, uro Uy (29) C Vi(20), 3naunt, U (29) C G, 10 ecTh
MHOZKeCTBO (G OTKPBITO B eBKJINI0BOI MeTpuke. OOparHO, mycth MEHOKeCTBO G C C OTKPHITO B
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eBKJINI0BOI Merpuke u zg € U.(z9) C G. [o jokasannoii reopeme cyuecrsyer €’ > 0, takoe, 410
Ve (z0) C Ue(20), 3uaunt, Vor(zg) € G, 1o ectb MHO)KeCTBO G OTKPHITO B ¢(hepHUIECKOil MeTpHKe.

7.3. Paccrosiame mexxkay MHOXxkecTtBamu. [lycts 2z € C; A, B C C. Yucno

p(A, z0) == ;g‘ |z — 20| >0
HA3BIBACTCS PACCTNOAHUEM MENCOY MOuKol zg U MmHodcecmeom A.
TEOPEMA 0.2. Ecau A= A1J...J A, mo
p(A, z0) = min{p(A1, z0), ..., p(An, 20) }-

JJOKABATEJBCTBO. Tak kak A; C A, 10 p(A, z0) < p(A;, 20),7 = 1,...,n. Braunt, p(A, zp) <
min{p<A17 20)7 ) p(Aru ZO)}' HpeﬂHOHO}KHMa qTo p<A7 ZO) < min{p(Ala 20)7 ) P(Am ZO)}' TOF,ZL&
Haiigéres Touka z; € A rakas, 9ro p(21,20) < p(Ai, 20), © = 1,...,n. Ho Takas Touka He MOXKeT
OpUHAJIE)KATH MHOXKeCTBaM A1, ..., A, ¥, CJIeJ0BATEJIbHO, HE MOXKET NMPUHA/IeKATh MHOKECTBY

A. O
B cBoro ouepeib, unciio

p(A, B) := ingp(A, z)= inf |2=2">0
zE

Z€Az'eB

Ha3bIBa€TCA paccmoaHuem M&’)dey Mmruoocecmeamu A u B.

TEOPEMA 0.3. Ecau komnaxm A C C u samrnymoe mnoocecmeo B C C ne nepecexa-
romea, mo p(A, B) > 0.

JIOKABATEJIbCTBO. Bribepem npousBoibayo Touky z € A. Tak Kak MHOXKeCTBO B sBjsier-
sl 3AMKHYTBIM, TO CYIIECTBYET OKPeCTHOCTh Uz (2), KOTOpasi He TepecekaeTcsi ¢ MHOKeCTBOM B.
Oxpecrroctu U (z) nokpsiBaioT KoMmakT A. VI3 97010 NOKpeITHST BbIIeJsieM KOHETHOE TIOIITOKPhl-
tue U, (21), ..., Ue, (2n). Ilyctn 2/ € A, 2" € B. Torpa

2 e U, () U U U. (2), 2" & Us.,(21) U U Use, (zn).
3HavuT,
|Z/ _ Z”| >p <U51(21) U UU5n<ZT‘L)7zN> _

= min{p(U,,(21),2"), ..., p(Us,, (2n),2")} > min{ey,...,e,} > 0.
U

JlokazaHHBIE 37€Ch TeOpeMbl HOCAT o0muii XapakTep. OHM OCTAIOTCA CIPaBe/ITUBBIME MPH 3a-
MeHe eBKJNI0BOI MeTpuKu cdeprdeckoii MeTpukoil n npu 3amene npocrpancTtBa C mpocrpaH-
creom C.

8. Cxopggdinuecss mocjaea0BaTeIbHOCTU

ITocaedosamervnocmsd KOMNAEKCHOIT “ucen ONPEEIseTcs Kak yrnopsijgodenHas napa (Z, f),
e Z — He 0ojee UeM CUYETHOEe MHOXKECTBO KOMILIEKCHBIX 4Hces, f — HEKOTOpOoe OTOOparKeHue
MHOKECTBA, HATYPATbHBIX drces N BO MHOXKECTBO Z, yIOBJIETBOPSIONIEe YCJIOBUIO: 00JACTh OIpe-
nenennsa f cosmagaer ¢ N, a obsacTh 3HaveHuit f coBmajgaer ¢ Z. MHOXKeCTBO /Z Ha3bIBAETCS
nocumenem mocaenoBarenbuoctu (Z, f). Orobpaykenue f HA3BIBACTCS 00WUM YAEHOM TIOCTETO-
BaresbHOCTH (Z, f). 3Havenue obmiero wiena nociegoBareabroctu f(n) € Z B touke n € N,
00braHO, 0603HAYACTCS Z,. [IpH 9TOM cama nocrenoBaTeabHOCTS (Z, f) obo3nadaercs {2, 00 ;.
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8.1. ITocnemoBarenbuocTu B C. ToBOpST, 4T0 npedes nocaedosamesvhocmu KoMNAEKCHHE
wucen {z, }°° | paBen a wiam nocaedosamesvrocms {z, 120 | crodumca x a, ecau ajist awo6oro € > 0
Haiigercs Homep N € N, HaunHasi ¢ KOTOPOTO BHITIOJIHSIETCsT HEPABEHCTRO |2, —a| < e. Toxe camoe
B CHMBOJIBHO# (hopMe MOKeT ObITh 3aITMCAHO TaK:

20— aE (V2 > 0)3N € N)(Vn > N) : |z, —al < <. 2)

Ecmu HepaBeHcTBoO |z, — a| < € 3aMeHUTH HEPABEHCTBOM pg(2,, @) < €, TO TOJYUUM OTPE/IeICHIe
CXOJIATIECST TTOCTIeIOBATETHLHOCTH KOMILTEKCHBIX dnces B ¢gepuueckoit Mmerpuke. 113 Treopemsr 0.1
BBITEKAET, YTO CXOAUMOCTh B €BK/IMIOBONH M cdepruveckoil MeTpuKax paBHOCHILHBI: MOCIEI0Ba-
TEIHLHOCTH KOMILUIEKCHBIX 9HCEJI CXOAUTCS B CHEPUIECKOR METPHUKE TOTJa W TOILKO TOTAa, KOTIa
OH& CXOJIUTCH B €BKJIMI0BOI MeTpUKe.

Omnpenenenne (2) coBnagaer o dhopme ¢ OnpejieeHreM TIpe/iesia YiCI0BO MOCIe0BaATeTLHO-
cru (nocienoBarensroctd B R). Tlosromy cBoiicTBA MPEIEIOB YHCIOBBIX TOCIEI0BATEIbHOCTEI],
JTIOKa3aHHbIe HA OCHOBE ONpeJIe/ieHnsi, 0e3 0COOBIX 3aTPY/IHEHUI TePEHOCATCS HA Cydail TOCIe 10-
BaTeJbHOCTEHl KOMILIEKCHBIX THCET:

1) mocsie10BaTeIbHOCTh KOMILTEKCHBIX YHCEJ MOYKET UMETh TOJBKO OJMH MpeJIer;

2) ecau Tpesiesl TOCIeJI0BATEIbHOCTH KOMIUIEKCHBIX YHCEJ] OTJINYEH OT HyJis, TO HAYHHASA C
HEKOTOPOTO HOMEPa YJIeHbI MOCIEA0BATEILHOCTH 00/1aJaI0T TEM YK€ CBOCTBOM;

3) Jsr0basi MOJIOC/IEeI0BATEILHOCTD CXOAMIEHCsS TTOC/IeI0BATEIbHOCTH CXOJANTCS U UMEET TOT
JKe TIpeIe;

4) MOCJIeI0BATENBLHOCTD {2, }0° | KOMILIEKCHBIX 9HCEJ CXOAUTCS K @ TOTJAA U TOJBKO TOTJA,
KOTJIa YUCIOBAs TMOCJIEI0BATEbHOCTD { |2, — a|}22 | cxoaures K HYIO;

5) CXOAAMIASCS MOCAe0BATEIBLHOCTD {2, 152 | KOMILTEKCHBIX YHCeJI OTpAHWYeHa, T.e. Haiiiercs
M > 0 takoe, uto mjist Bcex n € N BBINOTHIETCS HEPABEHCTBO |2,| < M;

6) u3 1060l OrpaHUYeHHOll TOCIeI0BATEIBHOCTH KOMILIEKCHBIX YHCE] MOYKHO BBIJIEJUTH CXO-
JSATILYIOCsT TOAINOCTeJ0BaTeIbHOCT (Teopema Bosbano-Beitepirpacca);

7) ecin z, — au z,, — b, 10 2, + 2z, = a+b, 2,2/, — ab, a PN JONOJIHATETHHOM YCJIOBHH
2,0 # 0, u ‘Z—Z — 7

CpoiicrBa 1)-5) BhITEKAIOT W3 00IIMX CBOWCTB MOC/IEJ0BATEIBLHOCTEH B METPUIECKUX TIPOCTPAH-
crBax. CoiicTBo 6) BhITeKaer u3 onucanusi komnaktoB B C. ComHenne Moxker BbI3BATh JIHIIIb
cBoiicTBo 7). JJokazkem Jist npuMepa JIHIIb CIeYIONLY 0 NMITHKAIIO

Zn — a, 2, — b, zn,b;é():>z—7—>%.

n

JeitctBurensho, eciun z, — a u 2, — b, To mo cBoiicrBy 4) |z, —a| — 0 u |2}, — b| — 0. ITosTomy
13 COOTHOIIEHMI
0< |7 _ 8| _|Gn-a-5G-b)|  len—alt|g[lzd
b G-0% | S T T =0-T

Zn __

u BBITeKaeT, uto |2+ — ¢ — 0. OcTaéres cHOBa BOCIOMB30BATHCA CBOMCTBOM 4).
n

8.2. TlocnemoBarennuoctu B C. Ilpenen nociaenoBareabaoctn aementos n3 C onpegeis-
eTCd aHAJOTMYHO:

s —ad (Ve > 0)(IN € N)(Yn > N) : ps(zn,a) < e. (3)

Eciu Bee 2, 1 a 0OTIHYHBL 0T 6ECKOHEYHOCTH, TO U3 TeopeMbl (.1 BEITEKaeT, 9To OIpeae/ss MpeIe
3TOil ocaeoBaTesibnocT B C, BMecTo cdepuyuecKoil METPUKI MOYKHO UCIIOJIL30BATh eBKJINJI0BY
METPHKY W 3aMEHHTh HEPABEeHCTBO pg(zn,a) < € HepaBeHCTBOM |z, — a| < . B ciay4ae a = oo
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HePaBeHCTBO pg(z,,a) < € 3aMeHsercs HepaBeHCTBOM |z,|™! < . Bo3aMoKHOCTH Takoil 3aMeHbl
BbITEKaCT U3 TE€OPEeMbI

Zy — 00 & 2 — 0,
Drta Teopema ClpaBenuBa J1a nocaeopatenbocteit B C, Tak Kak pg(z,,00) = ps(2;, 1, 0). Ipn
9TOM B cHIy TeopeMbl (0.1 CXOIUMOCTD B IPABOii YaCTH MOKET MOHUMATHCS B €BKJIUI0BOM CMbICIIE:
zl—=0& (Ve>0) 3N e N)(Vn > N): |z ' <e.

n

CeoiicTBa 1)-3) mpeenoB MOCIeI0BATETBHOCTEi KOMIIEKCHBIX THCEJT OCTAIOTCS CIIPaBe/JIH-
BBIMU U JIJIST TIOCJIEJOBATEJIHHOCTENR B C. CsoiicTBoO 4) NPUHUMAET CJICAYIONNNA BUI;

4)" mocnenosarenbHOCTh {2,}°%, snementos u3 C cxomures x a € C Torma u TOMBKO TOT/A,
KOTJIa YMCI0BAs MOCJIEI0BATENBHOCTD {pg( 2y, a) 152, CXOaUTCs K HYJIIO.

CroiicTBO 5) TepsieT CMBICH, Tak Kak Beé mpocTpancTo C aBjIgercs KOMIAKTHBIM, a 3HAYAT,
U OrpaHudeHHbIM. [losTomy:

5)" mobas nocaeoBaTenbHocTh B C AB/IsgETCS OrpaHUYeHHOil;

6)" w3 mo6oit nocnegoBaTenbHocTH B C MOMKHO BBIIEIUTDH CXOJSIILYIOCH TOANOCTEI0BATE b-
HOCTb.

Ocraérest OTMETHTH, 9TO TEOPeMbl O CyMMe, MPOU3BEJIECHUN W YaCTHOM TIPEJIEJIOB B YCJIOBHSIIX
pacimpenHoit kKoMmiekcHoit miockoetn C cnpabeyiuBbl B paMkax paspeménnbix B C omepammuii:

Zy — a, 2z, — b, (2n,20,), (a,b) # (00,00) = 2, + 2I, = a + b;

Zn — a, 2z, — b, (2n,25), (a,b) # (0,00), (00,0) = 2,2/, — ab;

2w =, 2 = b, (20, 24). (a,D) # (0,0), (00, 00) = = —

“n

Sall RS

B kauecTBe npuMepa JOKazKeM HMILJIUKAIIUIO

2= a, 2, =0, (20,2)) # (0,0), (00,50),0 # 0 = = — oo,

n

B cuity akcmombl TpeyroibHuKa

5(0,a) — ps(zn; a) < ps(zn,0) < ps(0,a) + ps(zn, a).

Buaunt, pg(z,,0) — ps(a,0) # 0. AHATOTHYHO TOKA3BIBAETCS, UTO pPg(2,, 00) — pgla,00) < 2 u
ps(zl,00) — ps(0,00) = 2. CraegoBareabHO, U3 0YEBHIHBIX COOTHOIIECHUIA
/
z V4 /
0<ps| = o00) <22 — 9£5(2n.0)ps (2n,00)
2

2 Ps(2,00)ps (2n,0)
n n

BBITEKAeT, 4TO Pg <Z, ,oo> — 0.

Yupazxuenne. 1. Jlokazxure, 9To 115 nocaegoBareabHocteii B C crpaBeyinBa IMILTHKAIHST
Zn — a, z, — b= z,z, — ab.

2. Jlokazkure, 4T0 j17s mocaegoBarebaocTeil B C crnpaBeainBa UMILTAKAIIIS

2 = 0, 2y = 00, (2n, 7)) # (0,0), (00,00),a # 00 = 2 — 0.
z

n
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9. IlociemoBaTeIbHOCTH U MPEACTABJIEHUSA KOMIJIEKCHBIX YHCEJI

Besikyo mocsie10BaTeIbHOCTh KOMIUIEKCHBIX dncest {2, }5° | MOKHO paccMaTpuBaTh KakK IOCJIe-
n0BaTeIbHOCTD { (T, Yn) }52, 3memenToB npoctpancTBa R?. M3BecTHO, 4TO TaKue 10C/Ie10BaTe b-
HOCTHU CXOAATCA TOT'Ja W TOJBKO TOTJa, KOI'Ja CXOAATCA MX KOOpAWHATHBIE MOCIeJ0BaATE/ILHOCTH
{zn}22, u {yn}22,. C anreGpanveckoit HopMoii 3amUCH KOMILJIEKCHBIX YHCET CBA3aH OUEBHIHBII
SKBUBAJIEHT STOT0 YTBEPKICHUS JIJIsl OCTIeN0BATENILHOCTEi KOMILIEKCHBIX UHCET:

2z, — c< Rez, — Rec, Imz, — Imec. (4)

Omnucarh CXOAMMOCTD TTOCJIEI0BATETHHOCTH KOMILIEKCHBIX YHCET B TEPMHHAX TPUTOHOMETDH-
qecKoit (hopMBI 3amucu HECKOIBLKO cIoyKHee. VIMmnkanus
Z2n #0,¢# 0,2, — ¢ = |2, — ||, argz, — arge
He BBITIOJIHACTCS, HApUMep, UId nocaegopaTenbioctn {—1 — £} | Jleiicrpurenbno, —1 — + —
i) — 1_ — —
L. TIpu stom arg(—1 — ) = arctg - — 7 — —7 # arg(—1).

TEOPEMA 0.4. Iocaedosamenvriocms komnaekcuor wucen {z,}02, cxodumesa x ¢ # 0
mozda u moavko mozda, ko2da |z,| — |c| u dasn arwbozo n € N cywecmeyem p,, € Arg z, makoe,
umo p, — argec. Ilocaedosamenrvrnocmo {z,}5°, crodumca x 0 mozda u moavko moezda, Koz2da
|zn| — 0.

JIOKA3BATEJILCTBO. Ilycrs 2, — ¢ # 0. Torma
|zn] = V(Re 2,)? + (Im 2,)2 — /(Re )2+ (Imc)? = |¢.

C nmpyroii cTOpPOHBI, MyCTH 2, 1= z,¢. Torma

Rez, =Rez, Rec+Imz, Imc — (Ree)® 4 (Imc)? = |¢|* > 0,

Imz, = —Rez,Imc+Imz,Rec - —RecIlmc+ImcRec = 0.

[Monoxum ¢, = argz,, + argc. Haunnas ¢ mekoroporo nomepa N BBITIOJHSIETCS HEPABEHCTBO

/ r Imz]
Rez, > 0. 3maunt, ana Beex n > N HMeET MeCTO IpeAcTaBlenue arg z, = arctg g#. Cneaosa-
I !
TeNLHO, , = arctg g + arg c — argc. Ilpu stom ¢, € Arg z), + Arge = Arg z,.
n
O6parnasi UMILTHKAINS BBITEKAT M3 COOTHOIIEHUH |z,|cosy, — |c|cosarge, |z,|sing, —
|c| sinarg c. VI3 KOTOPBIX CIemyeT, 4To 2, = |2,|(cos ¢, +isiny,) — |c[(cosargc+isinargc) = c.
Ecim ¢ = 0, T0 yTBep:KIeHne TEOPEMBI SBJISETCA MPOCTHIM CJIJACTBUEM ONPEJIETEHUs MPEIesa

IIOCJAE€10BATEC/JIBHOCTN KOMIIJIEKCHBIX YHCEJI. O

10. Paapl ¢ KOMIJIEKCHBIMY YJI€HAMN

PaccmoTpuM Ipou3BOIBHYIO HOC/IEI0BATEIBHOCTD KOMIIIEKCHBIX dnces {2172 ,. Cymma

n
Sn = E 2k
k=1

HA3BIBACTCH YACTNUYHOT CYMMOT IEMEHTOB MOCIeI0BATETBHOCTH {2 } 72, & MOC/IEI0BATEILHOCTD
GACTUYHBIX CyMM {5, }7° | HA3BIBAIOT PAJOM C KOMNAEKCHHMYU YAEHAMU T 0DO3HATAIOT

Z;zk. (5)

[Tpu sToM nocsIe10BaTeIbHOCTD {21 }72 |, KAK O0BIYHO, Ha3biBaeTcss 00usum wienom psaga (5). Ecau
psia (5) cxomuTest, TO ero mpejiesl Ha3bIBAT cymmoli pada u 0GO3HAYAIOT TEM YK€ CHMBOJIOM, YTO
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u cam psan. Psan (5) cxomurest abcoaomimo, ecad CXOANTCST TUCIOBON Psiy

> Lzl (6)

Onpejiesienns CXOAAMEr0Cs PAJIA U €0 CyMMbI OBTOPSIOT U3BECTHBIE ONPEIEJIeH s 15T TUCT0-
BbIX Psa10B. OTCIO/Ia BHITEKAET, YTO OCHOBHBIE CBOHCTBA YMCJIOBBIX PSAJIOB, JOKA3aHHBIE HA OCHOBE
9TUX ONMPEJIEJEHNI, JOMYCKAIOT CBOM €CTECTBEHHBIE AHAJIOTH JIJISA PSIJIOB ¢ KOMILJIEKCHBIMHU YJIEHAMMU:

1) ecmm pan (5) cxomures, 1o zx — 0 (neobzodumvii npusnak crodumocmu);

0 e} / 8} /
2) eCItH pAIbl Y oz U Y po 2 CXOIATCS, TO Psd » o, (2 + 2,) CXOqUTCS U

Z:il(zk —+ Z,{C) = Z:ilzk + Zzozlz;“;

3) ecint pag (5) cxomures u ¢ € C, TO PAX Y o, C2) CXOAUTCS U

> >
czr = ¢ 25
k=1 K 1R

4) pan (5) cxoauTest TOraa U TOJIBKO TOTJA, KOTjaa i jaroboro € > 0 naiigéres somep N € N,
HAYMHAA C KOTOPOro, A1 BeeX p € N BBINOIHAETCA HEPABEHCTBO

n+p
E el <€
k=n+1
(kpumepuii Kowu);

5) ecam psiji CXOAUTCsE ABCOTIOTHO, TO OH CXOAUTCS;
6) eciin moznoCe0BATENBHOCTD {ky }O2 | MOCIIEI0BATEILHOCTH HATYDAJIBHBIX YHCE] BO3PaCTa-
eT U DAL Y po 2k cXoauTest (aGCOMIOTHO), TO Psaf » o 2. TJe

!/
21 =21+ o+ 2y 2= 2k, 41 e+ 2k, B> 1

0o 0o / o
cxoauTesa (a6COMIOTHO) U Y o (2 = » 21, (couvemamenvroll 3aK0m);
7) ecau psm Yy 2k CXOTUTCH abCOMIOTHO, TO DA » ., 2;, MOJYYEHHBIH U3 JAHHOLO IyTEM
IIEPECTAHOBKH WIEHOB, CXOTUTCH abCOTIOTHO U Y oo 2 = > o, 2} (nepemecmumenvroit 3akon);
oo o] / 0 "
8) eciu PAABL Y po 2k B D 1o ) CXOAATCS aOCOTIOTHO, TO P ) oo 2y, L€

" / / /
Zp =212, + 2oz .+ 2R2,

o0 1" o0 o0 /
VA R— ya ya
Zk:l k Zk:l kaﬂ k

(meopema o npoussedenuu pados).

B cuny ummmukanun (4) psag Y, 2, CXOAUTCS M €ro CyMMa PaBHA S TOIJA M TOJBKO TOIJA,
KOIJIA CXOJSTCS UUCIOBBIE DSIBL D ooy Tk, O pey Yks THE T = Rezg, yp = Imz;, u ux cymmsbl
pasubl Re S u Im S coorBercrBenno. JIpyrumu cioBamvu,

dam=> m+id u, (7)
h—1 k=1 h=1

MPUYEM, CXOJUMOCTb YHUCIOBBIX PSAJOB B MPaBOl 9acTH paBEHCTBA BJIEYET CXOJUMOCTH PSAJA C
KOMILTEKCHBIMHU “LJIEHAMHU B JIEBOH YacTU U HA0OOpOT. VI3 0ueBHTHBIX HEpABEHCTB

CXOINTCA aDCOJIIOTHO U

max{|zxl, [yel} < |26] < |l + |yl

1 M3BECTHBIX NPU3HAKOB CPABHEHUS BBITEKAET, UTO TO K€ YTBEDXKJEHHE CIPABEJIABO U MO OTHO-
MIEHUIO K aBCOMIOTHON CXOUMOCTH STHX PSJIOB.

Ucnonw3ysa coornomenne (7) cpoiictBa 1), 2), 5)—7) J€rko CBOAATCA K WX JIEHCTBUTETHHBIM
anajoram (nmpojesiaiite 310 B KauecTBe ynpaxkuenns). OCTAHOBUMCS JIMIIb HA JOKA3ATEIbCTBAX
cBoiicTs 3), 4), 8). CBoiicTBO 3) IOKA3bIBAETCSI € MOMOIIBIO MPEIEJBHOIO MePexXoa B OUEBHIHOM
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DABEHCTBE » ' CZ = €Y _, 2, U CBOHCTBA 7) IPEJEJIOB IOC/IE10BATEIbHOCTEl KOMILIEKCHBIX 1~
ces. BeimostaEMOCTE €BoficTBa 4) BRITEKAeT M3 KpuTepus Komm ¢XOAnMOCTH MOCI€10BATENLHOCTH
KOMIIJICKCHBIX wmncest (1) u paBencrsa

DIMNEIED FUCED I
2| = 2 — ZEk|-
k=n+1 k k=1 K k=1 k

Jokazkem TeopeMy o npousBeeHun psaoB (cBoiictso 8)). IIpexke Bcero, n3 HepaBeHCTB

n " n / / / n n /
SIS (el el o ) < S (a3 e

BBITEKAET, 9TO PAJ

oo
> Uzllzil + [zl + o Ll )

CXOAUTCS, & PAL Y oo 2j cxoautest abcomorno. OCTaéres 3aMeTuTh, 1To

S =S ad Al < ST (il lelloal o+ i) — 0.
f=1"" k=1 k=1"F| = Lth=nt1 k kol 1

11. BeckoHeuYHbIEe TPON3BE/ICHUS

PaCCMOTpI/IM IIPOU3BOJIBbHYIO IIOCJI€J0BATEJIbHOCTL OTJIMYHBIX OT HYJIAd KOMIIJIEKCHBIX YHCEJI

{zx}72,. IIponssenenue
n

P, = H 2k
k=1
HA3BIBACTCS YACMUYHOIM NPOU3EEIEHUEM HTEMEHTOB MOCIeI0BATEILHOCTH {2) 52, a MOCIe10Ba-
TeJIbHOCTh YaCTHIHBIX Tpou3Benenuii { P, 152 | Ha3bIBAIOT beckoneunbim npoudsedenuem u 0003Ha-

qJarT
k=1

[Ipu 9TOM TOCTENOBATENLHOCTD {21 }50, HA3BIBAETCA 00UUM “AEHOM OECKOHETHOTO MPOU3Be]Ie-
aust (8). ToBOpAT, 4TO GECKOHETHOE MPOU3BEICHUE CLOOUMCSA, €CTTH OHO UMEeT OTJIMIHBINR OT HYJIs
npejiesi. Ecin 6eckonednoe npon3ssesienne (8) CXOAUTCst, TO

00 oo
I o+ 1Tt
k=n+1 k=1

TEOPEMA 0.5 (HeoOX0AMMBIH NPU3HAK CXOAUMOCTH). Feau beckoneunoe npoussedenue (8)
cxodumes, mo z, — 1.

JIOKABATEJBCTBO. 15 goKa3are/bCcTBa JIOCTATOYHO MEepeiTH K Mpeaeay B OYeBHIHOM pPa-

BEHCTBE 2 = —ok— ]
P

Beckoneunoe nmpousseienne y100HO 3aIIUCHIBATH B BUJIE
o
H(l + z1), 9)
k=1
e zp # —1. C ucnosb3oBanueM 310it (DOPMBI 3aMUCH HEOOXOIUMBINH TTPU3HAK CXOJAUMOCTH Oec-
KOHEYHOTO TPOU3BEJIeHNsT MOXKHO nepedOpMyJIMpOBaTh Tak: ecau GeckoHedHoe Tpoun3senenne (9)
cxoauted, To 2 — 0.

TEOPEMA 0.6. Ecau z;, = 0, mo beckonewnoe npoussederue (9) u snarononoscumenvroii
pad (5) cxodamesa uau pacrodasmes 00HOEPEMEHHO.
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JJOKABATEJBCTBO. [locienoBarenbrocts {S,}5°, gacruaubix cym™m psia (5) u mociaeno-
BaTeBHOCT {P,}°° | WacTHYHBIX TPOM3BEJCHHUIT ABJIAIOTCH MOHOTOHHBIMHU. CXOAMMOCTH 3THX
MOC/IEIOBATEIHHOCTEll IKBUBAJIEHTHA WX OIPAHMYEHHOCTH. VCHoab3yst 0veBHHOE HEPABEHCTBO
1 4 2z, < e, nosryyaem

24+ 2, < (T4 21) o (T4 2,) < e,

Jpyrumu cioBamu, S, < P, < €. 113 3THX HepaBeHCTB CJIeJIyeT, YTO YIOMSHYTBIe HOCIeI0Ba-
TeJTbHOCTH OTPAHUYEHBl WIH HEeT ogHOoBpeMeHHO. IIpu sTtom P, > 1, 3Ha4uT, mpeaes mocaeaoBa-
resibHOCTH { P, }5° | 3aBeIOMO OTJIMYEH OT HYJIsl. O

ToBopst, uro 6eckoneuHoe npoussenenue (9) crodumes abcoOmMMo, €CIU CXOAUTCs OeCKOHe-

HOE MMPOU3BEIeHUE
00

T+l (10)
k=1
W3 nokazanHoit TeEOpEeMBI BHITEKAET yI00HBIH JOCTATOUHBIN NPpU3HAK aOCOTIOTHON CXOIUMOCTH Oec-
KOHEYHOT'O NIPOU3BEIeHNS.

TEOPEMA 0.7. Ecau pad (5), zr # —1, cxodumes abcoarommno, mo cxodumces abcosommo
u beckoneunoe npoussederue (9).

DTa TeopemMa SBJISIETCS NMPU3HAKOM CXOJIUMOCTH O€CKOHEUHOTO NPOU3BEICHHS, TAK KaK CIIpa-
BeJIJTUBA CJIe yoTIast

TEOPEMA 0.8. Abcoatommno cxodaweecs beckoneuroe npoudsedenue A6AAEMCA CLOOAULUM-
cA.

JIOKABATEJILCTBO. IlycThb

P, = Hk_l(l +z), P = szl(l + |2x|)

u P) — P'. YaurbiBas 04eBH/HOE PaBEHCTBO

m
2 : / / _ p! /
(Pn_ n—l)_Pm_ 1
n=2
3aKJII049a€M, 9YTO PAd
00
/ /
§ (Pn - n—l)
n=2

cxomuTesd. s moboro n > 2 uMmeem

|P, — Py = |1+ z1]- |1+ 21l ]zn] < (14 |21])...(1 + |20_1])|20| = P, — P,

n—1*

ITo npusnaky cpaBHeHUsI 3HAKOIOJIOKUTEIbHBIN Psi/T

Z |Pn - Pn—1|
n=2

CXOOUTCHA. BHa‘H/IT, CXOOUTCA pda ¢ KOMIIJIEKCHBIMHA YJ1€HaMHA

o0

> (Pu = Poy).

n=2

Ero wactuansie cymmpr umeror Bug Py, — Py. CienoBaresnbHo, nociegoBareabHoctb { P, }0° | cxo-
JUTCH.
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[Tokazkem, uro npegen P nociepoarensuoct { P, }0°, ommven or Hyssi. Tak Kak mpoun3sse-
nenne (10) cxommrest, To pax (6) cxommres. Suaqnrt, |1+ 2| — 1. Ilycrs 0 = inf{|1 + z|}32,.

Torna
S <
~
—1 1—|—Zk 0 1
CrestoBaTeIbHO, i
Pt 14 2z

cxoauTest. OTCI0/Ia BRITEKAET, 9TO CXOAUTCSA OECKOHEUHOE TPOU3BEIeHNe

o0
I1 (1 . ) |
HO ,ZLOKaSaHHOMy BBIIIIE CXO,IH/ITCH HOCJIe,I[OBaTe.HbHOCTb

k=1
H(1——z’“ )
1+ 2z

k=1

2k

1+ 2z

Ho npemen sToit mocie1oBaTe/ IbHOCTH paBeH %. Orcroma caemyer, aro P # 0.

% k2 0 1
Yupaxuenne. VceaenosaTh Ha cXoaumocTh beckonednbie mpoussenenus [ [~ =, [ [ -

O



