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R2 6 R2 786 '2#5)(%(,$159;:=<>9;1$#$?$3$:A@ 6 9CB�@D'2E$�F) 6 35)C'HGJI(1$K BML$'2,$'2NO'21;P1$K B.QRNO%S/T1$%U,.-*�2�2NV-0)(,$3 6 -W)(IX#C-*#Y%*)(%(+(,.-0/�'F1$3$'Z354 C 6 C [ �]\F)(%*N^�_G.9;`.-*'Z%*)(%(+(,.-0/�'21$3$'
f
1.-WP

4aK 6 -*'F)(�b!dc&eFf>g&hJiFc&jFkDeSlnmOoCk.cCp.qDiFlrc&eFf>g&hJiFc&jFkDeSlsgDiutJibfviFk.kDeSl.wx'2y2%�#&%(%(,(@D3$1.-0)(1$Kz'�<>9;1$#$?$3$3{1.-WP4aK 6 -*:�)(�b!Y|*iF}�i2jF~�|*iFk.kDeSlU�;�(jF~��C��3Uf>k.q;fveSlU�;�(jF~��C��<>9;1$#$?$3$3
f
3�%(+(%*4a1.-S`.-*:�)(�b!

Re f
3
Im f�2%(%*) 6 'F)(�F) 6 '21$1$% [J� -*L$,$3$NO'2,�wD%*)(%(+(,.-W/�'21$3$'

R2 → R2
∣

∣ (x, y)→ (x2 − y2, 2xy)
NO%S/T1$%T,.-*�2�2NV-0)(,$3 6 -0)(I�#C-*#�#;%(NOL;GD'2#&�2159;:]<>9;1$#$?$3$:

f : C→ C| z → z2 [ � 'F��'F�F) 6 '21$1.-0!�3UNO1$3;PNV-0!�`.-*�F)(3�<>9;1$#$?$3$3
f
�2% 6 L.-W@J-*:�)T�v<>9;1$#$?$35!$NO3 z → x2 − y2

3
z → 2xy

�2%(%*) 6 'F)(�F) 6 'a1$1$% [
� -*,&!;@.9>��<>9;1$#$?$35!$NO3R354 C 6 C ,.-*�F�2NV-0)(,$3 6 -*:�)C�b!�3R<�9;1$#$?$3$3�354 C̄ 6 C̄ [W� -*L$,$3$NO'2,�wW<>9;1$#$?$35!

z → 1
z

1$'�%(L$,$'H@D'HGD'21.- 6 )(%(`$#;' z = 0
#(-*#X<>9;1$#$?$35!X354

C 6 C w�1$%�%(L$,$'"@D'HGD'21.- 6 �2: @.9�1.- C̄ #C-*#
<>9;1$#$?$35!�354

C̄ 6 C̄ � w(0) =∞, w(∞) = 0 [�d)('2%*,$3$3U#&%(NOL;GD'2#;�21$K B�`$3$�2'HG 6 -0/T159;:�,$%SGDIT3$y2,.-*:�)�f>kDeW�He2�0k.�*�;k.�Vi�mOoCk.cCp.q.q [D� -*#�1.-04aK 6 -WP:�)(�b!�%*)(%(+(,.-0/�'21$35!
F : C → β(C)

w�y_@D'
β(C) � +*9*GD'a-*1

C [�� %(NOL;GD'2#;�21.-W!�<>9;1$#$?$35! f 1.-04aK 6 -WP'F)(�b!�eS�WkDe2�0k.�*�;kDeSlr|*iF~�|0�C�]NO1$%(y2%*4a1.-S`$1$%(E�#&%(NOL;GD'2#;�21$%(E�<>9;1$#$?$3$3
F
w�'2�_GD3�<>9;1$#$?$35!

f
%(L$,$'H@D'HP

GD'21.-T1.-T%(+0GJ-*�F)(3�%(L$,$'H@D'HGD'21$35!
DF

<>9;1$#$?$3$3
F
3�@$G.!�GD:�+(%*y2%

z ∈ DF
6 KzL$%SGD15!$'F)(�b! 6 #;GD:�`$'21$3$'

f(z) ∈ F (z) [�� -*L$,$3$NO'2,�w�<>9;1$#$?$35! z → arg z
! 6 G.!$'F)(�b!�%a@D1$%*4a1.-S`$1$%(E 6 'F) 6 I(:�NO1$%(y2%*4a1.-S`$1$%(E

<>9;1$#$?$3$3
z → Arg z [

�.�T�����(���C d¡�¢�£�¤�¥�¦�¦�¤�§D¨>©� x�&¤�ª(£�§D«�©��&���&¨>�&£�£�§D«
¬ L$,$'H@D'HGD'21$3$'T3X� 6 %(E$�F) 6 -�L$,$'H@D'HGJ-�#&%(NOL;GD'2#;�21$%(EX<>9;1$#$?$3$3ML$% 6 )(%(,C!$:�)�354 6 '2�F)(1$Kz'T%(L$,$'H@D'HGD'HP1$3$'�3X� 6 %(E$�F) 6 -�L$,$'H@D'HGJ-�%*)(%(+(,.-0/�'21$35!U354 R2 6 R2 [�­ NO'2:�)(�b!UGD35®�I�1$'2�F9&��'2�F) 6 '21$1.Kz'
%*)SGD3$`$35!�w� 6 !54S-*1$Kz'v�v3$�2L$%aGDI*4a% 6 -*1$3$'2Nn#&%(NOL;GD'2#&�21$K B�)('2,$NO3$1$%aGD%(y23$3�3�%(+(%*4a1.-S`$'21$3$E [¯�9C�F)(I

Df � %(+0GJ-*�F)(IT%(L$,$'H@D'HGD'21$35!U#&%(NOL;GD'2#&�21$%(EU<>9;1$#$?$3$3
f, Df � '2°±4S-*NOKz#(-*1$3$'*w

z0 ∈ Df ,
A ∈ C. ² % 6 %(,C!5)Ww;`5)(%Zg*tJiF�0i_hUmOoCk.cCp.q.q f |�~�eS�;c&i z0 t&�(|*iFk A 3;GD3UmOoCk.cCp.q;³

f
jb´DeS�Wq.~�jb³�c

A
g*tDq

z → z0
w�'2�_GD3�@$G.!UGD:�+(%(EXL$%(�_GD'H@D% 6 -0)('HGDI(1$%(�F)C3�#&%(NOL;GD'2#;�21$K BM`$3$�2'HG zn ∈ Df ,

�_BC%S@.!5��'2E$�b!�#
z0,L$%(�_GD'H@D% 6 -0)('HGDI(1$%(�F)CI�4a1.-W`$'21$3$E�<>9;1$#$?$3$3 f(zn) �bBC%a@D35)(�"!�# A. µ �_GD3 A � L$,$'H@D'HG{<>9;1$#$?$3$3
f 6)(%(`$#&'

z0,
)(%TL$35®R9&)

limz→z0 f(z) = A
3;GD3

f(z)→ A, z → z0. � -
L$,.-*#5)(3$#&'±9*@D%(+(1.-
�23$N 6 %aGDI(1.-0!4S-*L$3$�2I
\F)(%(y2%
%(L$,$'H@D'HGD'21$35! �
f(z)→ A, z → z0

def
⇔ (zn → z0, zn ∈ Df ⇒ f(zn)→ A).

µ �bGD3 z0 � 354a%aGD3$,$% 6 -*1$1.-0!�)(%(`$#C-�%(+0GJ-*�F)(3{%(L$,$'H@D'HGD'21$35! Df

<>9;1$#$?$3$3
f
w�)(%

limz→z0 f(z) =
f(z0). � -*#$3$N�%*+(,.-04a%(Nzw¶L$%(15!5)(3$'�L$,$'H@D'HGJ-�4a1.-S`$3$NO%TGD35®�IT@$G.!UL$,$'H@D'HGDI(1$K BU)(%(`$'2#U%(+0GJ-*�F)(3�%(L$,$'HP@D'HGD'21$35!U<>9;1$#$?$3$3 [�� -*L$%(NO1$3$NzwD`5)(%Z�F% 6 %(#59;L$1$%(�F)(I 6 �2'HB�L$,$'H@D'HGDI(1$K B�)(%(`$'2#�NV1$%S/�'2�F) 6 - E 1.-04aK P
6 -*'F)(�b!�'2y2%�g*tJeSq5�*|*eS�Wk.��f^f>kDea·�i2jF~�|*eFf]3�%(+(%*4a1.-S`.-*'F)(�"!

E ′.¯>'2,$'2`$3$�bGD3$Nn%(�21$% 6 1$Kz'v� 6 %(E$�F) 6 -�L$,$'H@D'HGD% 6 �¸ Q¹#&%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!�NO%S/�'F)�3$NO'F)(I
)(%aGDI(#&%
%S@D3$1�L$,$'H@D'HG 6 @J-*1$1$%(EZ)(%(`$#;'*º» Q�'2�_GD3�#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!
f
3$NO'2'H){%*)aGD3$`$1$KzE¼%*)Y1590G.!�L$,$'H@D'HG 6 )(%(`$#&' z0 ∈ Df

wV)(%
�F9&��'2�F) 6 9('2) δ > 0

)a-*#;%('*wJ`5)(%
@$G.!�GD:�+(K B
z ∈ Df

wD90@D% 6 GD'F) 6 %(,&!$:���3;B�9(�_GD% 6 3$: 0 < |z − z0| < δ,6 KzL$%aGD15!$'F)(�b!�1$'2,.- 6 'F1$�F) 6 % |f(z)| > 0
º

½ Q�'2�bGD3�#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!
f
3$NO'2'F)�L$,$'H@D'HG 6 )(%(`$#&' z0 ∈ Df

wJ)(%��F9&��'2�F) 6 9;:�) M > 0
3

δ > 0
)S-*#$3$'*w$`5)(%R@$G.!TGD:�+(K B

z ∈ Df

w&9*@D% 6 GD'F) 6 %(,C!$:���3;BZ9(�bGD% 6 3$: 0 < |z− z0| < δ, 6 KzL$%aGD15!$'F)(�"!1$'2,.- 6 '21$�F) 6 % |f(z)| ≤M
º

¾ Q�#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!
f
3$NO'2'F)�L$,$'H@D'HGD%(N 6 )(%(`$#&' z0 ∈ Df

#;%(NOL;GD'2#&�21$%('�`$3$�_GD%
A
)(%(y_@J-

3�)(%aGDI(#&%{)(%*yb@J-5w¹#;%(y_@J-M@$G.!nGD:�+(%(y2%
ε > 0

�F9&��'2�F) 6 9C'F) δ > 0
)S-*#&%('*wz`5)(%�@$G.! 6 �2'HB z ∈ Df ,90@D% 6 GD'F) 6 %(,C!$:���3;B�9C�_GD% 6 3$: 0 < |z − z0| < δ, 6 KzL$%aGD15!$'F)(�b!�1$'2,.- 6 '21$�F) 6 % |f(z)− A| < ε;
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� Q�'2�_GD3

z0 ∈ Df ∩Dg

3
f(z) → A, g(z) → B

L$,$3
z → z0

w )(%
f(z) + g(z) → A + B,

f(z)g(z)→ AB,
-�L$,$3Z@D%(L$%SGD1$35)('HGDI(1$%(Ns9(�_GD% 6 3$3 B 6= 0

3
f(z)/g(z)→ A/B

L$,$3
z → z0

º
 Q>'2�_GD3

f(z) → w0
L$,$3

z → z0 ∈ Df

w
g(w) → A

L$,$3
w → w0 ∈ Dg

3
z0 ∈ f−1(Dg) ! w�)(%�_GD%S/T1.-0!�<>9;1$#$?$35!

g ◦ f : z → g(f(z)),
%(L$,$'H@D'HGD°21$1.-0!X1.-ZNO1$%S/�'2�F) 6 ' f−1(Dg)

w�3$NO'2'F)�L$,$'H@D'HG 6)(%(`$#&'
z0
3�%(1�,.- 6 '21 A [" ,$'H@D3��F<v%(,$N�9*GD3$,$% 6 -*1$1$K B�� 6 %(E$�F) 6 �bGD'H@.9('F) 6 K @D'HGD35)(IT#C-*#�1$% 6 K¹'�GD35®�I�)('2%*,$'2NOK�%�L$,$'H@D'HGD'

L$,$%(354 6 'H@D'21$35!�3n`.-*�F)(1$%(y2%Y#&%(NOL;GD'2#;�21$K B�<>9;1$#$?$3$E 7 � 6 %(E$�F) 6 % � Q_Q [�# )(3n)('2%(,$'2NOK 1$' 6 K¹)('2#C-0:�)354X%(+*��3;Bd� 6 %(E$�F) 6 %*)(%(+(,.-0/�'21$3$E�354
R2 6 R2

3d� 6 !54S-*1$K ��@D%(L$%aGD1$35)('HGDI(1$%(E�-WGDy2'2+(,.-*3$`$'2�2#&%(E
�F)(,59;#5)(9;,$%(E 6 C [ � NO'2�F)('T��)('FN�w�L$%aGD'F4a1$%�L$,$% 6 '2�F)(3�1$'H4S- 6 3$�23$NOKz'�@D%(#C-04S-0)('HGDI(�F) 6 - 6 �2'HBX� 6 %(E$�F) 6L$,$'H@D'HGD% 6 w¹L$,$3;@D'2,&/T3 6 -0!$�2IY�_GD'H@.9;:���'2E��_BC'2NOK � � 6 %(E$�F) 6 - ¸ QT3 � Q�GD'2y2#&% 6 K¹)('2#(-*:�)s354�� 6 %(E$�F) 6L$,$'H@D'HGD% 6 L$%(�_GD'H@D% 6 -0)('HGDI(1$%(�F)C'2Es#&%(NOL;GD'2#&�21$K Br`$3$�2'HG�ºO� 6 %(E$�F) 6 - » Q±3 ½ Q 6 K¹)('2#(-*:�)M354�� 6 %(E$�F) 6 -¾ QHº5� 6 %(E$�F) 6 - ¾ Q�3  QO@D%(#C-042K 6 -*:�)(�"!�<v%(,$NV-WGDI(1$KzN{L$% 6 )(%(,$'21$3$'2N{@D%(#(-04S-0)('HGDI(�F) 6 3;B�-*1.-WGD%(y2% 6 @$G.!@D'2E$�F) 6 35)('FGDI(1$K B�<>9;1$#$?$3$E�%a@D1$%(EZ@D'2E$�F) 6 35)C'HGDI(1$%(E�L$'2,$'2NO'21$1$%(E [

$&%('*)(%(+-,/. [ ¸�021 tJiF�0i_h�mOoCk.cCp.q.q f |U~�eS�;c&i
z0 ∈ Df

t&�(|*iFk
A
~�eW�"�W��qs~�eHhD�Cc&e�~�eW�"�W�43

c&eW�"�W�
Ref(z)→ ReA, Imf(z)→ ImA

g*tDq
z → z0.56'*78,89�,�:�%<;>=(?�:�@�' 0 # )S-�)('2%(,$'2NV->! 6 G.!$'F)(�b!�%(`$' 6 3;@D1$KzNM\2# 6 3 6 -WGD'215)(%(N�-*1.-WGD%(y23$`$1$%(y2%>9&) 6 '2,;P/�@D'21$35!�@$G.!�%*)(%(+(,.-0/�'21$3$E�354

R2 6 R2 [ ¤
$&%('*)(%(+-,A. [ »<0B1 tJiF�Wi_h�mOoCk.cCp.q.q f |R~�eS�;c&i z0 ∈ Df

t&�(|*iFk
A 6= 0

~�eW�"�W��qZ~�eHhD�Cc&ev~�eW�"�W�43
c&eW�"�W��jFoC}�i2jF~�|0oC�z~ �0iFlDjF~�|0q.~�i_hD�Ck.�Vi±mOoCk.cCp.q.q

r
q
ϕ
~��*cCqDiC3��;~�e

f(z) = r(z)eiϕ(z) 7 ¸ Q
�Fh5³�hD�ED0eW�He

z ∈ Df

q
r(z)→ |A|

3
ϕ(z)→ argA

g*tDq
z → z0 F56'*78,89�,�:�%<;>=(?�:�@�' 0*G %(�F)S-0)(%*`$1$% 6 @D%(#C-04S-0)('HGDI(�H) 6 '�)('2%(,$'2NOKIH�H�4S-*NO'21$35)(I�@D'2E$�F) 6 35)C'HGDI(1595:L$'2,$'2NO'21$159;:

t
#;%(NOL;GD'2#&�21$%(E�L$'2,$'2NO'21$1$%(E

z
3�)(%(`$#59

t0 ∈ R
)(%(`$#;%(E

z0 ∈ C. ¤

­ 4>L$,$'H@D�F)S- 6 GD'21$35! 7 ¸ Q 6 K¹)('2#C-*'F)Ww.`5)(%�<>9;1$#$?$35! ϕ ! 6 G.!$'F)(�b!�%a@D1$%*4a1.-S`$1$%(E 6 'F) 6 I(:�NO1$%(y2%*4a1.-W`;P
1$%(En<>9;1$#$?$3$3

Arg f : z → Arg f(z).
¯>%(\F)(%(N�9{)('2%(,$'2N�9J. [ » NO%W/T1$%ML$'F,$'2<v%(,$N�9*GD3$,$% 6 -0)(I�)S-*# �L$,$'H@D'HGr<>9;1$#$?$3$3

f 6 )(%(`$#;' z0 ∈ Df

,.- 6 '21 A 6= 0
)(%(y_@J-�3M)(%SGDI(#&%�)(%(y_@J-5wx#&%(y_@J-

|f(z)| → |A|
w

ϕ(z)→ argA
L$,$3

z → z0
w*y_@D'

ϕ � 1$'2#;%*)(%(,.-0!�%S@D1$%*4a1.-S`$1.-0! 6 'F) 6 I>NO1$%(y2%*4a1.-W`$1$%(E�<>9;1$#$?$3$3 Arg f.¬ L$,$'H@D'HGD'21$3$'RL$,$'H@D'HGJ-T#&%(NOL;GD'2#&�21$%(E�<>9;1$#$?$3$3
f
w5@D'2E$�F) 6 9;:���'2E�354 C̄ 6 C̄ w.<v%(,$NV-WGDI(1$%�%(�F)S-WP°F)(�b!
)('2NX/�' [ " GD'H@.9('F)±GD35®�IRL$%(NO1$35)(I$wC`5)(%±L$,$'H@D'HGDKnL$%(�bGD'H@D% 6 -0)('"GDI(1$%(�F)C'2E�#&%(NOL;GD'2#;�21$K B
`$3$�2'HG 6\F)(%(N��_G.9;`.-*'¹L$%(1$3$NV-*:�)(�b!�9&/�' 6 �2NOKz�_GD'z%(L$,$'H@D'HGD'21$35! 7 H�H;Q [ ¬ �F)S-*1$% 6 3$NO�b!�1.-�� 6 %(E$�F) 6 -WB�L$,$'H@D'HGD% 6<>9;1$#$?$3$E�wJ@D'2E$�F) 6 9;:���35BU354 C̄ 6 C̄ [ ¯>,$'F/�@D' 6 �F'2y2%$w�� 6 %*E$�F) 6 - ¸ Q�3  Q�%(�F)S-*:�)(�b!��2L$,.- 6 'H@$GD3 6 KzNO33�1$'>)(,$'2+*9;:�)�L$'2,$'2<>%(,$N�9*GD3$,$% 6 %(# [ " 6 %(E$�F) 6 % » Q �bGD'H@.9('F)�L$%a@D#;%(,$,$'2#5)(3$,$% 6 -0)(I �» Q ′ '2�_GD3T#;%(NOL;GD'2#&�21.-0!T<>9;1$#$?$35! f w(@D'2E$�F) 6 9;:���-0!�354 C̄ 6 C̄ wC3$NO'2'F)�%*)SGD3$`$1$KzE�%*)R1590G.!TL$,$'H@D'HG6 )(%(`$#&' z0 ∈ Df

wS)(%��F9&��'2�F) 6 9('2) δ > 0
)S-*#&%('*w0`5)(%�@$G.!vGD:�+(K B

z ∈ Df

wS90@D% 6 GD'F) 6 %(,C!$:���3;BR9C�_GD% 6 3$:
0 < ρS(z, z0) < δ, 6 KzL$%aGD15!$'F)(�"!�1$'2,.- 6 '21$�F) 6 % |f(z)| > 0 [" 6 %(E$�F) 6 % ½ QO)('2,C!$'F)
�2NOKz�_G�)S-*#Z#C-*#TGD:�+C-0!�<>9;1$#$?$35! f w&@D'2E$�F) 6 9;:���-0!�354 C̄ 6 C̄ w5%(y2,.-*1$3$`$'21.-786 �2<v'2,$3$`$'2�2#&%(E�NO'F)(,$3$#&'SQ [ " 6 %(E$�F) 6 % ¾ Q L$,$3$1$3$NV-*'F)T�bGD'H@.9;:���3$E 6 3;@ �¾ Q ′ #&%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35! f 3$NO'2'F)�L$,$'H@D'HGD%(N 6 )(%(`$#&' z0 ∈ Df

#&%(NOL;GD'2#;�21$%('T`$3$�_GD%
A ∈ C̄)(%(y_@J-�3�)(%aGDI(#&%�)(%(y_@J-5w¶#&%(y_@J-�@$G.!�GD:�+(%(y2%

ε > 0
�F9&��'2�F) 6 9C'F) δ > 0

)S-*#&%('*w¶`5)(%T@$G.! 6 �2'HB z ∈ Df ,90@D% 6 GD'F) 6 %(,C!$:���3;B�9C�_GD% 6 3$: 0 < ρS(z, z0) < δ, 6 KzL$%SGD15!$'F)(�b!�1$'2,.- 6 '21$�F) 6 % ρS(f(z), A) < ε [G %(#C-04S-0)('HGDI(�F) 6 %±� 6 %(E$�F) 6 ¸ QHw » Q ′ w ¾ Q ′ 3  Q�%(�F9&��'2�F) 6 G.!$'F)C�b!
L$%>)(%(E�/�'¹�_BC'2NO'�3�L$,$'H@D%(�F)S- 6 G.!$'F)(�"!`$35)a-0)('HGJ: 6 #(-W`$'2�F) 6 '¹9;L$,.-0/T1$'21$35! [ ¬ �F)S-*1$% 6 3$NO�b!�GD35®�Iv1.-�@D%(L59(�F)(3$NOK¹B�354aNO'21$'21$35!;B 6 <v%(,$N�9*GD3;P,$% 6 #(-WBZ� 6 %(E$�F) 6 » Q ′ 3 ¾ Q ′ w$'2�_GD3�<>9;1$#$?$35! f #&%(1$'2`$1.-5w5)(%�'2�F)(I
1$'>L$,$3$1$3$NV-*'F)
4a1.-S`$'21$35! ∞ [ ��\F)(%(N�_G.9;`.-*'�L$%�)('2%(,$'2NO'KH�H�1$'2,.- 6 '21$�F) 6 - 0 < ρS(z, a) < δ
3
ρS(f(z), A) < ε

NO%(yF9&)�+(K¹)(I�4S-*NO'21$'21$K

! f−1(D) := {z ∈ Df : f(z) ∈ D}



�C��������������������� � ����������������������
��������	�������������������	��� �
3;BY' 6 #;GD3;@D% 6 KzNO3s-*1.-WGD%(y_-*NO3 0 < |z − a| < δ 7 3;GD3 |z|−1 < δ,

'2�_GD3
a = ∞

QR3
|f(z) − A| < ε7 3;GD3 |f(z)|−1 < ε,

'2�_GD3
A =∞

Q [ �¼�235)*9C-*?$35!;B a =∞ 3
A =∞ 6 %*4aNO%S/T1$%(�F)(I�%(L$3$�a-*1$1$K B�4S-*NO'21

6 K¹)('2#(-*'F)�354v)('2%(,$'2N
f(z)→∞, z → a⇔ f(z)−1 → 0, z → a,

f(z)→ A, z →∞⇔ f(z−1)→ A, z → 0,

f(z)→∞, z →∞⇔ f(z−1)−1 → 0, z → 0.

# )(3
)('2%(,$'2NOKn�2L$,.- 6 'H@$GD3 6 Ks@$G.!�GD:�+(%(E
<>9;1$#$?$3$3 f w*@D'2E$�F) 6 9;:���'aE�354 C̄ 6 C̄ w()a-*#T#(-*# ρS(z,∞) =
ρS(z

−1, 0), ρS(f(z),∞) = ρS(f(z)
−1, 0) [Jµ �_GD3�/�'v<>9;1$#$?$35! f #&%(1$'2`$1.-5w.)(%�L$%
)('2%(,$'2NO' H�H��_B&%a@D3;PNO%(�F)(3 6 4S-*#;GD:�`$'21$35!;B�%*)(NO'2`$'21$1$K B�)('2%(,$'2NnNO%(yF9&)TL$%(1$3$NV-0)(I(�b! 6 ' 6 #;GD3;@D% 6 %(Ns�2NOKz�_GD' [¬ �F)S-*°F)(�b!X%*)(NO'F)(35)CI$w�`5)(%�@$G.!�L$,$'H@D'HGD% 6 <>9;1$#$?$3$E�wJ@D'2E$�F) 6 9;:���3;BX354 C̄ 6 C̄ wJ)('2%(,$'2NOK^%ZL$,$'HP

@D'HGJ-WB��F9;NONOK>w¶L$,$%(354 6 'H@D'21$35!U3�`.-*�F)(1$%(y2% 7 � 6 %(E$�F) 6 % � Q_Qz�2L$,.- 6 'H@$GD3 6 K 6 ,.-*NO#C-WB�,.-04a,$'F®�'21$1$K B 6
C̄
-WGDy2'2+(,.-*3$`$'2�2#$3;B�%(L$'2,.-*?$3$E �

f(z)→ A, g(z)→ B, z → z0, (A,B) 6= (∞,∞)⇒ f(z) + g(z)→ A+B, z → z0;

f(z)→ A, g(z)→ B, z → z0, (A,B) 6= (0,∞), (∞, 0)⇒ f(z)g(z)→ AB, z → z0;

f(z)→ A, g(z)→ B, z → z0, (A,B) 6= (0, 0), (∞,∞)⇒
f(z)

g(z)
→

A

B
, z → z0.

" L$,.- 6 'H@$GD3 6 %(�F)(IT\F)(3;B�)('2%(,$'2NrGD'2y2#&% 6 K¹)('2#(-*'F)�354±� 6 %(E$�F) 6 L$%(�_GD'H@D% 6 -0)('HGDI(1$%(�F)('aE 6 C̄ [
�������&©����&�
	��J£
	��U¡�¢�£�¤�¥�¦�¦�¤�§D¨>©� x�&¤�ª(£�§D«�©��&���&¨>�&£�£�§D«

¯>%(15!5)(3$'�L$,$'H@D'HGJ->GD'F/T35) 6 %(�21$% 6 '�%(L$,$'H@D'HGD'21$35!�1$'2L$,$'2,$K 6 1$%(E�<>9;1$#$?$3$3 [5µ �_GD3�%(+0GJ-*�F)(IR%(L$,$'HP@D'HGD'21$35!
Df

#&%(NOL;GD'2#&�21$%(E�<�9;1$#$?$3$3
f
�2%S@D'2,C/T35)�)(%(`$#59

z0
w;�F9&��'2�F) 6 9C'F)
L$,$'H@D'HG limz→z0 f(z)

3Z%*1
,.- 6 '21Y4a1.-S`$'21$3$: f(z0)

<>9;1$#$?$3$3 6 )(%(`$#&' z0 w�)(%X<>9;1$#$?$3$: f
1.-04aK 6 -*:�)rkDiFg*tJiutD�V|0kDeSln|�~�eS�;c&i

z0 [�µ �_GD3X#&%(NOL;GD'2#;�21.-0!X<>9;1$#$?$35!X1$'2L$,$'2,$K 6 1.- 6 #C-0/�@D%(E�)(%(`$#&'�%(+0GJ-*�F)(3X%(L$,$'H@D'HGD'21$35! Df

w¶)(%�'2°
1.-04aK 6 -*:�)�kDiFg*tJiutD�V|0kDeSl [�� %(NOL;GD'2#&�21.-0!�<>9;1$#$?$35! f kDiFg*tJiutD�V|0k.��k.�Tf>kDea·�i2jF~�|*i

D ⊆ Df

w¶'2�bGD3
�F9&/�'21$3$'
<>9;1$#$?$3$3

f
1.-�NO1$%S/�'2�H) 6 % D 1$'2L$,$'2,$K 6 1$% [xµ �_GD3 z0 � 354a%SGD3$,$% 6 -*1$1.-0!�)(%(`$#(-�%(+0GJ-*�F)(3%(L$,$'H@D'HGD'21$35!�<>9;1$#$?$3$3
f
w5)(%
<>9;1$#$?$35!

f
- 6 )(%(NV-0)(3$`$'2�2#$3�! 6 G.!$'F)(�"!�1$'2L$,$'2,$K 6 1$%(E 6 \F)(%(E�)(%(`$#&' [

­ 4v)('2%(,$'2NJ. [ ¸ 3 . [ » 6 K¹)('2#(-*:�)��_GD'H@.9;:���3$'±9&) 6 '2,C/�@D'21$35! [
$&%('*)(%(+-,J. [ ½ 0�
 eFf>g&hJiFc&jFk.�S³XmOoCk.cCp.q;³ f kDiFg*tJiutD�V|0k.��|T~�eS�;c&i

z0 ∈ Df

~�eW�"�W�Tq�~�eHhD�Cc&e
~�eW�"�W�43�c&eW�"�W�Z|��W~�eSlU~�eS�;c&i±kDiFg*tJiutD�V|0k.�¼mOoCk.cCp.q.q

Re f
q
Im f F$&%('*)(%(+-, . [ ¾ 0>1 o(jF~�� z0 ∈ Df

q
f(z0) 6= 0 F�� oCk.cCp.q;³ f kDiFg*tJiutD�V|0k.�
|�~�eS�;c&i z0 ~�eW�"�W�
q~�eHhD�Cc&e�~
eS�H�S�43�c&eW�"�W�RkDiFg*tJiutD�V|0k.��|v~�eS�;c&i
z0
mOoCk.cCp.q;³

|f |
qZjFoC}�i2jF~�|0o*iF~AkDiFg*tJiutD�V|0k.�S³�|v~�eS�;c&i

z0
eS�WkDe2�0k.�*�;k.�S³X|*iF~�|0�

ϕ
f>kDeW�He2�0k.�*�;kDeSlXmOoCk.cCp.q.q

Arg f F
��-*�2�2NO%*)(,$3$Nn%(�21$% 6 1$Kz'v� 6 %(E$�F) 6 -�1$'2L$,$'2,$K 6 1$K¹B�#&%(NOL;GD'2#&�21$K B�<>9;1$#$?$3$E �¸ Q�'2�_GD3�#&%(NOL;GD'2#;�21.-W!�<>9;1$#$?$35!

f
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#;' z0 ∈ Df

3
f(z0) 6= 0

wJ)(%Z�F9&��'2�F) 6 9('2)
δ > 0

)S-*#&%('*wx`5)(%�@$G.!XGD:�+(K B
z ∈ Df

w�9*@D% 6 GD'F) 6 %(,C!$:���3;BY9(�_GD% 6 3$: |z − z0| < δ, 6 KzL$%aGD15!$'F)(�"!1$'2,.- 6 '21$�F) 6 % |f(z)| > 0
º

» Qv'2�_GD3{#&%(NOL;GD'2#&�21.-0!Y<>9;1$#$?$35!
f
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 ∈ Df

w�)(%��F9&��'2�2) 6 95:�) M > 0
3

δ > 0
)S-*#$3$'*wx`5)(%�@$G.!XGD:�+(K B

z ∈ Df

w�9*@D% 6 GD'F) 6 %(,C!$:���3;B�9C�_GD% 6 3$: |z − z0| < δ, 6 KzL$%aGD15!$'F)(�"!1$'2,.- 6 '21$�F) 6 % |f(z)| ≤M
º

½ Qz#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!
f
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 ∈ Df

)(%(y_@J-�3�)(%aGDI(#;%T)(%(y_@J-5wJ#;%(y_@J-�@$G.!
GD:�+(%(y2%

ε > 0
�F9&��'2�F) 6 9('2) δ > 0

)a-*#;%*'*wz`5)(%�@$G.! 6 �2'HB z ∈ Df ,
90@D% 6 GD'F) 6 %(,C!$:���3;B¼9C�_GD% 6 3$:

|z − z0| < δ, 6 K¹L$%SGD15!$'F)(�b!�1$'2,.- 6 '21$�F) 6 % |f(z)− f(z0)| < ε
º

¾ QO'2�bGD3
z0 ∈ Df ∩Dg

3T<>9;1$#$?$3$3
f
3
g
1$'2L$,$'2,$K 6 1$K 6 )(%(`$#&' z0 wC)(%�<>9;1$#$?$3$3 f + g w fg w;-±L$,$3@D%(L$%aGD1$35)('HGDI(1$%(Ns9(�bGD% 6 3$3 g(z0) 6= 0,

3�<>9;1$#$?$35!
f/g

1$'2L$,$'2,$K 6 1$K 6 )(%(`$#&' z0 º



� ����������� � � ������� �����	�*�8������������� 
���������
��������	���A������������� �
� Q�'2�_GD3�#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!

f
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 ∈ f−1(Dg),

-�#&%(NOL;GD'2#;�21.-0!�<>9;1$#$?$35!
g
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' f(z0) w¹)(%r�bGD%S/T1.-0!¼<>9;1$#$?$35! g ◦ f : z → g(f(z)),

%(L$,$'H@D'HGD°21$1.-0!�1.-
NO1$%S/�'2�F) 6 ' f−1(Dg)

w$1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 º Q�1$'2L$,$'2,$K 6 1.-0!�1.-R#;%(NOL.-*#5)('�<>9;1$#$?$35!Z! 6 G.!$'F)(�b!�%(y2,.-*1$3$`$'21$1$%(E�w5)(%�'2�F)(I��F9&��'2�F) 6 9('2) M > 0)a-*#;%('*w.`5)(%�@$G.!ZGD:�+(K B
z ∈ Df

6 KzL$%aGD15!$'F)(�b!�1$'2,.- 6 '21$�F) 6 % |f(z)| ≤M
º

� Q>NO%a@.90GDI
|f |

1$'2L$,$'2,$K 6 1$%(EY1.-�#;%(NOL.-*#5)('T<>9;1$#$?$3$3�@D%(�F)(3$yb-*'F)U� 6 %(3X)(%(`$1$Kz'�y2,.-*1$3¶w�)(%�'2�F)(I3$NO'2'F)TNV-*#&�23$N�9;Nn3�NO3$1$3$N�9;Ns1.-�\F)(%(Ns#&%(NOL.-*#5)('*º
� Q�1$'2L$,$'2,$K 6 1.-0!T1.-v#&%(NOL.-*#5)(' K ⊂ C

#&%(NOL;GD'2#;�21.-0!
<>9;1$#$?$35!
f
! 6 G.!$'F)(�b!T,.- 6 1$%(NO'2,$1$%±1$'2L$,$'HP,$K 6 1$%(E�1.-�1$°2Nzw$)(%T'F�F)(I

(∀ε > 0)(∃δ > 0)(∀z1, z2 ∈ K : |z1 − z2| < δ) : |f(z1)− f(z2)| < ε).
" 6 %(E$�F) 6 - ¸ Q
	 � Q 1$'2L$%(�2,$'H@D�F) 6 '21$1$%T�bGD'H@.9;:�)�354v%*)(NO'2`$'21$1$K¹B 6 K¹®�'v� 6 %(E$�F) 6 L$,$'H@D'HGD% 6 [ " 6 %(E;P�F) 6 -  Q�3 � Q¶%*)(,.-0/�-*:�)�� 6 %(E$�F) 6 -�<>9;1$#$?$3$3 |f | � @D'2E$�F) 6 35)C'HGDI(1$%(E�<>9;1$#$?$3$3v@ 6 9CB>@D'2E$�F) 6 35)('FGDI(1$K BL$'2,$'2NO'21$1$K B�wJ3�NO%(yF9&)��2`$35)S-0)(I(�b!U354 6 '2�F)(1$KzNO3 [ ¬ �F)S-*1$% 6 3$NO�b!�GD35®�I�1.-�@D%*#C-04S-0)('HGDI(�F) 6 '�� 6 %(E$�F) 6 -� Q [ ¯>%�)('2%(,$'2NO' . [ ½ @D'2E$�F) 6 35)C'HGDI(1$Kz'U<>9;1$#$?$3$3 Re f 3

Im f
1$'2L$,$'2,$K 6 1$K 1.-X#&%(NOL.-*#5)('

K [ ¯>%)('2%(,$'2NO' � -*15)(%(,.-�%(1$3M,.- 6 1$%(NO'2,$1$%�1$'2L$,$'2,$K 6 1$K 1.-
K [ ¬ �F)a-*°F)(�"! 6 %(�2L$%aGDI*4a% 6 -0)(I(�"!M%(`$' 6 3;@D1$KzN1$'2,.- 6 '21$�F) 6 %(N |f(z1)− f(z2)| ≤ |Re f(z1)− Re f(z2)|+ | Im f(z1)− Im f(z2)| [¬ L$,$'H@D'HGD'21$3$'�1$'2L$,$'2,$K 6 1$%(EU#&%(NOL;GD'2#&�21$%(E�<>9;1$#$?$3$3�+('F4R#(-*#$3;B&P GD3$+(%T354aNO'21$'21$3$EU,.-*�2L$,$%(�F)(,.-WP15!$'F)(�b!d3¼1.-Y<>9;1$#$?$3$3�w¹@D'2E$�H) 6 95:���3.'X354 C̄ 6 C̄ [z� -*L$,$3$NO'2,�w¹<>9;1$#$?$35! f : z → 1

z

! 6 G.!$'F)(�b!1$'2L$,$'2,$K 6 1$%(E�#C-*#d<>9;1$#$?$35!�w @D'2E$�F) 6 9;:���-0!�354
C̄ 6 C̄ [ � `.-*�F)(1$%(�F)(3�w

limz→0
1
z
= ∞ = f(0)

w
limz→∞

1
z
= 0 = f(∞) [ �x-*�2�2NO%*)(,$3$Nn� 6 %(E$�F) 6 -
1$'2L$,$'2,$K 6 1$K B�<>9;1$#$?$3$E�w$@D'2E$�F) 6 9;:���35B�354 C̄ 6 C̄ [¯>,$'F/�@D' 6 �F'2y2%$wD� 6 %(E$�F) 6 - » QHw  QHw � Q¹3 � Q L$'2,$'2�F)S-*:�)�+(K¹)(IT�2L$,.- 6 '"@$GD3 6 KzNO3�wD)(%(`$1$'2'*wD3;B�'2�F)('2�F) 6 '21;P1$Kz' -*1.-WGD%(y23 � )(,$3 6 3.-WGDI(1$K [�� 1.-WGD%(y23R%(�F)a-WGDI(1$K B�� 6 %(E$�F) 6 1$'2L$,$'2,$K 6 1$K B�#;%*NVL;GD'F#;�21$K B�<>9;1$#$?$3$E�2%aB5,.-*15!$:�)
4a1.-S`$3$NO%(�F)(I �¸ Q ′ '2�_GD3U#&%(NOL;GD'2#&�21.-0!U<>9;1$#$?$35! f 1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 ∈ Df

3
f(z0) 6= 0

wD)(%��F9&��'2�F) 6 9('2)
δ > 0

)a-*#;%*'*w�`5)(%�@$G.!�GD:�+(K B
z ∈ Df

w�90@D% 6 GD'F) 6 %(,C!$:���3;BM9C�_GD% 6 3$: ρS(z, z0) < δ, 6 KzL$%aGD15!$'F)(�"!1$'2,.- 6 '21$�F) 6 % |f(z)| > 0
º

½ Q ′ #&%(NOL;GD'2#;�21.-W!¼<>9;1$#$?$35! f
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#;' z0 ∈ Df

)(%(y_@J-Y3s)(%SGDI(#&%�)(%(y_@J-5w¹#&%(y_@J-
@$G.!�GD:�+(%*y2%

ε > 0
�F9&��'2�F) 6 9('F) δ > 0

)a-*#;%('0w�`5)(%�@$G.! 6 �2'HB z ∈ Df ,
90@D% 6 GD'F) 6 %(,C!$:���3;B�9C�_GD% 6 3$:

ρS(z, z0) < δ, 6 KzL$%aGD15!$'F)(�"!�1$'2,.- 6 '21$�F) 6 % ρ(f(z), f(z0)) < ε
º

¾ Q ′ '2�_GD3 z0 ∈ Df∩Dg

3±<�9;1$#$?$3$3
f
3
g
1$'2L$,$'2,$K 6 1$K 6 )(%(`$#&' z0 w2)(%�L$,$3>9(�bGD% 6 3$3 (f(z0), g(z0)) 6=

(∞,∞)
<>9;1$#$?$35!

f + g
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#;' z0 w L$,$3�9(�bGD% 6 3$3 (f(z0), g(z0)) 6= (0,∞), (∞, 0)<>9;1$#$?$35!

fg
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 w�-�L$,$3�9(�_GD% 6 3$3 (f(z0), g(z0)) 6= (0, 0), (∞,∞)

<>9;1$#$?$35!
f/g

1$'2L$,$'2,$K 6 1.- 6 )(%(`$#;' z0 º� Q�'2�_GD3�#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!
f
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 ∈ f−1(Dg),

-�#&%(NOL;GD'2#;�21.-0!�<>9;1$#$?$35!
g
1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' f(z0) w¹)(%r�bGD%S/T1.-0!¼<>9;1$#$?$35! g ◦ f : z → g(f(z)),

%(L$,$'H@D'HGD°21$1.-0!�1.-
NO1$%S/�'2�F) 6 ' f−1(Dg)

w$1$'2L$,$'2,$K 6 1.- 6 )(%(`$#&' z0 [

�������§D¦����D§&��£�����¦r��¦x¡�¡��&���&£�¥�¦��5 ¼¤�§D¨>©� x�&¤�ª(£�§D«d¡�¢�£�¤�¥�¦�¦

¬ )(%(+(,.-0/�'F1$3$'�354
Rn 6 Rm

@D3$<v<v'F,$'21$?$3$,59C'2NO% 6 )(%(`$#&'*w '2�_GD3 6 \F)(%(En)(%(`$#&'�@D3$<v<v'2,$'21$?$3;P,59('2NOK '2y2%�#&%(%(,(@D3$1.-0)(1$Kz'�<>9;1$#$?$3$3�w #(-*#n<>9;1$#$?$3$3
n
@D'2E$�F) 6 35)('FGDI(1$K B�L$'2,$'2NO'21$1$K B [ ¯>%(15!5)(3$'@D3$<v<v'2,$'21$?$3$,59('aNO%(y2%T%*)(%(+(,.-0/�'21$35!�354

R2 6 R2 @D%(L59(�2#C-*'F)T'2�F)('2�F) 6 '21$1$K�E�L$'2,$'21$%(�v1.-�#;%(NOL;GD'2#&�HP1$Kz'�<>9;1$#$?$3$3 [ G 3$<v<v'2,$'F1$?$3$,59C'2NOK�' 6 9;#C-04S-*1$1$%(Nd�2NOKz�_GD'
#&%(NOL;GD'2#&�21$Kz'
<>9;1$#$?$3$3X1.-04aK 6 -*:�)(�b!
R � �WqDm�mViutJiFk.p.q*tDo(ibf>��f>q [� NO'2�F)('���\F)(3$Nzw�1.-WGD3$`$3$' 6 C

�2L$'F?$3.-WGDI(1$%(E�-WGDy2'2+(,.-*3$`$'2�2#&%(En�F)(,59;#5)(9;,$K L$%*4 6 %aG.!$'F)�%(�F9&��'HP�F) 6 35)(I�@D,59;y2%(ERL$%a@$B&%a@�#±L$%(15!5)(3$:{@D3$<v<v'2,$'21$?$3$,59('aNO%(E�#&%(NOL;GD'2#&�21$%(E�<>9;1$#$?$3$3 [ ¯�9(�F)(I�#;%(NOL;GD'2#&�HP1.-0!�<>9;1$#$?$35!
f
%(L$,$'H@D'HGD'21.- 6 )(%(`$#&' z0 3�L59C�F)(I z0 � L$,$'H@D'HGDI(1.-0!�)(%(`$#C-�%(+0GJ-*�F)(3X%(L$,$'H@D'HGD'21$35!

<>9;1$#$?$3$3
f [ G ,59;y23$NO3��_GD% 6 -*NO3�w z0 ∈ Df∩D

′
f [*� %(y_@J- z0 � L$,$'H@D'HGDI(1.-0!�)(%(`$#(->NO1$%S/�'2�F) 6 - Df\{z0}



� ����������� � � ������� �����	�*�8������������� 
���������
��������	���A������������� �
3�1.-�\F)(%(NsNO1$%W/�'2�F) 6 'v%(L$,$'H@D'HGD'21$%�t&�W�0kDeWjF~�kDeWiReS~�kDe���iFk.qDi

z →
f(z)− f(z0)

z − z0
.

µ �_GD3r�F9&��'2�F) 6 9('2)ML$,$'H@D'HGn\F)(%(y2%X%*)(1$%*®�'21$35! 6 )(%(`$#&' z0 wx)(%X'Fy2%X1.-04aK 6 -*:�)rg*tJeSq5�*|*eS�WkDeSl�<�9;1$#;P?$3$3
f 6 )(%(`$#&' z0 3M%(+(%*4a1.-S`.-*:�) f ′(z0) 3;GD3 df(z0)

dz
[ " -*N�9X<>9;1$#$?$3$: f 6 \F)(%(N �_G.9;`.-*'�1.-042K 6 -*:�)�WqDm�mViutJiFk.p.q*tDo*ibfveSl 6 )(%*`$#;' z0 [�µ �bGD3 D′f ⊆ Df

3U#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35!
f
@D3$<v<v'2,$'21$?$3$,59C'2NV-

6 #C-0/�@D%(E�)(%(`$#;'�%(+0GJ-*�F)(3X%(L$,$'H@D'HGD'F1$3$! Df

w¶)(%�'2°�1.-04aK 6 -*:�)��WqDm�mViutJiFk.p.q*tDo(ibfveSl [�� %(NOL;GD'2#&�21.-0!<>9;1$#$?$35!
f
�WqDm�mViutJiFk.p$q*tDo(ibf>�rk.�Xf>kDea·�i2jF~�|*i

D ⊆ Df

w '2�_GD3d�F9&/�'21$3$'U<>9;1$#$?$3$3
f
1.-�NO1$%0P

/�'2�F) 6 % D @D3$<v<v'2,$'21$?$3$,59C'2NO% [Vµ �_GD3{<>9;1$#$?$35!�@D3$<v<v'2,$'21$?$3$,59('aNV- 6 #C-0/�@D%*E�)(%(`$#&'Z1$'2#;%*)(%(,$%(E%(#$,$'2�F)(1$%(�F)C3{)(%(`$#$3
z0
wx)(%�'2°Z1.-04aK 6 -*:�){�*k.�ahDq.~�q.�5i2jFc&eSl 6 )(%(`$#;' z0 [�µ �bGD3{<>9;1$#$?$35!{! 6 G.!$'F)(�b!-*1.-WGD35)(3$`$'2�2#&%(E 6 GD:�+(%(E�)(%(`$#&'±#&%(NOL;GD'2#&�21$%(E�L;GD%(�2#&%(�F)(3�wD)(%
'2'v1.-04aK 6 -*:�)�pDi_hJeSl [G 3$<v<v'2,$'21$?$3$,59C'2NO%(�F)CI�<>9;1$#$?$3$3

f 6 )(%(`$#;' z0 %*4a1.-S`.-*'F)Ww�`5)(%�1.-�NO1$%S/�'2�F) 6 ' Df\{z0}
3$NO'2'F)

NO'2�F)(%TL$,$'H@D�F)a- 6 GD'21$3.'
f(z) = f(z0) + f ′(z0)(z − z0) + ε(z − z0),

7 » Q
y_@D'

ε(z − z0) = o(z− z0)
L$,$3

z → z0 [ ¯>,$%(354 6 'H@D'21$3$' f ′(z0)(z − z0)
1.-W4aK 6 -*'F)(�"!��WqDm�mViutJiFk.p.q.�ahJeFf<>9;1$#$?$3$3

f 6 )(%(`$#&' z0 3�%(+(%*4a1.-S`.-*'F)(�b! df(z0) [¬ �21$% 6 1$Kz'�� 6 %(E$�F) 6 -�@D3$<v<v'2,$'21$?$3$,59C'2NOK¹Bs@D'2E$�F) 6 35)C'HGDI(1$K B¼<>9;1$#$?$3$E�L$'2,$'21$%(�b!5)(�"!�1.-M#&%(NxPL;GD'2#&�21$Kz'R<>9;1$#$?$3$3 �¸ Q¹'F�bGD3�<>9;1$#$?$35!�@D3$<v<v'2,$'21$?$3$,59('aNV- 6 )(%(`$#&'*w.)(%
%(1.-�1$'2L$,$'2,$K 6 1.- 6 \F)(%(E�)(%(`$#;'*º» Q�'2�bGD3s<>9;1$#$?$3$3
f1
w
f2
@D3$<v<v'2,$'21$?$3$,59C'2NOK 6 )(%(`$#&' z0 wO)(%M<>9;1$#$?$3$3 f1 + f2

w
f1f2

wV-�L$,$3
@D%(L$%aGD1$35)('HGDI(1$%(NY9(�_GD% 6 3$3 f2(z0) 6= 0

w&3T<>9;1$#$?$35! f1

f2

! 6 G.!$:�)(�"!
@D3$<><v'2,$'21$?$3$,59C'2NOK�NO3 6 )(%(`$#&' z03�L$,$3�\F)(%(N
(f1 + f2)

′(z0) = f ′1(z0) + f ′2(z0), (f1f2)
′(z0) = f ′1(z0)f2(z0) + f1(z0)f

′
2(z0),

(

f1
f2

)′

(z0) =
f ′1(z0)f2(z0)− f1(z0)f

′
2(z0)

f 22 (z0)
;

½ Q�'2�_GD3
<>9;1$#$?$35!
f
@D3$<v<v'2,$'21$?$3$,59C'2NV- 6 )(%(`$#;' w0 wC-><>9;1$#$?$35! w @D3$<v<v'2,$'21$?$3$,59('aNV- 6 )(%(`$#&'

z0
3
L$,$3T\F)(%(N

w(z0) = w0
w()(% 6 1$'2#&%*)(%(,$%(E�%(#$,$'2�H)(1$%(�F)C3�)(%(`$#$3 z0 %(L$,$'H@D'HGD'21.-R�_GD%S/T1.-0!
<>9;1$#$?$35!

f ◦ w
w.#&%*)(%(,.-0!Z@D3$<v<v'2,$'21$?$3$,59('aNV- 6 )(%(`$#&' z0 3

(f ◦ w)′(z0) = f ′(w0)w
′(z0);¾ Q±L$,$%(354 6 %a@D1.-0!Y<>9;1$#$?$35!{-*1.-WGD35)(3$`$'2�2#;%(E 6 )(%(`$#&' z0 <>9;1$#$?$3$3�w 6 � 6 %(: %(`$'2,$'H@DI$wx! 6 G.!$'F)(�b!-*1.-WGD35)(3$`$'2�2#&%(E�<>9;1$#$?$3$'2E 6 \F)(%(E�)(%(`$#&'*º� Q�'2�_GD3T<>9;1$#$?$35!

f
! 6 G.!$'F)(�b!�-*1.-WGD35)(3$`$'2�2#;%(E 6 )(%(`$#&' z0 3 f ′(z0) 6= 0

w()(% 6 1$'2#;%0)(%(,$%(ET%(#$,$'2�F)0P1$%(�F)(3
)(%(`$#$3
w0 := f(z0)

%(L$,$'H@D'HGD'21.-±%(+(,.-0)(1.-0!
<>9;1$#$?$35!
f−1

wC#&%*)(%(,.-0!�! 6 G.!$'F)(�"!T-*1.-WGD35)(3$`$'2�2#;%(E
6 )(%(`$#&' w0 3 (f−1)′(w0) = (f ′(z0))

−1 [" 6 %(E$�F) 6 - ¸ Q 	 ½ Q�NO%W/T1$%�@D%(#C-04S-0)(I>L59&)('2NXL$,$%(�F)(%(E
-W@J-*L5)S-*?$3$3R@D%(#C-04S-0)('HGDI(�F) 6 3;B±@D'2E$�F) 6 35)C'HGJI0P1$K BT-*1.-WGD%(y2% 6 [ " 6 %(E$�F) 6 % ¾ Q�+*90@D'F)±@D%(#(-04S-*1$%±L$%*4F@D1$'2' [ G %(#C-04S-0)('HGDI(�F) 6 %R� 6 %(E$�F) 6 - � Q�%(L$3$,.-*'F)(�b!�1.-� 6 %(E$�F) 6 -�@D3$<v<v'2,$'21$?$3$,59C'2NOK B�%*)(%(+(,.-0/�'21$3$E�354 R2 6 R2 [ �x-*�2�2NO%*)(,$3$Nn\F)(%�@D%(#(-04S-0)('HGDI(�F) 6 % [¯�9C�F)(I
u : (x, y)→ Re f(z + iy), v : (x, y)→ Im f(x+ iy) [ �R9;1$#$?$3$: f

NO%W/T1$%�%*)(%S/�@D'2�F) 6 35)(I��%*)(%(+(,.-0/�'21$3$'2N
R2 → R2|(x, y) → (u(x, y), v(x, y)),

%(L$,$'H@D'HGD'21$1$K�Nd3U1$'2L$,$'2,$K 6 1$%�@D3$<v<v'2,$'21;P?$3$,59('2NOKzN 6 1$'2#&%*)(%(,$%(E�%(#$,$'2�F)(1$%(�F)(3�)(%(`$#$3 (x0, y0) [�� #&%(+(3.-*1�\F)(%(y2%T%*)(%*+(,.-0/�'21$35!
∣

∣

∣

∣

u′x u′y
v′x v′y

∣

∣

∣

∣

= u′xv
′
y − u′yv

′
x = (u′x)

2 + (v′x)
2 = |f ′|2

%*)aGD3$`$'21�%*)�1590G.! 6 %(#$,$'2�F)(1$%(�F)(3�)(%(`$#$3 (x0, y0) [�� 1.-S`$35)WwW,.-*�2�2NV-0)(,$3 6 -*'2NO%(' %*)(%(+(,.-0/�'21$3$'V! 6 G.!$'F)(�b!6 4S-*3$NO1$%
%S@D1$%*4a1.-S`$1$KzNn%*)(%(+(,.-0/�'21$3$'2Nn1$'2#;%*)(%(,$%(E�%(#$,$'2�F)(1$%(�F)C3 U
)(%(`$#$3

(x0, y0)
1.-
1$'2#&%*)(%(,59;:



� ������
	� ����� ����� ��� ���	� � ��� �
%(#$,$'2�F)(1$%(�F)CI

V
)(%(`$#$3

(u0, v0) := (u(x0, y0), v(x0, y0)).
¬ +(,.-0)(1$%*'�%*)(%(+(,.-0/�'21$3$'�! 6 G.!$'F)(�b!X1$'2L$,$'HP,$K 6 1$%�@D3$<v<v'2,$'21$?$3$,59('aNOKzN 6 %(#$,$'2�F)(1$%(�F)C3 V 3�L$,$'H@D�F)S- 6 G.!$'F)
)S-*Nr1$'2L$,$'2,$K 6 159;:�#&%(NOL;GD'2#;�2159;:

<>9;1$#$?$3$:
f−1

%(+(,.-0)(159;:�#
f [ ¯�9(�F)(I z, z′ ∈ U 3

w := f(z), w′ := f(z′) ∈ V. � %*yb@J-
f−1(w′)− f−1(w)

w′ − w
=

(

f(z′)− f(z)

z′ − z

)−1

.

¬ )(�2: @J- 6 K¹)('2#(-*'F)0w�`5)(%�%(+(,.-0)(1.-0!�<>9;1$#$?$35! f−1 @D3$<v<v'2,$'21$?$3$,59C'2NV- 6 %(#$,$'2�F)(1$%(�F)C3 V )(%(`$#$3
w03�L$,$3�\F)(%(N

(f−1)′(w) = (f ′(z))−1
@$G.!ZGD:�+(K B

w ∈ V [
�����±ªS x§ �D¦�����§
	X¦���
±¦�¨ �$£��

G G.!�9;L$,$%*��'21$35!�4S-*L$3$�2'2E 6 %(�2L$%aGDI*429('2NO�"!�)('2,$NO3$1$%aGD%(y23$'2E�L$,$3$,.-0��'21$3$E [ ¯>'2,$'HB&%a@U#�\F)(%(E�)('2,;PNO3$1$%aGD%(y23$3YL$%SGD'F4a1$%U%(�F9&��'2�F) 6 35)CI���1$'2�2#&%aGDI(#;%U+(%aGDI*®�3$N <v%(,$NV-WGD354aNO%(Nzw�`$'2N \F)(%U%(+(Kz`$1$%UL$,$3;P
15!5)(% [ ¯�9(�F)(I$w�#(-*#U3�L$,$'F/�@D'*w z0 ∈ Df ∩D

′
f [ �R9;1$#$?$3$: z → f(z) − f(z0)

NO%W/T1$%T,.-*�2�2NV-0)(,$3 6 -0)(I#(-*#¼#&%(NOL$%*4a3$?$3$:
∆f ◦ ∆z

<>9;1$#$?$3$3
∆f : h → f(z0 + h) − f(z0),

1.-04aK 6 -*'2NO%(E g*tDq*t&�*}�iFk.q �ibf mOoCk.cCp.q.q
f
|Y~�eS�;c&i

z0
w¹3�<>9;1$#$?$3$3

∆z : z → z − z0,
1.-04aK 6 -*'2NO%(E g*tDq*t&�*}�iFk.qDibf �HtJ�"o �fviFk.~��d|M~�eS�;c&i

z0.
�R9;1$#$?$35!

∆f
%(L$,$'H@D'HGD'21.-Y1.-�NO1$%S/�'2�F) 6 ' Df − z0 [¹� -S`.-WGD%�#&%(NOL;GD'2#&�21$%(EL;GD%(�2#&%(�F)(3YL$,$3$1.-W@$GD'F/T35)�\F)(%(N�9XNO1$%W/�'2�F) 6 9X3X! 6 G.!$'F)(�b!�'2y2%�L$,$'H@D'HGDI(1$%(EM)(%(`$#;%(E [ �R9;1$#$?$35! ∆z%(L$,$'H@D'HGD'21.-�1.-�NO1$%S/�'2�F) 6 ' Df

3X%*)(%(+(,.-0/�-*'F)�'2y2% 6 4S-*3$NO1$%�%S@D1$%*4a1.-S`$1$%�1.-�NO1$%S/�'2�F) 6 % Df − z0.¬ +(,.-0)(159;: <>9;1$#$?$3$:
h → h + z0

%(+(%*4a1.-S`$3$N
∆−1z.

¯>'2,$'2NO'21$1.-0!
h
w�L$,$3$1$3$NV-*:���-W!n4a1.-S`$'21$35!

6 NO1$%S/�'2�F) 6 ' Df − z0
7 � )(%S/�@D'2�F) 6 '21$1$%('n%*)(%(+(,.-0/�'21$3$'sNO1$%S/�'2�F) 6 - Df − z0

1.-dNO1$%S/�'F�F) 6 %
Df − z0

QHw&@D%(L59C�F#C-*'F)TL$,$'H@D�F)a- 6 GD'a1$3$' h = ∆z ◦∆−1z. � ­ �2L$%aGDI*429*! 6(6 'H@D°21$1$Kz'v%(+(%*4a1.-S`$'21$35!�w$L$,$'H@$P�F)a- 6 GD'21$3$' 7 » QTNO%W/
1$%{L$'2,$'2L$3$�a-W)CI 6 \2# 6 3 6 -WGD'215)(1$%(N 6 3;@D' ∆f ◦ ∆z = f ′(z0)∆z + ε(∆z)
3;GD3

∆f ◦ ∆z ◦ ∆−1z = f ′(z0)∆z ◦ ∆
−1z + ε(∆z ◦ ∆−1z). � -*#$3$N %(+(,.-04a%(NzwO@D3$<v<v'2,$'21$?$3$,59C'2NO%(�F)CI

<>9;1$#$?$3$3
f 6 )(%(`$#&' z0 %*4a1.-W`.-*'F)Ww$`5)(%
1.-�NO1$%S/�'2�F) 6 ' (Df − z0) \ {0}

3$NO'2'F)
NO'2�F)(%
L$,$'H@D�F)S- 6 GD'21$3$'
∆f(h) := f ′(z0)h+ ε(h),y_@D'

ε(h) = o(h)
L$,$3

h→ 0 [
$&%('*)(%(+-, . [ �<0�� h5³n~�eW�He��;~�e DW�Ac&eFf>g&hJiFc&jFk.�S³¼mOoCk.cCp.q;³

f
DW��hD�X�WqDm�mViutJiFk.p.q*tDo*ibfveSld|

~�eS�;c&i
z0 := x0 + iy0 ∈ Df ∩D

′
f

3�kDi2e D2´DeS�Wq;fve
qU�0eWjF~��*~�eS�;kDe 3��;~�e DW�dmOoCk.cCp.q.q
u : (x, y)→ Re f(z + iy), v : (x, y)→ Im f(x+ iy)DW��hDq��WqDm�mViutJiFk.p.q*tDo*ibf>�n|R~�eS�;c&i

(x0, y0)
cC�*c�mOoCk.cCp.q.q��0|0o0´��0iFlDjF~�|0q.~�i_h.�&k$�x´ZgDiutJibfviFk.k.��´

x, yq�|W�Vg.eHhDk;³&hDqDjF��o*j_hJeW|0q;³ 
 e���q
��� q;f>�*k.���
u′x(x0, y0) = v′y(x0, y0), u

′
y(x0, y0) = −v

′
x(x0, y0).1 tJeSq5�*|*eS�Wk.�S³XmOoCk.cCp.q.q

f
|�~�eS�;c&i

z0
fvea·�iF~ DW�O~���|0�O�;qDj_hJiFk.�TgDe�mVe_t5f>o2hJi

f ′(z0) = u′x(x0, y0) + iv′x(x0, y0) =
1

i
(u′y(x0, y0) + iv′y(x0, y0)).

56'*78,89�,�:�%<;>=(?�:�@�' 0*G 3$<v<v'2,$'21$?$3$,59('2NO%(�2)(I�<>9;1$#$?$3$3
f 6 )(%(`$#;' z0 6 GD'2`$'F)ML$,$'H@D�F)S- 6 GD'21$3$'

∆f(h) = f ′(z0)h + ε(h)
w y_@D'

ε(h) = o(h)
L$,$3

h → 0 [ � 6 'H@D'2N %(+(%*4a1.-S`$'21$35! � a := Re f ′(z0)
w

b := Im f ′(z0)
w
ε1(h) := Re ε(h)

w
ε2(h) := Im ε(h), h1 := Reh, h2 := Imh [$� %(y_@J-

∆f(h) = (a+ ib)(h1 + ih2) + ε1(h) + iε2(h) =

= ah1 − bh2 + ε1(h) + i(bh1 + ah2 + ε2(h)).

����������� f : A → B  "! �$#&%&'&(*),+ h  .-&/10&/324/ #&#�56)87 A (*9�(,+;: 0 �$<1( 2 (=�>9�?�7@5 2 (,+���?3AB: / ����7 / #&#&? / ?���?�C 0 56A / #&( /
A → A, f(h) := f ◦h D ��?�9 /1E #*? E #�5�����+@F&��?G?�C�? E #�53F / #&(*)B:;5�#&#&?�H ! �$#&%&'&(&( f : A → B ��( 2 7�?�9;5 2 ( f ( f(h) 7 - ?�9�# /
��?�<>9;5���?�7@5�#&IJ�K?�C�? E #�5�F / #&( /32 f(a) E #�5�F / #*(*) ! �$#&%&'&(&(L7M��?�F&% / a ∈ A. N�/ H�����7�(&� / 9���#&?�+ h(a) = a (,+6�>9 / :�?�7@5�� / 9���#&?�+
f(a) = f(h(a)) = (f ◦ h)(a) = f(h)(a).



� ������
	� ����� ����� ��� ���	� � ��� �

" @D,59;y2%(E��F)(%(,$%(1$K>w
∆f(h) = ∆u(h1, h2) + i∆v(h1, h2)

w$4a1.-S`$35)Ww
∆u(h1, h2) = ah1 − bh2 + ε1(h), ∆v(h1, h2) = bh1 + ah2 + ε2(h),y_@D'

ε1(h) = o(h), ε2(h) = o(h)
L$,$3

h→ 0. # )(%v%*4a1.-W`.-*'F)Ww(`5)(%v<>9;1$#$?$3$3 u 3 v @D3$<v<>'2,$'21$?$3$,59C'2NOK6 )(%(`$#&' (x0, y0) 3 a = u′x(x0, y0) = v′y(x0, y0), b = v′x(x0, y0) = −u
′
y(x0, y0).¬ +(,.-0)(1$% [ G 3$<v<v'2,$'21$?$3$,59('aNO%(�F)CIT<>9;1$#$?$3$E u 3 v 6 )(%(`$#&' (x0, y0) 6 GD'2`$'F)TL$,$'H@D�F)a- 6 GD'21.35! �

∆u(h1, h2) = u′x(x0, y0)h1 + u′y(x0, y0)h2 + ε1(h),

∆v(h1, h2) = v′x(x0, y0)h1 + v′y(x0, y0)h2 + ε2(h),y_@D'
ε1(h) = o(h), ε2(h) = o(h)

L$,$3
h→ 0.

��`$35)(K 6 -W!�w.`5)(%
u′x(x0, y0) = v′y(x0, y0), u

′
y(x0, y0) = −v

′
x(x0, y0),L$%aG.9;`.-*'2NnL$,$'H@D�F)a- 6 GD'21$3.'

∆f(h) = ∆u(h1, h2) + i∆v(h1, h2) =

=
(

u′x(x0, y0)− iu′y(x0, y0)
)

h+ ε(h).

� @D'2�2I ε(h) := ε1(h) + iε2(h) = o(h)
L$,$3

h → 0 [ # )(% L$,$'H@D�F)S- 6 GD'21$3$' %*421.-W`.-*'F)Ww�`5)(%
<>9;1$#$?$35!

f
@D3$<v<v'2,$'21$?$3$,59('aNV- - )(%(`$#;'

z0 [ ¯>,$3 \F)(%(N
f ′(z0) = u′x(x0, y0)+ iv′x(x0, y0) =

1
i
(u′y(x0, y0) + iv′y(x0, y0)) [ ¤

$&%('*)(%(+-, . [  0�� j_hDq f(x0 + iy0) 6= 0
3z~�e��WqDm�mViutJiFk.p.q*tDo(ibfveWjF~��Uc&eFf>g&hJiFc&jFkDeSlYmOoCk.cCp.q.q

f
|�~�eS�;c&i

z0 := x0 + iy0 ∈ Df ∩D
′
f

e2�0k.�*�;�(iF~ 3V�;~�e�jFoC}�i2jF~�|0oC�z~ �WqDm�mViutJiFk.p.q*tDo*ibf>�Vi�|
~�eS�;c&i
(x0, y0)

�0iFlDjF~�|0q.~�i_hD�Ck.�Vi±mOoCk.cCp.q.q
r
q
ϕ
~��*cCqDiC3��&~
e

f(x+ iy) = r(x, y)eiϕ(x,y),�Fh5³�hD�EDW��´
x+ iy ∈ Df

q�g*tDq �W~�eFf
r′x(x0, y0) = r(x0, y0)ϕ

′
y(x0, y0), r

′
y(x0, y0) = −r(x0, y0)ϕ

′
x(x0, y0).1 tJeSq5�*|*eS�Wk.�S³XmOoCk.cCp.q.q

f
|�~�eS�;c&i

z0
fvea·�iF~ DW�O~���|0�O�;qDj_hJiFk.�TgDe�mVe_t5f>o2hJi

f ′(z0) =
f(z0)

r(x0, y0)
(r′x(x0, y0) + ir(x0, y0)ϕ

′
x(x0, y)) =

f(z0)

ir(x0, y0)
(r′y(x0, y0) + ir(x0, y0)ϕ

′
y(x0, y0)).

56'*78,89�,�:�%<;>=(?�:�@�' 0*G 3$<v<v'2,$'21$?$3$,59('2NO%(�2)(I�<>9;1$#$?$3$3
f 6 )(%(`$#&' z0 6 GD'2`$°F)�'2°�1$'2L$,$'2,$K 6 1$%(�F)CI6 \F)(%(E�)(%(`$#&' [ ¯>%>)('2%(,$'2NO' . [ ¾ �F9&��'2�2) 6 9;:�)R1$'2L$,$'2,$K 6 1$K�' 6 )(%(`$#&' (x0, y0) @D'2E$�F) 6 35)('FGDI(1$Kz'�<>9;1$#;P?$3$3

r
3
ϕ
)a-*#$3$'*w¹`5)(%

f(x + iy) = r(x, y)eiϕ(x,y)
@$G.!sGD:�+(K B

x + iy ∈ Df [ ¯>,$3�\F)(%(N <�9;1$#;P
?$35!

r : (x, y) →
√

u2(x, y) + v2(x, y)
wx%(`$' 6 3;@D1$%$w�@D3$<v<v'2,$'21$?$3$,59('aNV- 6 )(%(`$#;' (x0, y0) [x� -*#�#C-*#

r(x0, y0) 6= 0
3Z%S@D1$%�354v`$3$�F'HG u(x0,y0)

r(x0,y0)

3 v(x0,y0)
r(x0,y0)

%(+*!54S-0)('HGDI(1$%�L$,$3$1.-W@$GD'F/T35)�3$15)('2, 6 -WG.9 (−1, 1), )(%354±L$,$'H@D�F)S- 6 GD'a1$3$E

ϕ(x, y) = arccos
u(x, y)

r(x, y)
, ϕ(x, y) = arcsin

v(x, y)

r(x, y)
6 K¹)('2#(-*'F)0w�`5)(%U<>9;1$#$?$35! ϕ )(%S/�'
@D3$<v<v'2,$'21$?$3$,59('aNV- 6 )(%(`$#&' (x0, y0). ¯>%�)('2%(,$'2NO' . [ � f ′(z0) =
u′x(x0, y0) + iv′x(x0, y0) =

1
i
(u′y(x0, y0) + iv′y(x0, y0)),

-�L$%�)('2%(,$'2NO' H�H

u′x(x0, y0) + iv′x(x0, y0) = (r′x(x0, y0) + ir(x0, y0)ϕ
′
x(x0, y0))e

iϕ(x0,y0),

u′y(x0, y0) + iv′y(x0, y0) = (r′y(x0, y0) + ir(x0, y0)ϕ
′
y(x0, y0))e

iϕ(x0,y0)." GD'H@D% 6 -0)('HGDI(1$%$w u′x(x0, y0) = r′x(x0, y0)e
iϕ(x0,y0), v′x(x0, y0) = r(x0, y0)ϕ

′
x(x0, y0)e

iϕ(x0,y0)
w
u′y(t0) =

r′y(x0, y0)e
iϕ(x0,y0), v′y(x0, y0) = r(x0, y0)ϕ

′
y(x0, y0)e

iϕ(x0,y0) [ ¬ )(�2:¹@J- 6 K¹)('2#C-*'F)Ww�`5)(% r′x(x0, y0) =
r(x0, y0)ϕ

′
y(x0, y0), r

′
y(x0, y0) = −r(x0, y0)ϕ

′
x(x0, y0) [
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¬ +(,.-0)(1$% [;µ �_GD3T<>9;1$#$?$3$3 r 3 ϕ @D3$<v<v'2,$'21$?$3$,59('aNOK 6 )(%(`$#&' t0, )(%R<>9;1$#$?$3$3 u = r cosϕ
3
v =

r sinϕ
w$%(`$' 6 3;@D1$%$w;@D3$<v<v'2,$'21$?$3$,59('aNOK 6 )(%(`$#&' (x0, y0), -�\F)(%�%*4a1.-S`.-*'F) R P @D3$<v<v'2,$'21$?$3$,59('2NO%(�F)CI<>9;1$#$?$3$3

f 6 )(%(`$#&' (x0, y0) [ ¯>,$3�\F)(%(N

u′x(x0, y0) = r′x(x0, y0) cosϕ(x0, y0)− r(x0, y0)ϕ
′
x(x0, y0) sinϕ(x0, y0) =

= r(x0, y0)[ϕ
′
y(x0, y0) cosϕ(x0, y0)− ϕ′x(x0, y0) sinϕ(x0, y0)] = v′y(x0, y0),

u′y(x0, y0) = r′y(x0, y0) cosϕ(x0, y0)− r(x0, y0)ϕ
′
y(x0, y0) sinϕ(x0, y0) =

= −r(x0, y0)[ϕ
′
x(x0, y0) cosϕ(x0, y0) + ϕ′y(x0, y0) sinϕ(x0, y0)] = −v

′
x(x0, y0).

¤

­ 1$%(yb@J-�1$'F4S- 6 3$�23$NV-0!�#&%(NOL;GD'2#&�21.-0!�L$'2,$'2NO'21$1.-0!�L$,$'H@D�F)a- 6 G.!$'F)C�b! 6 )(,$3$y2%(1$%(NO'F)C,$3$`$'2�a#&%(E�3;GD3L$%(#(-04S-0)('HGDI(1$%(EX<v%(,$NV-WB�4S-*L$3$�23 [ ��\F)(3;BU�bG.9;`.-0!;BU%(#(-04aK 6 -*:�)(�"!�L$%aGD'F4a1$KzNO3X�_GD'H@.9;:���3$'
1$'2%(+0BC%0P@D3$NOKz'±3�@D%(�F)S-0)(%(`$1$Kz'±9(�_GD% 6 35!Z@D3$<v<v'2,$'21$?$3$,59C'2NO%(�F)C3 [
$&%('*)(%(+-, . [ � 0�1 o*jF~�� z0 := r0e

iϕ0 ∈ Df ∩D
′
f

q
z0 6= 0.

� h5³X~�eW�HeT�;~�e DW�dc&eFf>g&hJiFc&jFk.�S³
mOoCk.cCp.q;³

f
DW��hD���Wq.m�mViutDiFk.p.q*tDo(ibfveSlX|
~�eS�;c&i

z0
3�kDi2e D2´DeS�Wq;fve�qU�0eWjF~��*~�eS�;kDe 3 �;~�e DW�¼mOoCk.cCp.q.q

u : (r, ϕ)→ Re f(reiϕ), v : (r, ϕ)→ Im f(reiϕ)
DW��hDq��WqDm�mViutJiFk.p.q*tDo*ibf>�s|R~�eS�;c&i

(r0, ϕ0)
cC�*c�mOoCk.cCp.q.qZ�0|0o0´��0iFlDjF~�|0q.~�i_hD�Ck.��´ZgDiutJibfviFk.k.��´

r, ϕq�|W�Vg.eHhDk;³&hDqDjF��o*j_hJeW|0q;³ �

u′r(r0, ϕ0) =
1

r0
v′ϕ(r0, ϕ0), u

′
ϕ(r0, ϕ0) = −r0v

′
r(r0, ϕ0).

1 tJeSq5�*|*eS�Wk.�S³XmOoCk.cCp.q.q
f
|�~�eS�;c&i

z0
fvea·�iF~ DW�O~���|0�O�;qDj_hJiFk.�TgDe�mVe_t5f>o2hJi

f ′(z0) =
r0
z0
(u′r(r0, ϕ0) + iv′r(r0, ϕ0)) =

1

iz0
(u′ϕ(r0, ϕ0) + iv′ϕ(r0, ϕ0)).

$&%('*)(%(+-, . [ � 0�1 o*jF~�� z0 := ρ0e
iθ0 ∈ Df∩D

′
f

q
z0 6= 0.

� j_hDq
f(z0) 6= 0

3¶~�e��WqDm�mViutJiFk.p.q*t.o �ibfveWjF~��
c&eFf>g&hJiFc&jFkDeSl�mOoCk.cCp.q.q
f
|�~�eS�;c&i

z0
e2�0k.�*�;�(iF~ 3��;~�e�jFoC}�i2jF~�|0oC�z~=�WqDm�mViutJiFk.p.q*tDo(ibf>�Vi

|
~�eS�;c&i
(ρ0, θ0)

�0iFlDjF~�|0q.~�i_hD�Ck.�Vi±mOoCk.cCp.q.q
r
q
ϕ
~��*cCqDiC3V�;~�e

f(ρeiθ) = r(ρ, θ)eiϕ(ρ,θ),
�Fh5³�hD�EDW��´

ρeiθ ∈ Df

qUg*tDq �S~
eHf

r′ρ(x0, y0) =
r(ρ0, θ0)

ρ0
ϕ′θ(ρ0, θ0), r

′
θ(ρ0, θ0) = −ρ0r(ρ0, θ0)ϕ

′
ρ(ρ0, θ0).

1 tJeSq5�*|*eS�Wk.�S³XmOoCk.cCp.q.q
f
|�~�eS�;c&i

z0
fvea·�iF~ DW�O~���|0�O�;qDj_hJiFk.�TgDe�mVe_t5f>o2hJi

f ′(z0) =
f(z0)

z0
(r′ρ(ρ0, θ0) + ir(ρ0, θ0)ϕ

′
ρ(ρ0, θ0)) =

f(z0)

iρ0z0
(r′θ(ρ0, θ0) + ir(ρ0, θ0)ϕ

′
θ(ρ0, θ0)).

# )(3�)('2%(,$'2NOK�L$,$'H@$GJ-*y_-*'F)(�"!�`$35)S-0)('HGD: @D%(#(-04S-0)(I
�a-*NO%(�F)(%S!5)('HGDI(1$% [
���	�J�&§D¨>��
$��¦
���;ª(¤�¦�«¼ª(¨ 	
ªS n©���§D¦����D§C��£�§J«�¤�§D¨>©� x�&¤�ª(£�§D«¼¡�¢�£�¤�¥�¦�¦

¯�9C�F)(I�<>9;1$#$?$35!
f
%(L$,$'H@D'HGD'21.-�3M1$'2L$,$'2,$K 6 1.- 6 1$'2#&%*)(%(,$%(EY%(#$,$'2�F)(1$%*�F)C3Y)(%(`$#$3 z0 w�@D3$<v<v'HP,$'21$?$3$,59('2NV- 6 \F)(%(E
)(%(`$#&'�3 f ′(z0) 6= 0 [ ¬ +0GJ-*�F)(IR%(L$,$'H@D'HGD'F1$35! g 3T%(+0GJ-*�F)(I±4a1.-S`$'21$3$E G <>9;1$#$?$3$3

f
3$15)('2,$L$,$'F)C3$,$9('aNn#C-*#�NO1$%W/�'2�F) 6 -�)(%(`$'2#�1.-�#&%(NOL;GD'2#&�21$K B�L;GD%(�2#;%(�F)S!;B z 3 w �2%(%*) 6 'F)(�F) 6 '21$1$% [



�C��� ���������(���������������
� ��� ��
A��������� � �<���	������������
��������	���A������������� �

��� �.� �D�&§D¨>��
$��¦
���;ª(¤�¦�«]ª(¨ 	
ªS  �$���0¢�¨>�&£

 �¼©���§D¦����D§&��£�§D«�� � Kz+('2,$'2N 6 g L$,$%*354 6 %SGDI(159;:#$,$3 6 9;: l
wDL$,$%SBC%a@.!5�R9;:A`$'2,$'F4R)(%(`$#59

z0 [ ��90@D'2N¼�F`$35)S-0)(I$w¶`5)(%�#$,$3 6 -0!�4S-W@J-*1.-
L.-*,.-*NO'F)(,$3$`$'2�2#.3$N9;,.- 6 1$'21$3$'2N z = λ(t), t ∈ 〈a, b〉 [D� ,$%(NO'v)(%(y2%$wDL$%aGJ-*yb-*'2NzwD`5)(% λ(t0) = z0
w
t0 ∈ (a, b)

3��F9&��'2�F) 6 9('2)%*)aGD3$`$1.-0!{%*)U1590G.!{L$,$%(354 6 %S@D1.-0! λ′(t0) [B# )(3Y9(�bGD% 6 35!Yyb-*,.-*15)(3$,59;:�)X�F9&��'2�F) 6 % 6 -*1$3$'�9M#$,$3 6 %(E l#(-*�a-0)('HGDI(1$%(E 6 )(%*`$#;' z0
z = z0 + λ′(t0)(t− t0), t ∈ R.¯>%aGD%S/T35)('HGDI(1$%�%(,$3$'215)(3$,$% 6 -*1$1.-0!Z#(-*�a-0)('HGDI(1.-0!Z%(+(,.-0429('F)�9;y2%aG ϕ0 = arg λ′(t0)

��L$%aGD%W/T35)('HGDI(1$K¹N
1.-*L$,.- 6 GD'21$3$'2NM@D'2E$�F) 6 35)C'HGDI(1$%(EZ%(�23 [ ¬ +(,.-04 L #$,$3 6 %(E l L$,$3�%*)(%*+(,.-0/�'21$3$3 f L$,$'H@D�F)a- 6 G.!$'F)��2%(+(%(E#$,$3 6 9;: 6 C w�4S-W@J-*1$159;: L.-*,.-*NO'F)(,$3$`$'2�a#$3$N�9;,.- 6 1$'21$3$'2N w = Λ(t), t ∈ 〈a, b〉 ,

yb@D'
Λ := f ◦ λ,

3
L$,$%aBC%S@.!5�R9;:�`$'2,$'F4±)(%(`$#59

w0 := f(z0) [ ¯>,$3�\F)(%(N

Λ′(t0) = f ′(z0)λ
′(t0) 6= 0.

G '2E$�F) 6 35)('HGJI(1$%$w Λ′(t0) = (f ◦ λ)′(t0) = (u ◦ λ)′(t0) + i(v ◦ λ)′(t0) = u′x(z0)x
′(t0) + u′y(z0)y

′(t0) +
i(v′x(z0)x

′(t0) + v′y(z0)y
′(t0)) = (u′x(z0) + iv′x(z0))(x

′(t0) + iy′(t0)) = f ′(z0)λ
′(t0),

y_@D'
x = Reλ,

y = Imλ, u = Re f, v = Re f.
" GD'H@D% 6 -0)('HGDI(1$%$wDL$%aGD%W/T35)('HGDI*1$%
%(,$3$'215)(3$,$% 6 -*1$1.-0!�#C-*�a-0)('HGDI*1.-0!

w = w0 + Λ
′(t0)(t− t0), t ∈ R,

#�#$,$3 6 %(E L 6 )(%(`$#&' w0 %(+(,.-0429C'F)�9;y2%aG ψ0 = arg [f ′(z0)λ
′(t0)]

��L$%aGD%S/T35)('HGDI(1$KzN¼1.-*L$,.- 6 GD'21$3$'2N@D'2E$�F) 6 35)('FGDI(1$%(E�%(�23 [ ��`$35)(K 6 -0!�wD`5)(%

Arg[f ′(z0)λ
′(t0)] = Arg f ′(z0) + Arg λ

′(t0),
L$%aG.9;`.-*'2N

ψ0 − ϕ0 ∈ Arg f
′(z0)

� -*#$3$Nr%(+(,.-04a%(Nzw.L$'2,$'HBC%a@U%*)
)(%*`$#$3 z0 ∈ l #�'2°v%(+(,.-0429 w0 ∈ L � 6 !54S-*1��vL$% 6 %(,$%*)(%(Nr#C-*�a-0)('HGDI0P1$%(EU1.-
9;y2%aGM354
Arg f ′(z0) [ ��\H)(%(Nd3U�2%(�F)(%(35)X�Hi2eFfviF~�tDq.�5i2jFcCq.l�jbf>�Vj_h��HtJ�"o0fviFk.~���g*tJeSq5�*|*eS�WkDeSl

@D3$<v<v'2,$'21$?$3$,59('aNO%(E 6 )(%(`$#;' z0 #&%(NOL;GD'2#&�21$%(E�<>9;1$#$?$3$3 [
µ �bGD3
`$'2,$'F4�)(%(`$#59 z0 L$,$%aB&%a@.!5)v@ 6 '�#$,$3 6 Kz' l1 3 l2 w()(%±L$%aGD%W/T35)('HGDI(1$%±%(,$3$'215)(3$,$% 6 -*1$1$Kz'�#(-*�a-WP)('HGDI(1$Kz'�#v\F)(3$N�#$,$3 6 KzN 6 )(%(`$#&' z0 7 L$,$3v9(�_GD% 6 3$3�wS`5)(%�%(1$3v�F9&��'2�F) 6 9;:�);Q�%(+(,.-0429;:�)�9;y2%aG�wS#&%*)(%(,$KzE1$'�%*)aGD3$`.-*'F)(�"!�w�1$3sL$% 6 'HGD3$`$3$1$'�1$3sL$%X1.-*L$,.- 6 GD'21$3$: %*)(�2`$'F)a-5w %*)X9;y_GJ-XNO'F/�@.9{L$%aGD%S/T35)('HGDI(1$%

%(,$3$'215)(3$,$% 6 -*1$1$KzNO3�#(-*�a-0)('HGDI(1$KzNO3�#s%(+(,.-04S-*N L1 := f(l1)
w
L2 := f(l2)

6 )(%(`$#&' w0 := f(z0) [¬ )(%(+(,.-0/�'21$35!�w.%(+0GJ-W@J-*:���3$'>)a-*#$3$Nn� 6 %(E$�F) 6 %(Nzw.1.-04aK 6 -*:�)(�b!Mc&eSkDmVe_t5f>k.��f>q 6 )(%(`$#&' z0 [¯>%(15!5)(3$'�#&%(1$<v%(,$NO1$%(y2%±%*)(%(+(,.-0/�'21$35!
,.-*�2L$,$%(�F)(,.-*15!$'F)C�b!�3T1.-v%*)(%(+(,.-0/�'21$35!
354
C̄ 6 C̄ [ ¬ )(%(+0P,.-0/�'21$3$'

F : C̄ → C̄
1.-04aK 6 -*'H)(�"!M#;%(1$<v%(,$NO1$KzN 6 )(%(`$#&' z = ∞,

'2�_GD3M%*)(%(+(,.-0/�'21$3$'
z → F ( 1

z
)! 6 G.!$'F)(�b!M#&%(1$<v%(,$NO1$KzN 6 )(%(`$#&' z = 0.

¬ )(%(+(,.-0/�'F1$3$'
F : C̄ → C̄

1.-04aK 6 -*'F)(�b!�#&%(1$<v%(,$NO1$KzN 6)(%(`$#&'
z ∈ F−1(∞),

'2�bGD3�%*)(%(+(,.-0/�'21$3$'
z → 1

F (z)

! 6 G.!$'F)(�b!�#;%(1$<v%(,$NO1$KzN 6 \F)(%(E�)(%(`$#&' [
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z → |z|

|f ′(z0)| =

∣

∣

∣

∣

lim
z→z0

f(z)− f(z0)

z − z0

∣

∣

∣

∣

= lim
z→z0

|f(z)− f(z0)|

|z − z0|
.

¬ )(1$%*®�'21$3$' |f(z)−f(z0)|
|z−z0|

L$%(#(-04aK 6 -*'F)
#C-*#�NO'215!$'F)(�b!�@$GD3$1.- 6 '2#5)(%(,.-5w$354a%(+(,.-0/�-*:���'2y2%�`$3$�_GD% z − z0,L$,$3�%*)(%(+(,.-0/�'21$3$3�L$%*�2,$'H@D�F) 6 %(Ns<>9;1$#$?$3$3 f. ¯>,$'H@D'HG�\F)(%(y2%
%*)(1$%*®�'21$35!�L$%(#C-04aK 6 -*'F)
%*)(1$%(�235)('HGDI0P1$%('�354aNO'21$'21$3$'R@$GD3$1$K�%*)(,$'F4a#&% 6 w�%a@D3$1U#;%(1$'2?U#&%*)(%(,$K BU�2% 6 L.-W@J-*'F)�� z0, -�@D,59;y2%(E�GD'F/T35) 6 +0GD354a3)(%(`$#$3
z0 [ ¯>,$3�\F)(%(N�354aNO'21$'21$3$'T@$GD3$1$K=1$'T4S- 6 3$�235)�%*)U1.-*L$,.- 6 GD'F1$35! 6 K¹+(,.-*1$1$%(y2%U%*)(,$'F4a#C- [ ¯>%0P\F)(%(N�9�`$3$�_GD%

|f ′(z0)|
L$%(#(-04aK 6 -*'F)±%*)(1$%(�235)('FGDI(1$%('�,.-04a,&!5/�'21$3$'z3;GD3�9;L;GD%*)(1$'21$3.'�L;GD%(�F#;%(�F)(3 6 +0GD354a3)(%(`$#$3

z0
L$,$3�%*)(%(+(,.-0/�'21$3$3�'2'vL$%(�2,$'H@D�F) 6 %(Nn<>9;1$#$?$3$3 f [

�����R���(��£��&� �&£ � ���&£�¦��U£��X§D¤���¢��Y£�§Jª 
$¦
¯�9C�F)(I{#&%(NOL;GD'2#&�21.-0!¼<>9;1$#$?$35!

f
%(L$,$'H@D'HGD'21.-Y3�1$'2L$,$'2,$K 6 1.- 6 #(-0/�@D%(Es)(%(`$#;'U#$,$3 6 %(E lR,ζ ,4S-W@J- 6 -*'2NO%(EML.-*,.-*NO'F)(,$3$`$'2�a#$3$N 9;,.- 6 1$'21$3$'2N z = λ(t), t ∈ [−π, π],

y_@D'
λ(t) = Reit + ζ, R > 0 [¯�9(�F)(I

tj =
2π
n
j, j = 0, ..., n. � %(NOL;GD'2#&�21$%('±`$3$�_GD%

SR(f, ζ) := lim
n→∞

1

n

n−1
∑

j=0

f(λ(tj))

L$,$3$15!5)(%
1.-04aK 6 -0)(I�jutJiF�Wk.q;f^�0k.�*�5iFk.qDibf]mOoCk.cCp.q.q
f
k.�TeSc2tDo(·�kDeWjF~�q

{z : |z − ζ| = R}. � -*NO'2`.-WP'2Nzw�`5)(%�`$3$�_GD% 2π
n

∑n−1
j=0 f(λ(tj))

! 6 G.!$'F)(�"!�3$15)('2y2,.-WGDI(1$%(EX�F9;NONO%(E�@$G.!�3$15)('2y2,.-WGJ- ∫ π

−π
f (λ(t)) dt." GD'H@D% 6 -0)('HGDI(1$%$wV�2,$'H@D1$'2'�4a1.-S`$'21$3$'�1$'2L$,$'2,$K 6 1$%(Es1.-U%(#$,59&/T1$%(�F)(3 {z : |z − ζ| = R}
<>9;1$#$?$3$3

6 �2'2y_@J-��F9&��'2�2) 6 9C'F)�3�NO%S/�'F)�+(K¹)(I 6 Kz`$3$�_GD'21$%TL$%�<v%(,$N�90GD'

SR(f, ζ) =
1

2π

π
∫

−π

f
(

Reit + ζ
)

dt.

" @D,59;y2%(E��F)(%(,$%(1$K>w
n−1
∑

j=0

f(λ(tj))

λ(tj)− ζ
(λ(tj+1)− λ(tj)) =

n−1
∑

j=0

f(λ(tj))

(

λ(tj+1)− ζ

λ(tj)− ζ
− 1

)

=

=
n−1
∑

j=0

f(λ(tj))

(

eitj+1

eitj
− 1

)

= (ei
2π
n − 1)

n−1
∑

j=0

f(λ(tj)).

��`$35)(K 6 -0!�wD`5)(% n(ei 2π
n − 1) = n(2 sin2 π

n
+ i sin 2π

n
)→ 2πi

L$,$3
n→∞,

L$%SG.9;`.-*'2N

SR(f, ζ) =
1

2πi

∫

lR,ζ

f(z)

z − ζ
dz.

µ �bGD3R#;%(NOL;GD'2#&�21.-0!�<>9;1$#$?$35! f %(L$,$'H@D'HGD'21.-�3R1$'2L$,$'2,$K 6 1.- 6 #C-W/�@D%(E±)(%(`$#&' #$,59;y_- {z : |z−ζ| ≤
R},

)(%

Sr(f, ζ)− f(ζ) =
1

2π

π
∫

−π

f
(

reit + ζ
)

dt−
1

2π

π
∫

−π

f (ζ) dt =

=
1

2π

π
∫

−π

(f
(

reit + ζ
)

− f (ζ))dt→ 0,
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�� ����� � ¿_¿
L$,$3

r → 0.
" GD'H@D% 6 -0)('HGDI(1$%$w

f(ζ) = lim
r→0

Sr(f, ζ) = lim
r→0

1

2πi

∫

lr,ζ

f(z)

z − ζ
dz. 7 ½ Q

� ����£

$� �*���5 ��D£����¼¡�§D�x¨�¢.  � ��§
	X¦
� -*NO'2`.-0)('HGDI(1$KzN¼! 6 G.!$'F)(�"!�)(%$w¶`5)(%�L$,$3�9(�bGD% 6 3$3X-*1.-WGD35)(3$`$1$%(�F)(3X<>9;1$#$?$3$3 f 4S-*NO'21.-�#$,$3 6 %(E

lr,ζ
@D,59;y2%(E�#$,$3 6 %(E�wJ%aB 6 -0)(K 6 -*:���'2EU)(%(`$#59 ζ, 1$' 6 GD'2`$°F)�3542NV'F1$'21$3$'�3$15)('2y2,.-WGJ-Z354�L$,.- 6 %(E�`.-*�F)(3,.- 6 '21$�F) 6 - 7 ½ Q [.� %(`$1$'2'*w.�2L$,.- 6 'H@$GD3 6 -��bGD'H@.9;:���-0!�)('2%(,$'2NV- [

$&%('*)(%(+-,J. [ � 0 � j_hDq ζ ∈ {z : |z − ξ| < r} ⊂ {z : |z − ζ| < R}
q�mOoCk.cCp.q;³

f
�*k.�ahDq.~�q.�;k.�

|
cC�0·��0eSlU~�eS�;c&i�f>kDea·�i2jF~�|0�
{z : |z − ζ| ≤ R}\{z : |z − ξ| < r},

~�e
∫

lR,ζ

f(z)

z − ζ
dz −

∫

lr,ξ

f(z)

z − ζ
dz = 0. 7 ¾ Q

56'*78,89�,�:�%<;>=(?�:�@�' 0 ¯>,$'F/�@D' 6 �2'2y2%�,.-*�2�2NO%*)(,$3$N��_G.9;`.-*E
ξ = ζ.

�^\F)(%(N��bG.9;`.-*'�,.-04a1$%(�F)(I 6GD' 6 %(E�`.-*�F)(3�,.- 6 '21$�F) 6 - 7 ¾ Q �2% 6 L.-W@J-*'F)
�v3$15)('2y2,.-WGD%(N

I :=

∫

(∂∆,λ)

f(z)

z − ζ
dz,

y_@D'
∆ � #;%aGDI(?$' 6 %(E��2'2#5)(%*,

{z : r < |z − ζ| < R,α < arg(z − ζ) < β},

α = −π, β = π, ∂∆ � y2,.-01$3$?.-Z�2'2#5)(%(,.-
∆ [�² ,.-*1$3$?59U�2'2#5)(%(,.- ∆ ,.-*�2�2NV-0)(,$3 6 -*'2Nd#C-*#U1$%(�235)('HGDI4S-*NO#$159&)(%(Er#$,$3 6 %(E�w�4S-W@J-*1$1$%(E{��L$%(NO%*��I(: 9;,.- 6 1$'21$35! z = λ(t), t ∈ [a, b] [ �R9;1$#$?$3$: λ

NO%W/T1$%
%(L$,$'H@D'HGD35)(I$wD1.-*L$,$3$NO'2,�wD�_GD'H@.9;:���3$Nn%(+(,.-04a%(N

λ(t) :=















(t+ r)eiα + ζ
L$,$3

t ∈ [0, h],
Rei(t+α−h) + ζ

L$,$3
t ∈ [h, h+ ϕ],

(R + h+ ϕ− t)eiβ + ζ
L$,$3

t ∈ [h+ ϕ, 2h+ ϕ],
rei(β+2h+ϕ−t) + ζ

L$,$3
t ∈ [2h+ ϕ, 2h+ 2ϕ],

7 � Q

y_@D'
h := R− r � )(%aG.��3$1.-
�2'2#5)(%(,.-5w

ϕ := β − α = 2π � 9;y_GD% 6 %(E�,.-04aNO'2,��2'2#5)(%(,.- [

G '2E$�F) 6 35)('HGJI(1$%$w 6 \F)(%(N��bG.9;`.-*'V%(+0GJ-*�F)(I�354aNO'21$'21$35!±L.-*,.-*NO'F)(,.- [a, b] �2% 6 L.-W@J-*'F)��O%*)(,$'F4a#;%(N [0, 2h+
2ϕ] [ � %(L$,$'H@D'HGD'21$3$3 7 � Q�%0)(,$'F4a%(# [0, 2h + 2ϕ]

,.-04a+(35)s1.-{`$'F)(Kz,$'�%*)(,$'F4a#(- [-# )(%(N�9d,.-04a+(3$'21$3$:�2%(%*) 6 'F)(�F) 6 9('F)v,.-04a+(3$'21$3$'¹#$,$3 6 %(E (∂∆, λ) 1.-�`$'F)(Kz,$'z`.-*�F)(3$`$1$Kz'z#$,$3 6 Kz'*w0#;%*)(%(,$K¹'¹NOKY%(+(%*4a1.-S`$3$N



�C����� �(��� � � 
����������*��������
�� ����� � ¿ �
l1, l2, l3, l4

�2%(%*) 6 'F)(�F) 6 '21$1.% [ � 3;@D3$NzwC`5)(%±#$,$3 6 -0! l3 NO%S/�'F)±+(K¹)(I±L$%SG.9;`$'F1.-±354�#$,$3 6 %(E l1 L$'2,$'HBC%a@D%(N#s)(%S/�@D'2�F) 6 '21$1$%(E¼#$,$3 6 %(En��L$%(NO%*��I(: 4S-*NO'21$K L.-*,.-*NO'F)(,.-
t → t + h + ϕ

3nL$%(�_GD'H@.9;:���'aE�'2°
L$'2,$'2%(,$3$'215)S-*?$3$'2E [ � 1.-S`$35)Ww

∫

l1

f(z)

z − ζ
dz = −

∫

l3

f(z)

z − ζ
dz.

� ,$3 6 -0! l2 )(%W/�@D'2�F) 6 '21$1D-�#$,$3 6 %(E lR,ζ
7 4S-*NO'21.-�L.-*,.-*NO'F)(,.- t → t + h − α

QHw�-�#$,$3 6 -0! l4 NO%S/�'F)+(K¹)(IsL$%aG.9;`$'21.-s354M#$,$3 6 %(E lr,ζ
4S-0NV'F1$%(E�L.-*,.-*NO'F)(,.-

t → t + 2h + ϕ + β
3�L$%(�_GD'H@.9;:���'aE�'2°

L$'2,$'2%(,$3$'215)S-*?$3$'2E [ " GD'H@D% 6 -0)('HGDI(1$%$w

I =

∫

l2

f(z)

z − ζ
dz +

∫

l4

f(z)

z − ζ
dz =

∫

lR,ζ

f(z)

z − ζ
dz −

∫

lr,ξ

f(z)

z − ζ
dz.

��-04a%(+(I(°FNX�2'2#5)(%(,
∆
%(#$,59&/T1$%(�F)(I(:

|z−ζ| = r+R
2

3RG.9;`$%(N
arg(z−ζ) = α+β

2

1.-�`$'F)(Kz,$'��2'2#5)(%(,.-
∆k,s := {z : rk < |z − ζ| < Rk, αs < arg(z − ζ) < βs}, k, s = 0, 1,

y_@D'
rk := r + k h

2
, Rk :=

r+R
2
+ k h

2
, αs := α + sϕ

2
, βs :=

α+β

2
+ sϕ

2
. ² ,.-*1$3$?59 ∂∆k,s

�2'2#5)(%(,.-
∆k,s,.-*�2�2NV-0)(,$3 6 -*'2N�#C-*#R1$%(�235)('HGDIv#$,$3 6 %(E z = λk,s(t), t ∈ [0, h+ϕ] [ �R9;1$#$?$3$: λk,s

NO%S/T1$%�%(L$,$'H@D'HGD35)(I
��L$%(NO%*��I(: �2%(%0)(1$%*®�'21$3$! 7 � QHw 6 #&%*)(%(,$%(N r, R, α, β

4S-*NO'21$'21$K 1.-
rk, Rk, αs, βs

�2%(%*) 6 'F)(�F) 6 'a1$1$% [
� -*NO'2`.-*'2Nzw.`5)(%

I =
1
∑

k=0

1
∑

s=0

Ik,s,

y_@D'

Ik,s :=

∫

(∂∆k,s,λk,s)

f(z)

z − ζ
dz.

� %*)r354M�2'2#5)(%(,$% 6 ∆k,s,
@$G.!d#;%*)(%*,$%(y2% 6 KzL$%aGD15!$'F)(�b!�1$'2,.- 6 '21$�F) 6 % |Ik,s| ≥ |I|

4

%(+(%*4a1.-S`$3$N
∆(1).

�±3$1$'2E$1$Kz'R3�9;y_GD% 6 Kz'R,.-04aNO'2,$K�\F)(%(y2%T�2'2#5)(%(,.-T%(L$,$'H@D'HG.!$:�)(�"!�`$3$�bGJ-*NO3�wD#&%*)(%(,$Kz'RNOK�%*+(%*4a1.-W`$3$N
�23$N 6 %aGJ-*NO3 r(1), R(1), α(1), β(1)

�2%(%*) 6 'F)(�F) 6 '21$1$%$w�-YL.-*,.-*NO'F)(,$354S-*?$3$:�y2,.-*1$3$?$K
∂∆(1)

%*+(%*4a1.-W`$3$N
λ(1) [ G -WGD'2'±L$,$%a@D%aG./T3$NsL$,$%(?$'H@.9;,59Z@D,$%(+0GD'21$35!��2'2#5)(%(,$% 6 3�,.-04a%(+(I(°2Ns�2'2#5)(%(, ∆(1) %(#$,59&/T1$%(�F)(I(:
|z − ζ| = r(1)+R(1)

2

3ZG.9;`$%(N
arg(z − ζ) = α(1)+β(1)

2

1.-�`$'F)(Kz,$'±�2'2#5)(%(,.-

∆
(1)
k,s := {z : r

(1)
k < |z − ζ| < R

(1)
k , α(1)s < arg(z − ζ) < β(1)s }, k, s = 0, 1,

y_@D'
r
(1)
k := r(1)+k h

22
, R

(1)
k := r(1)+R(1)

2
+k h

22
, α
(1)
s := α(1)+s ϕ

22
, β
(1)
s := α(1)+β(1)

2
+s ϕ

22
. ² ,.-*1$3$?59 ∂∆(1)k,s�2'2#5)(%(,.-

∆
(1)
k,s

,.-*�2�2NV-0)(,$3 6 -*'2NM#C-*#�1$%(�235)('HGDI±#$,$3 6 %(E z = λ
(1)
k,s(t), t ∈ [0,

h
2
+ ϕ

2
] [ �R9;1$#$?$3$: λ

(1)
k,s

NO%S/�P
1$%�%(L$,$'H@D'HGD35)(Iv� L$%(NO%*��I(:s�2%(%*)(1$%*®�'21$35! 7 � QHw 6 #;%*)(%(,$%(N r, R, α, β 4S-*NO'21$'21$Kr1.- r(1)k , R

(1)
k , α

(1)
s , β

(1)
s�2%(%*) 6 'F)(�F) 6 '21$1$% [ � -*NO'2`.-*'2Nzw.`5)(%

I(1) =
1
∑

k=0

1
∑

s=0

I
(1)
k,s ,

y_@D'

I(1) :=

∫

(∂∆(1),λ(1))

f(z)

z − ζ
dz, I

(1)
k,s :=

∫

(∂∆
(1)
k,s

,λ
(1)
k,s
)

f(z)

z − ζ
dz.

� %*)�354 �2'2#5)(%(,$% 6 ∆(1)k,s,
@$G.!R#;%*)(%(,$%(y2% 6 KzL$%aGD15!$'F)(�"!�1$'2,.- 6 '21$�F) 6 % |I(1)k,s | ≥

|I|
42
%(+(%*4a1.-S`$3$N

∆(2)
3±) [ @ [ �,$'F4290GDIS)S-0)C'v%(L$3$�a-*1$1$%(E�L$,$%(?$'H@.9;,$K�NOKdL$%(�F)(,$%(3$NsL$%*�bGD'H@D% 6 -0)('HGDI(1$%(�F)(I 6 GD%S/�'21$1$K BT@D,59;y 6 @D,59;yb-
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�2'2#5)(%(,$% 6 ∆(n) )S-*#$3;B¶wD`5)(%

∣

∣

∣

∣

∣

∣

∣

∫

(∂∆(n),λ(n))

f(z)

z − ζ
dz

∣

∣

∣

∣

∣

∣

∣

≥
|I|

4n
.

�Y�23;G.9�L$%aGD1$%*)(K
C
1.-*E;@D°F)(�"!�)(%(`$#C-

z0,
#&%*)(%(,.-0!�L$,$3$1.-W@$GD'F/T35)±4S-*NOKz#(-*1$3$:¼#C-0/�@D%(y2%>354��2'2#5)(%*,$% 6

∆(n).
�R9;1$#$?$35!

f
@D3$<v<v'2,$'21$?$3$,59C'2NV- 6 )(%(`$#&' z0. � 1.-W`$35)WwJ@$G.!UGD:�+(%(y2% z 354�%(#$,$'2�F)(1$%(�F)C3M#$,59;yb-

{z : |z − ζ| ≤ R}
3$NO'2'F)�NO'2�F)(%
L$,$'H@D�F)S- 6 GD'21$3$'

f(z) = f(z0) + f ′(z0)(z − z0) + α(z)(z − z0),

y_@D'
α � 1$'2L$,$'2,$K 6 1.-0! 6 %(#$,$'2�F)(1$%(�F)C3Y#$,59;yb- {z : |z − ζ| ≤ R}

<>9;1$#$?$35!�3
α(z0) = 0.

¬ )(�2: @J-
�_GD'H@.9('F)0wJ`5)(%

|I|

4n
≤

∣

∣

∣

∣

∣

∣

∣

∫

(∂∆(n),λ(n))

f(z)

z − ζ
dz

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∫

(∂∆(n),λ(n))

α(z)(z − z0)

z − ζ
dz

∣

∣

∣

∣

∣

∣

∣

≤
εn2R

R

h

2n
ϕR

2n
,

y_@D'
εn = max∂∆(n) α→ 0 [ G '2E$�F) 6 35)('FGDI(1$%$w&3$15)('2y2,.-WG ∫

(∂∆(n),λ(n))
dz
,.- 6 '21�1590GD:¼L$%(�2#;%aGDI(#59RGD:�+C-0!

3$15)('2y2,.-WGDI(1.-0!Y�F9;NONV-�@$G.!�\F)(%(y2%U3$15)('2y2,.-WGJ-U,.- 6 1.-�159*GD: [�­ 15)('2y2,.-WG ∫
(∂∆(n),λ(n))

dz
z−ζ

)(%S/�'T,.- 6 '21
1590GD:Rw0)S-*#�#C-*#�`$3$�_GD% 1

2πi

∫

(∂∆(n),λ(n))
dz
z−ζ

�2% 6 L.-W@J-*'F)>�¹3$1;@D'2#&�2%(NX#$,$3 6 %(E (∂∆(n), λ(n)) %*)(1$%(�235)('HGDI(1$%)(%(`$#$3
ζ,
#&%*)(%(,$KzE 6 �23;G.9 7 H�H;Q ,.- 6 '21�1590GD: [ � 1.-S`$35)Ww I = 0.

G %(#(-04S-0)('HGDI(�F) 6 % 6 �_G.9;`.-*' ξ 6= ζ
� 6 %S@D35)(�b!Y#Y,.-*�2�2NO%*)(,$'21$1$%(N�9YL59&)(°2N 4S-0NV'F1$K=<>9;1$#$?$3$E

λ, λ
(n)
k,s#&%(NOL$%*4a3$?$35!$NO3

u◦λ, u◦λ
(n)
k,s

�2%(%*) 6 'F)(�F) 6 '21$1$%$w;y_@D' u � \F)(%±%*)(%(+(,.-0/�'21$3$'�#;%aGDI(?.-
{z : r ≤ |z−ζ| ≤

R}
1.-�#&%aGDI(?$%

{z : r ≤ |z − ξ|, |z − ζ| ≤ R},
%(�F9&��'2�F) 6 G.!$'2NO%('±L$%
L$,.- 6 3;G.9

z → z +
ξ − ζ

R− r
(R− |z − ζ|).

¬ )(%(+(,.-0/�'21$3$'
u
L$'2,$' 6 %a@D35)>%(#$,59&/T1$%*�F)(I |z−ζ| = ρ, r ≤ ρ ≤ R, 6 %(#$,59&/T1$%(�F)(I��V)('2N�/�'�,.-W@D359(�2%(N3�?$'215)(,$%(N 6 )(%(`$#&' ζ(ρ−r)+ξ(R−ρ)

R−r
,
-ZG.9;`

arg(z − ζ) = θ
w
−π ≤ θ ≤ π,

3$�_BC%S@.!5��3$EY354�)(%(`$#$3
ζ,%*)(%(+(,.-0/�'21$3$'

u
L$'2,$' 6 %a@D35) 6 G.9;`n3$�_BC%S@.!5��3$En354�)(%(`$#$3 ξ0 := ζ + ξ−ζ

R−r
R ∈ {z : |z − ξ| < ρ}.

� '2%(,$'2NV-R@D%(#C-04S-*1.- [ ¤



� ����������������������� ���	�*�8�������������������E��� � � � ��� 
�� � � ����������� ������������� ¿ �

­ 4�@D%(#C-04S-*1$1$%(EZ)('2%(,$'2NOK�3�<v%(,$N�90GDK 7 ½ Q 6 K¹)('2#C-*'F)
4a1.-*NO'21$35)S-0!Xq.k.~�i2� t&�ahD�Ck.�S³UmVe_t5f>o2hD� 
 e ���q
f(ζ) =

1

2πi

∫

lr,ξ

f(z)

z − ζ
dz,

#&%*)(%(,.-0!��2L$,.- 6 'H@$GD3 6 ->L$,$3��_GD'H@.9;:���3;B�9(�bGD% 6 35!5B � <>9;1$#$?$35! f -*1.-WGD35)(3$`$1.- 6 #C-0/�@D%(ER)(%(`$#&'z#$,59;yb-
{z : |z − ξ| ≤ r}

3�)(%(`$#C-
ζ
L$,$3$1.-W@$GD'F/T35)T#$,59;yF9

{z : |z − ξ| < r}.

�������&©����&�
	��D£����s��¦x¡�¡��&���&£�¥�¦���¢J�&¨>§Jª 
 � �$£��5 x¦

$¦
���;ª(¤�§D«d¡Z¢�£�¤�¥�¦�¦
� %(+&+-, . [ ¸�0 � j_hDqUc&eFf>g&hJiFc&jFk.�S³XmOoCk.cCp.q;³ f �*k.�ahDq.~�q.�;k.��|�~
ea�;c&i ζ 3V~�e

f ′(ζ) = lim
r→0

1

2πi

∫

lr,ζ

f(z)

(z − ζ)2
dz,

�"�0i
lr,ζ �

c2tDqD|0�S³�3O�0�*�W�(|0�(ibf>�S³�g.�Ht&�SfviF~�tDq.�5i2jFcCq;f o2t&�(|0kDiFk.qDibf
z = reit + ζ, t ∈ [−π, π].

56'*78,89�,�:�%<;>=(?�:�@�' 0*G '2E$�F) 6 35)('FGDI(1$%$wV<>9;1$#$?$35! f @D3$<v<v'2,$'21$?$3$,59('2NV- 6 )(%(`$#&' ζ, 4a1.-S`$35)Ww 61$'2#&%*)(%(,$%(E�%(#$,$'2�F)(1$%(�F)C3�)(%(`$#$3
ζ
3$NO'2'F)TNO'2�F)(%TL$,$'H@D�F)S- 6 GD'21$3$'

f(z) = f(ζ) + f ′(ζ)(z − ζ) + α(z)(z − ζ),y_@D'
α � 1$'2L$,$'2,$K 6 1.-0! 6 %(#$,$'2�F)(1$%(�F)C3 ζ

<>9;1$#$?$35!n3
α(ζ) = 0. � 1.-S`$35)WwO@$G.! 6 �2'HB{@D%(�F)S-0)(%(`$1$%NV-WGDK B

r
3$NO'2'2N

1

2πi

∫

lr,ζ

f(z)

(z − ζ)2
dz =

=
f(ζ)

2πi

∫

lr,ζ

1

(z − ζ)2
dz +

f ′(ζ)

2πi

∫

lr,ζ

1

z − ζ
dz +

1

2πi

∫

lr,ζ

α(z)

z − ζ
dz =

= f ′(ζ) +
1

2πi

∫

lr,ζ

α(z)

z − ζ
dz.

G '2E$�F) 6 35)('HGJI(1$%$wDL$%�<v%(,$N�9*GD' � %*®�3 1
2πi

∫

lr,ζ

1
z−ζ

dz = 1
3

∫

lr,ζ

1

(z − ζ)2
dz =

i

r

π
∫

−π

e−2itdt = −
1

2r
e−2it

∣

∣

∣

∣

π

−π

= 0.

� -*#$3$Nr%(+(,.-04a%(Nzw

1

2πi

∫

lr,ζ

f(z)

(z − ζ)2
dz − f ′(ζ) =

1

2π

π
∫

−π

α(reit + ζ)dt.

¬ )(�2: @J- 6 K¹)('2#(-*'F)0wD`5)(%
∣

∣

∣

∣

∣

∣

∣

1

2πi

∫

lr,ζ

f(z)

(z − ζ)2
dz − f ′(ζ)

∣

∣

∣

∣

∣

∣

∣

≤ sup
t∈[−π,π]

|α(reit + ζ)| ≤ ε

L$,$3 6 �2'HB�@D%(�F)S-0)(%(`$1$%TNV-WGDK B r [ # )(%
3Z@D%(#(-04aK 6 -*'F)
)(,$'2+*9('2N�95:�<v%(,$N�9*G.9 [ ¤
$&%('*)(%(+-, . [ ¸ . 0 � j_hDqMmOoCk.cCp.q;³ f �*k.�ahDq.~�q.�;k.�Z|T~�eS�;c&i

ζ,
~�e
i��Rg0tJeSq5�*|*eS�Wk.�S³�mOoCk.cCp.q;³

kDiFg*tJiutD�V|0k.��| �W~�eSl�~�eS�;c&i F
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56'*78,89�,�:�%<;>=(?�:�@�' 0�� �23;G.9�@D%(#(-04S-*1$1$%(E{GD'2NONOK 3r)('F%(,$'2NOK . [ � L$,$3 6 �2'HB ξ 354�#$,59;yb- {z :

|z − ζ| ≤ r
2
}
3$NO'2:�)TNO'2�F)(%T�_GD'H@.9;:���3.'±,.- 6 '21$�F) 6 -

f ′(ζ)− f ′(ξ) =
1

2πi

∫

lr,ζ

f(z)

(z − ζ)2
dz −

1

2πi

∫

lr,ζ

f(z)

(z − ξ)2
dz =

=
1

2πi

∫

lr,ζ

(−2z(ξ − ζ) + ξ2 − ζ2)f(z)

(z − ζ)2(z − ξ)2
dz =

1

2πi

∫

lr,ζ

(ξ − ζ)(−2z + ξ + ζ)f(z)

(z − ζ)2(z − ξ)2
dz.

" GD'H@D% 6 -0)('HGDI(1$%$w

|f ′(ζ)− f ′(ξ)| ≤
1

2π

|ξ − ζ|(r + r
2
)maxlr,ζ |f |

r2 r
2

4

2πr → 0

L$,$3
ξ → ζ. ¤

������£

$� �*���5 ��D£���� 
$�&§D���&¨ � ��§
	X¦
¯�9C�F)(I�#&%(NOL;GD'2#;�21.-0!n<>9;1$#$?$35!

f
%(L$,$'H@D'HGD'21.- 6 )(%(`$#C-WBs#&%(NOL.-*#5)(1$%(E�#$,$3 6 %(E l, 4S-W@J- 6 -*'2NO%(E9;,.- 6 1$'21$3$'2N z = λ(t), t ∈ [a, b]. ­ 4
%(L$,$'H@D'HGD'21$35!�3$15)('2y2,.-WGJ- �O3$NV-*1.-WP " )(3;G.)(I('2�S- 6 K¹)('2#C-*'F)Ww�`5)(%3$15)('2y2,.-WG ∫

l
f(z)dz

�2% 6 L.-W@J-*'F)
�vL$,$'H@D'HGD%(Nn3$15)('2y2,.-WGDI(1$%(E��F9;NONOK

στ (f, l) :=
n−1
∑

j=0

f(λ(ξj))(λ(tj+1)− λ(tj)), ξj ∈ [tj, tj+1]

L$,$3X�F)(,$'2NxGD'21$3$3�NO'HGD#&%(�F)(3M,.-04a+(3$'21$35!
τ = {tj}

n
j=0, a = t0 < ... < tn = b

#X1590GD: [ �x-*�2�2NO%*)(,$3$N<>9;1$#$?$3$3
u : (x, y) → Re f(x + iy), v : (x, y) → Im f(x + iy)

3
x : t → Reλ(t), y : t → Imλ(t).�R9;1$#$?$3$3

u
3
v
%(L$,$'"@D'HGD'21$K{1.-�1$%(�235)('HGD'¹#$,$3 6 %(E l, -�<>9;1$#$?$3$3 x 3 y %(L$,$'H@D'"GD'21$K{1.-�%*)(,$'F4a#&' [a, b].

� -*NO'2`.-*'2Nzw.`5)(% f(λ(ξj)) = u(x(ξj), y(ξj)) + iv(x(ξj), y(ξj))
3
λ(tj+1)− λ(tj) = (x(tj+1)− x(tj))+

i(y(tj+1)− y(tj)). � 1.-S`$35)Ww
στ (f, l) = στ (u,−v, l) + iστ (v, u, l),y_@D'

στ (u,−v, l) :=
n−1
∑

j=0

(u(x(ξj), y(ξj))(x(tj+1)− x(tj))− v(x(ξj), y(ξj))(y(tj+1)− y(tj))),

στ (v, u, l) :=
n−1
∑

j=0

(v(x(ξj), y(ξj))(x(tj+1)− x(tj)) + u(x(ξj), y(ξj))(y(tj+1)− y(tj))).

¬ )(�2: @J-
�_GD'H@.9('F)0wD`5)(%
∫

l

f(z)dz =

∫

l

u(x, y)dx− v(x, y)dy + i

∫

l

v(x, y)dx+ u(x, y)dy. 7  Q
� L$,.- 6 %(Es`.-*�F)(3�\F)(%*y2%Y,.- 6 '21$�F) 6 -M�F)(%S!5)Y#$,$3 6 %SGD3$1$'2E$1$K¹'U3$15)('2y2,.-WGDK 7 L$%M#&%(%(,C@D3$1.-0)a-*N�Q�%*)

6 '2#5)(%(,$1$K B�<>9;1$#$?$3$E
(u,−v) : l → R2, (v, u) : l → R2L$%�#$,$3 6 %(E l, 4S-W@J- 6 -*'2NO%(EXL.-*,.-*NO'F)(,$3$`$'F�a#$3$NO3M9;,.- 6 1$'21$35!$NO3 x = x(t), y = y(t), t ∈ [a, b].

��%(,;P
N�90GJ- 7  Q�� 6 %S@D35)�3$15)('2y2,$3$,.% 6 -*1$3$'
#&%(NOL;GD'2#;�21$%(EM<>9;1$#$?$3$3X#X#$,$3 6 %aGD3$1$'2E$1$%(N�9X3$15)('2yF,.3$,$% 6 -*1$3$:@D'2E$�F) 6 35)('FGDI(1$K B�<>9;1$#$?$3$E [ �x- 6 '21$�F) 6 % 7  Q�NO%S/�'H)�+(K¹)(I�3$�2L$%aGDI*4a% 6 -*1$% 6 #C-S`$'2�F) 6 'T%(L$,$'H@D'HGD'21$35!3$15)('2y2,.-WGJ- ∫

l
f(z)dz,

)S-*#s#(-*#s�F9&��'2�F) 6 % 6 -*1$3$'�3$15)('2y2,.-WGJ- 6 GD' 6 %*Es`.-*�F)(3n,.- 6 'F1$�F) 6 - 7  Q 6 GD'2`$°F)�F9&��'2�F) 6 % 6 -*1$3$'±3$15)('2y2,.-WGD% 6T6 L$,.- 6 %(E�`.-*�F)(3�3�1.-*%(+(%(,$%*) 7 9;+('H@D35)('a�2I 6 \F)(%(N�Q [
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$&%('*)(%(+-,
. [ ¸(¸�0 � j_hDq�c&eFf>g&hJiFc&jFk.�S³�mOoCk.cCp.q;³ f �*k.�ahDq.~�q.�;k.��|RcC�0·��0eSl�~�eS�;c&i�kDeWjFq.~�i_h5³

�0�Sf>cCk.oC~�eSlUjFg*t5³;f�h5³DibfveSlXc2tDq.|*eSl
l
q�|
cC�0·��0eSl�|0k.oC~�tJiFk.kDiFl�~�eS�;c&i �W~�eSlUc2tDqD|*eSl�3�~�e

∫

l

f(z)dz = 0.

56'*78,89�,�:�%<;>=(?�:�@�' 0 ¯>,$%(354 6 %a@D1.-0!M<>9;1$#$?$35!�<>9;1$#$?$3$3 f ! 6 G.!$'F)(�b!�1$'2L$,$'2,$K 6 1$%(E 6 G w�4a1.-WP`$35)Ww <>9;1$#$?$3$3
u : (x, y) → Re f(x + iy)

3
v : (x, y) → Im f(x + iy)

! 6 G.!$:�)(�b!n1$'2L$,$'2,$K 6 1$%@D3$<v<v'2,$'21$?$3$,59('aNOKzNO3 6 %(+0GJ-*�F)(3 G 3�90@D% 6 GD'F) 6 %(,C!$:�) 6 1$'2E�9(�bGD% 6 35!$N � %*®�3;P �O3$NV-*1.-
u′x = v′y, u

′
y = −v

′
x.¯>%s<v%(,$N�90GD' ² ,$3$1.- ∫

l
u(x, y)dx − v(x, y)dy =

∫

l
v(x, y)dx + u(x, y)dy = 0.

" GD'H@D% 6 -0)('HGDI(1$%$w
∫

l
f(z)dz = 0 [$� '2Nr�a-*NOKzNs)('2%(,$'2NV-�@D%(#C-04S-*1.- [ ¤
��-*�2�2NO%*)(,$3$Nn'F��°±%a@D1$%�%(+(%(+*��'21$3$'±<>%(,$N�9*GDK 7 H�H;Q [

$&%('*)(%(+-, . [ ¸W» 7 � %*®�3DQ 0 � j_hDq{c&eFf>g&hJiFc&jFk.�S³rmOoCk.cCp.q;³ f �*k.�ahDq.~�q.�;k.��|�cC�0·��0eSl{~�eS�;c&i
eS~�c2tD�O~�eW�He�f>kDea·�i2jF~�|0�

G ⊆ C
3�~�eX�Fh;³nhD�ED0eSl�jFg*t5³;f�h5³DibfveSl�c2tDqD|*eSl

l,
o0�0eW|2hJiF~�|*e_t5³.�z}
iFl

o*j_hJeW|0q.�
l ∪ int l ⊂ G,

q;fvi2iH~=fvi2jF~�e�t&�(|*iFk.jF~�|*e
∫

l

f(z)dz = 0.

­ 15)('2y2,.-WGDI(1.-0!Z)('2%(,$'2NV- � %*®�3Z'2�F)('2�F) 6 '21$1$K�Nr%(+(,.-04a%(NYL$'2,$'21$%(�235)(�"!�1.-R�bG.9;`.-*EZ#&%(1$'2`$1$%(y2%��2'"PNO'2E$�F) 6 - L 4S-*NO#$159&)(K BM#$,$3 6 K B lj, j = 1, ..., n [�� %(�235)('HGDI��2'2NO'2E$�F) 6 -�#$,$3 6 K B�%(L$,$'H@D'HG.!$'F)C�b!M#C-*#%(+���'H@D3$1$'21$3$'V1$%(�235)('HGD'2ER#$,$3 6 K Bv354�\F)(%(y2%��2'2NO'2E$�H) 6 - [ G %(y2% 6 %(,$3$NO�"!v1$'O,.-04FGD3$`.-0)(I 6 %(+(%*4a1.-S`$'21$35!;B�2'2NO'2E$�F) 6 %R#$,$3 6 K B�3
'Fy2%±1$%(�235)('HGDI [ �±k.�0iFc&j2eFf j2ibfviFlDjF~�|0�v�0�Sf>cCk.oC~���´�c2tDqD|0��´
L
eS~�kDeWjFq.~�i_hD�CkDe

~�eS�;cCq
z0 /∈ L, 6 %(+(%*4a1.-S`$'21$35!;B indz0 L, 1.-04aK 6 -*'F)(�b!{�F9;NONV-

∑n

j=1 indz0 lj. � %(`$#C- z0 /∈ L
1.-04aK P

6 -*'F)(�b!�|0kDi ��kDiFl 7 �2%(%*) 6 [ |0k.oC~�tJiFk.kDiFl�Q±)(%(`$#;%(Es�2'2NO'2E$�F) 6 -X4S-*NO#$159&)(K Bs#$,$3 6 K B L, '2�bGD3s3$1;@D'2#&��2'2NO'2E$�F) 6 - L %*)(1$%(�235)('HGDI(1$%T)(%(`$#$3 z0 ,.- 6 '21 0 7 �2%(%*) 6 [ 1$'v,.- 6 '21 0 Q [ ¯>,$3�\F)(%*Nn�2% 6 %(#59;L$1$%(�F)(I 6 �2'HB6 1$'F®�1$3;B 786 159&)(,$'21$1$3;B.Qz)(%*`$'2#��2'2NO'2E$�F) 6 - L 1.-W4aK 6 -*'F)(�"!M|0kDi ��kDeWjF~��C� 7 �2%*%*) 6 [ |0k.oC~�tJiFk.kDeWjF~��C��Q\F)(%(y2%
�2'2NO'2E$�F) 6 -
3�%(+(%*4a1.-W`.-*'F)(�b! extL 7 �2%(%*) 6 [ intL Q [
$&%('*)(%(+-, . [ ¸S½ 0 � j_hDq�c&eFf>g&hJiFc&jFk.�S³UmOoCk.cCp.q;³ f �*k.�ahDq.~�q.�;k.��k.��kDeWjFq.~�i_hJi>c&eSkDiF�;kDeW�He�j2i �fviFlDjF~�|0�U�0�Sf>cCk.oC~���´njFg*t5³;f�h5³.ibf>��´¼c2tDqD|0��´

L
qn|*e�|*j2ib´�|0k.oC~�tJiFk.k.q;´s~�eS�;cC�S´ �W~�eW�He�j2ibfviFl �jF~�|0�43�~�e��Fh5³�hD�ED0eW�He

ζ /∈ L
q;fvi2iF~ fvi2jF~�e�t&�(|*iFkDjF~�|*e

1

2π

∫

l

f(z)

z − ζ
dz = f(ζ) indζ L.

µ �bGD3T<>9;1$#$?$35! f -*1.-WGD35)(3$`$1.- 6 %a@D1$%(� 6 !54a1$%(ET%(+0GJ-*�F)(3�w;�2%a@D'2,&/R-0��'2E�L$%aGD%S/T35)('HGDI(1$%�%(,$3$'215)(3;P,$% 6 -*1$1$KzE�#&%(15)*9;, l w$)(%
�2L$,.- 6 'H@$GD3 6 -�3$15)('2y2,.-WGDI(1.-0!�<v%(,$N�90GJ- � %*®�3 �
∫

l

f(z)

z − ζ
dz =

{

0,
'2�_GD3

ζ ∈ ext l,
f(ζ),

'2�_GD3
ζ ∈ int l.

G '2E$�F) 6 35)C'HGDI(1$%$wJ'2�_GD3 ζ ∈ extl, )(%
<>9;1$#$?$35! f(z)
z−ζ

90@D% 6 GD'F) 6 %(,C!$'F)�9(�_GD% 6 35!$Nn3$15)('2y2,.-WGDI(1$%(E�)('HP
%(,$'2NOK � %*®�3n3�wV4a1.-S`$35)Ww ∫

l

f(z)
z−ζ

dz = 0. µ �_GD3n/�' ζ ∈ intl,
)(%�3$15)('2y2,.-WGdL$%�#&%(15)*9;,59

l
NO%S/T1$%

4S-*NO'21$35)(IU3$15)('2y2,.-WGD%(N L$%�L$%aGD%S/T35)('HGDI(1$%�%(,$3$'215)(3$,$% 6 -*1$1$%(EY%(#$,59&/T1$%(�F)(3Y�2#&%aGDI�9;y2%S@D1$%�NV-WGD%(y2%,.-W@D359(�a-T�v?$'215)(,$%(N 6 )(%(`$#&' ζ. " GD'H@D% 6 -0)('HGDI(1$%$wJ�2L$,.- 6 'H@$GD3 6 %(�F)(I�<v%(,$N�9*GDK 6 \F)(%(N��_G.9;`.-*' 6 K¹)('HP#(-*'F)T354±<v%(,$N�90GDK 7 Q [


