Mepa Jlebera Ha mipsiMoit
§ 1. JlnuHa »1eMeHTapHOT0 MHOXKECTBA

Omnpenenenue: OJHOTOYEYHOE MHOXECTBO, OTPE3KH, UHTEpPBaJbl, MOJIYUHTEPBAIbl U MyCTOE

MHO)KECTBO OyZIeM Ha3bIBaTh MpoMexyTkamu. O6o3Havyaercs: O, <a, b> — IPOMEXKYTOK.
Onpenenenne: JlnuHoi mpoMexyrka P = <a,b> naswiBaercsa uucno m(P)=b—-a >0,

TaK KaK B <a,b> seerna b > a . K tomy ke m(J) =0.

Orlpe;[eneHI/Ie: MHOXecTBO A c R Ha3bIBACTCA 3JIEMCHTAPHBIM, €CJIM OHO IIPEACTABJIACTCS B
BUIC O6’BCZ[I/IHCHI/IH KOHEYHOU COBOKYITHOCTHU ITONAPHO HEICPCCCKAIONIUXCA IMPOMEIKYTKOB, TO €CTh

n
A=pR.PNP =0, i=j.
k=1
Ompenenenue: [[IMHON 3J1eMEHTapHOTO MHOXECTBA HA3BIBAIOT CYMMY JUIMH, COCTaBIISIOLIUX

n
IIPOMEKYTOK, T0 ecTb M(A) = ZM(ﬂ) 20.
k=1
VrBepxkaenue: [lMHa 51€MEHTaPHOTO MHOXKECTBA OIPENENEHA KOPPEKTHO U HE3aBMCUMA OT
crocoba pazOueHys SIEMEHTAPHOIO MHOKECTBA Ha IIPOMEKYTKH.

JokasarenbctBo: [lycts A = U P = U Q, , orma m(A) = Zm(Pk) . (%)
=1

k=1 i=1

m
Ipu osrtom B, = UP,U , tne B, =P NQ,,P, - nomapHo He IepeceKaloTcs, 3HAYUT
=l
m n m m
m(B,) = ZBa . Hrak, (%)= z m(B;) = z
i=1 |

k=1 i

n

m(P,) Zz m(Q,;). Ecau Haiitn
1 i1

i=

n
0, = U P,; , 1o Bemonnures (%).
k=1
Teopema: JlnuHa >I€MEHTAPHOIO MHOXECTBA KaK (DYHKIMSI MHOXECTBA, ONpEAEieHHas Ha
COBOKYITHOCTH BCEX 3JIEMEHTAPHBIX MHOXKCTB SIBJISIETCS MEPOH.
JlokazatenbcTBo: JlocTaTouHO YOEnIUThCS B aJIMTUBHOCTH MHOXECTB (M3 KOTOPBIX COCTOUT
(YHKIMST MHOYKECTBA)

n
Iycts A = U A, , A, ... A, ->nemenTapHbie MHOXeCTBA U
k=1

n
ANA =D,i#j=>m(d)=) m(4,).
k=1
n(k)
T.x. Ak -3JICMCHTApPHbIC, TO UX MOKHO IIPEACTABUTH TaK: Ak - U f)ki , Bﬂ. -II0IMapHO HE
i=l1

TIEPECCKArOTCA.
n - n(k) n_ n(k) n
Nostomy A=) (JB, = m(A) =D > mP,)=> m(4,)
k=1 =l k=1 i=l k=1
AZU:[I/ITI/IBOCTB BJIEYET CBOMCTBO MMOTYyaIAUTUBHOCTH.
[pexne yem chopMyTUpOBATH CBOWCTBO MOITYaAUTUBHOCTH, CHOPMYITHPYEM U TOKAKEM
cJIeayromee CBOWCTBO:
COBOKyHHOCTL OJICMCHTAPHBIX MHOKECTB o6pa3yeT KOJIBIIO MHOXKECTB, TO €CTh OG’LCI{I/IHEHI/IE,
NEpeCceYCHUC, pa3HOCTb, CUMMECTPHUUICCKAas Pa3HOCTh JIBYX 3JICMCHTAPHBIX MHOKCECTB €CTh CHOBa
QJICMCHTAPHOEC MHOXKCCTBO.

n m
JokazatenscTso: IlycTs A, B-sneMenTapHble MHOKeCTBA, A = U P ,B= U 0,.
k=l i=l
JlokaxeM uto A () B -ecTh MHOXECTBO IeMEHTapHOE.



n m

1.LANB :UU(Pk (1 Q,) - 5To mpoBepsieTcs BXOXKEHUEM SJEMEHTa B JIEBYIO YacTh, a
k=1 i=1

3aTeM B IPaBYIO YacTh PABEHCTBA.

Taxum o6pasom, A [ B - ects snementaproe Muoxkectso, To ecth (P, (1Q,) nonapwo e

nepecekaroTcs. Utak, nokaszanu, yTo A u B oTHOCUTENBHO IepecedeHus 3aMKHYTO.
2. PoA.

n

n
Paccmorpum P\ A = P \U P, = (no 3axony ne Moprana) = ﬂ (P\P,) - 910 sn1emenTapHoe
k-1 k=1

MHOXeCTBO, Tak kak P\ P, - anementapHoe MHO)eCTBO. UTaK, J0Ka3au 3aMKHYTOCTb
3JIEMEHTAPHBIX MHOKECTB OTHOCUTENBHO OObEIMHEHHUS.
3.AUB = P\((P\A)((P\B)) (3axon ne Moprana),
A\B=AN(P\B),
AAB = (AU B)\(A B)
CBOMCTBO ITOJIVAJIMTUBHOCTH.

Ac U A, ., A,...., A, -3nementapubie MHOKecTBa => M(A) = ZM(Ak)

k=l k=1
k-1
Jlokasatenscrso: Pacemorpum B, = 4,, B, = A,\A4,,....B, = 4, \U 4.
i1

Beegem C, = 4 N B . TOIJIa M3 OMpeJIeNneHns cieayer, uro A = uc . -CorilacHo 10ka3aHHOMY

CBOﬁCTBy Ck - 3JIEMCHTApHOC MHOKECTBO, 3HAYHUT, B BUAY AAAUTUBHOCTU JJIMHBI:

m(A) = Zm(ck). 4, =C, U4, \C,), cnenosarensuo

k=1
n n
m(A4,)=m(C,)+m(4,\C,)=m(C,), nootomy m(A) =Y m(C,)<D m(4,).
k=1 k=1
§2. CuerHas ANIUTUBHOCTD JJIMHBI DJICMCHTAPHBIX MHOKECTB.

o0
Vreepxaenue: Ilycts A = U A, A,..., A, ->neMeHTapHbIC MHOXECTBA,
k=1

A,NA, =D,i# j,rorna m(A4) = Zm(Ak) . Y0enumcs, 4To JUTMHA MHOKECTBA 00JI1a1a€eT

k=1
o0
CcBOMCTBOM ToNyaaauTHBHOCTH: A C U A, A,,..., A, - >nemenrapusie MHOKeCTBa. CIIE0BATENIBHO
k=1

m(A) < im(Ak) .

N N (k)
JlokasarenbcTBo: A = U P.A4 = U P,, . 3avennm P, na otpesok P, npudem
n=l n=1

P c P.m(P)>=m(P)—&/2N . Mensiem P, ma I/IHTepBaHﬁn , IpHYeM

v

N
P, ;)P,m,m(ﬁ,m)ﬁm(Pkm)+6‘/2k2N(k).OT A nepeuut K KOMIaxkTy Z:U > < A.0r
n=1

N (k) B
A, nepemm x A, = U w24, . AC

n=1

Ak , IO CBOMCTBaM KOMITaKTa U3 J000ro OTKPBITOTO

s

-
n

m
TOKPBITHUA MOKHO BBIACIINTh KOHCYHOC MOAIIOKPBITHUE. CJ'ICZ[OBaTeJ'IBHO A c U Ak . (*) Ilo
k=1



m
CcBOMCTBY monyanmuTuBHocTH unbl M(A) < m(A,)).
y M n
k=1

m(A) :im(Pn)S ﬁ(m(ﬁn)+g/2N) :ﬁ:m(ﬁn)+g/2:m(Z)+6/2£n0(*)£

n=1 n=l
m m_ N(k) m_N(k)
<D m(A)+e/2= Z(Zm(f’,m))+g/2 DD (m(P,)+€/2°2N(k))+¢e/2 =
k; - v k=1 n=l . N
=> (. m(P,)+e/2"2)+¢/2 zzZm(f’kn)+28/2k2+g/2:zZm(P,m)+
k=1 n=l k=1 n=l k=1 k=1 n=l

C‘IeTHaH NOJTYagauTHBHOCTh MHOXKECTB IOKa3aHa B CHJIYy NIPOM3BOJIBHOCTU & .
I[OKa)KeM TECNEPb, UTO NJIMHA MHOKECTB o6na;[aeT CUETHOM AJIUTUBHOCTBIO.

0
Hycte A, A, - >nemenTapHbie MHOXeCTBA, A, -momapHo He nepecekarorest. A = U A, nyxHO
k=1

nokasatb, uto Mm(A) = Zm(A ). 3amennm A D UAk,m(A) > m(UA )= Zm(A ).

k=1 k=1 n=1

Verpemnsem N —> 0o, nonyuum m(A4) > Zm(Ak) . OGpaTHOE HEPABEHCTBO €CTh CIIEICTBUE
=
CUETHOM aJUIUTHBHOCTH.
§3 BHyrpeHHss 1 BHenHss Mephl JleOera.

Onpenienenue: BoiienuM Mpou3BoJIbHbIN IIPOMEXYTOK 1 3adukcupyem ero E <a,b>, B(E).
Hycts A€ B(E), wmu A C E), BHenneii mepoit Jlebera MHOMKeCTBA A Ha3bIBACTCS YUCIIO

. )

u(A) =inf Z m(P,), rae TouHast HIKHAS IPaHb GEPETCS IO BCEM TIOKPHITHAM MHOKECTBA A
e

KOHEYHBIMU MJIM CYETHBIMH COBOKYITHOCTSIMH TIPOMEKYTKA.

Tpumep: Pacemorpum B kavectBe A = Q) E . BolunciuTs BHEMIHIOW Mepy.
Hycrs E = [0,1]. Q -cuetHoe, crenoBatenbHo A -cueTHOE. 3HAYMT MOKEM 3aIUCAT B BUJE:
A= {a k} . Touke @, craBuM B COOTBETCTBHE UHTEPBAIL: P = (a] -/ 2,a] +¢/ 2),
wmHa m(p,) =&,
@, CTaBUM B COOTBETCTBHUE MHTEpBAL: P, =(a, —&/4,a, +&/4),

nmna m(p,)=¢/2,

k k
@, craBuM a cootBeTcTBUE HHTEpBaN: p, =(a, —€/2",a, +&/2"),
nmwa m(p,)=¢g/2"".

COBOKyHHOCTL HWHTCPBAJIOB p] N p2 sesey o6pa3yeT TOKPBITUC MHOXKECTBA A. HOI[C‘II/ITaeM

0
-1
JUTHHY 9TOTO MOKPBITHS. Zm( Py = 28 /2" =2& . Tak kak & BBHIGPaHO POH3BOIBHO, TO
k=1 k=1

orcrofia ciemyer BeiBog, uto L (A) = u*([O,l]n 0)=0.

Onpenenenne: Buyrpenneii Mepoii Jlebera muoxectsa A C E maswiBaercs uncno
1, (A) =m(E)—p™ (E/ 4).

PaccMoTpuM HEKOTOpPbIE CBOKCTBA !

1. Ecmu muoxectBo A C E sBnsercs snementapusiv, To 11 (A) = m(A).



0
JokasaTenbcTBo: Tak kak A-sneMenTapHoe, To A = U P, —  obbenunenne nonapHo He
k=1
HepeCEKaroINXCsl TPOMEXYTKOB. {Pk } -niokpseitie A. [1o onpeneneHnio BHENIHEH Mepbl MHOXKECTBA

A 1 (A< Zm(["k) = m(A) , Taxum o6pazom nomyunmu uto - (A) < m(A) . dnuua
=1

0

| - II06oro

MHOeCTBa A 00J1a1aeT CBOMCTBOM CUECTHOM IONYa TUTUBHOCTH. 3HAUUT IS {Ql }l

0

NOKpBITHs: MHOKecTBa A (To ecth 4 C U (), ) B CHILY CUETHOI IOJTya ] AMTUBHOCTH JUIMHBI GyeT

i=1

0
BBINONHATHCA HepaBencTBo: M(A) < z m(Q;) . D10 ycinoBue BBINONHSIETCS sl TIF0GOr0 TIOKPBITHS

i=1

muokectBa A. Crenopatensho m(A) < u” (A),m(A) = u* (A).

0
2. (CueTHas mosyaJIMTUBHOCTS BHeIIHel Mephl). Ecn 4 C U A, ,20e4,,...,A, € B(E), 1o
k=1

o0
% %
p(A) <Y (4.
k=1
JlokazarenbcTBo: Ha OCHOBaHMH ONpe/ieNeH s BEpXHEi Mepbl MHOKeCTBa A, , Haiifiercs oKpbITHE

MHOXecTBa A, {sz }i] : Zm(sz) < (A)+e/2" . CoBoxymmocTs mpomexyTKoB {Pkl}
=1
00pa3yeT mokpeITHe MHOKecTBa A. To ecTh

Ac OOBQ"/’!*(A) < iim([)/ﬂ) < i(‘u*(Ak)+g/2k) = i,u*(/lk)+8.Bcpmy

k=1 i=1 k=1 i=l

0
k,i=1

TIPOM3BOIBHOCTH BBIGOpa & , momydnm uto 1 (A) < z wi(4,).
=1

3. Ecimu mHoxkectBo A C E smnsiercs snementapubiv, 1o U (A) = m(A) .

Jloka3aTenbeTBO: A- 3emMeHTapHoe, cieoBatensio E \ A - anementapHoe, 10 MEPBOMY CBOHCTBY
mosem sammcats: U (E\A)=m(E\A). E=AU(E\ A) na ocHoBasuu aqmuTuBHOCTH
nmmst: M(E) =m(A)+m(E\ 4),
cnenosarensno mM(A) = m(E)—m(E\NA)=m(E)— u" (E\A) = u,(A).
4. (M30TOHHOCTH BHYTpPEHHEW MEpHI ).

Ecmm 4, € 4, € E,10 n,(4,) <n,(4,).

Jlokasarensctso: Ecmu 4, € A, , 10 (E\ 4,) D (E\ 4,). Bocrionb3yemcst noiyainTHBHOCTBEO
BHEITHEH Mepbl, HONy4HM

WEVA) 2 0 (BN Ay) = - (B\ A) < - (B\ A4y) = m(E)— p* (E\ 4) < m(E) -
W(ENA) = p.(4) Sp.(4,).
5. Ecru AC E,rosemomnsiercs 0 <, (A) < ' (A4) <b—a (nmna muoxectsa E).

Joxaszarensctro: 1). (E\ A) € E . B cuily M30TOHHOCTH BHEIHEH MEpBI:
W(ENA <SP (E)=m(E)=> m(E)—u (ENA)>20=pu,(4)=0.
2). E=AU(E\ A) ucnions3ys momyaQinTHBHOCTS BHEIIHEH MEpbI, IOMyHM:
W (E) < (A)+ (BN ) = m(E) — " (E\ A) < (4) = 1. (4) < 1” (4).
3). Ac E , B cuny nonyagmurussoctn: A € E = u' (A)<u (E)=m(E)=b—-a.

§4 Uzmepumeie 1o Jlebery MHOXKeCTBa.



Onpenenenue: MuoxkectBo A C E nasbiBaetcs usmepumbiM 1o JleGery, eciu
u,(A4) =pu"(A) = w(A) M3 noxazanHoro paHee CieIyer, uTo BCE MIEMEHTl MHOXKECTBA

uzMepuMbl 1o Jlebery. Ecnu MHOXecTBO M3MepuMo 1o JleGery, To uncino W(A) HasbiBaeTcs Mepoii

Jlebera MHOXxecTBa A. Takum obpasom Mepa Jlebera- 310 HyHKIMS MHOXKECTBA, ONpeeeHHas Ha
COBOKYITHOCTH BCEX U3MEPUMBIX 110 JIebery MHOKeCTB.

J17st lleMeHTapHBIX MHOXECTB Mepa Jlebera coBIamaeT ¢ JUIMHOM MHOXKECTBA. Y O€IUMCs, YTO
MHOXeCTBa, n3MepuMbie 1o XKopaano, usmepumsl u 1o Jlebery u ux mepsl JKopmaHo COBIAiaroT ¢
Mepoti JleGera.

n
Pa306beM npamyio R Toukamu Buma: k/2" | rie n — HaTypaabHOe UMCIIO- paHT pa3Ouenus,

k€ Z. Tax npsivasi pas6uBaercs Ha oTpesku. Boibepem MuoxectBo A C E, S, - BHyTpeHHsist
“crynenuatas’ gurypa; S , - BHEIIHAA “cTynenyaTas” ¢urypa. CornacHo onpeneneHUI0, HUKHS
mepa YXopaano muoxkectsa A: m, (A) = }gl:lo m(s,) =supm(s,) ,aBepxHss:
n
. . .
m (A) =limm(S,) =inf m(S)).
n—»0 n
Teopema: s mo6oro muoxkectBa A C E cripaBeuinBbI HEpaBEHCTBA:
% %
() S () S0 (A) € ().
JlokasatenbctBo: MHOKecTBO S, C A (110 IOCTPOCHNIO), H30TOHHOCTH BHYTpeHHEi Mepbl JleGera
T03BOJISICT C/ENATh BBIBOJ: TAK KaK S, - 9JIEMEHTapHOe,
w,(s,)<p,(4) = m(s,) < p,(A4)orcrona cnenyer BHIIONHEHHE 10Ka3bIBAEMOI0 HEPABEHCTBA:
m.(4) <y, (4).
% % %
A c S, ananoruuso no usoronnocty, L (A) <p”(S,) = pn (4) <m(S,). 310

BEPHO JUIs JTFOGOT0 N, OTCIO/IA clIeayeT BhimonHenne Hepapenctsa: W (A) < m” (A).

W3 3TOr0 MpeioKeHus BRITEKAET, YTO BCIKOE MHOKECTBO, H3MepuMoe 110 JKopaano, 6yaeT usmMepuMo
o JleGery.
IMpumep: MHoxecTBO, M3MepuMoe 1o Jlebery, Ho He usmepumoe 1o JXKopaaHo.

A=0\E,n (4)=0,u,(A) =0 (A) =pn,(4) = 4-msmepumo 1o Jlebery, ero mepa
Jle6era pasna 0. Tak kak int A =, 10 5, = . m(s,) =m(D)=0, m, (A) = 0, 3ambIKanue
A=E S DE,m(S,)>b—a=>m"(A)>b—a=#0. Taxum o6pasom, A - HeUIMEPUMO 110
Kopnano.



