QyHKINN KOMIIJIEKCHOI TTepeMeHHOI

Beakoe orobpazkenne f uz R? B R? (BekTopHylo GDYHKIHIO ABYX JeHCTBUTEILHBIX HepeMeH-
HBIX) MOYKHO paccMmarpuBaTh Kak oroopaxkenue u3z C B C. B arom ciyuae orobpazxkenue [ Ha-
3BIBACTCI KOMNAEKCHOT PyHKyuetd KoMNAeKcHOT nepemennoti, ero KOOpJAUHATHBIE (DYHKIUN Ha-
3BIBAIOTCH BEULLCMBEHHOT Yacmblo U MHuMot wacmoto dyaknun f u obosznadaiorca Re f u Im f
coorBeTcTBeHHO. Hanpumep, orobpaxkenue

R2 - R2‘ ($7y> - ($2 - y2,2:l7y)

MOKHO paccMaTpuBaTh Kak Kommtekcayio dynkmuio f : C — C|z — 22, BemecTsennasg u MHE-
Mag yacTd (BbYHKIUH f COBHAAAIOT ¢ (PYHKIUAME z — 22 — y? U 2 — 27y COOTBETCTBEHHO.

Hapsany ¢ dynxmuavu n3 C B C pacemarpusatorca u dynkiun n3 C B C. Hanpumep, bynkiug
z — % He onpejenena B Touke 2 = 0 kaxk yuxuus n3 C B C, no onpesesena scioay na C Kak
bynkiua w3 C B C: w(0) = oo, w(cc) = 0.

B Teopun KOMIJIEKCHBIX YUCET BAXKHYIO POJIb UTPAIOT MH0203HaYHble GyHKyuy. Tak Ha3bIBa-
forcst orobpakenust F' @ C — [(C), rue B(C) — 6ymnean C. Kommuekcrnast dbyukims f Ha3biBa-
eTcst 00H03HaAYHOT, 6eMEHLI0 MHOTO3HAYHONW KOMILIEKCHON (dyukmun F', ecnin dynkmus f onpese-
JieHa Ha objacTu onpejesnenns Dp dyakuun F' u ais 11006010 z € Dy BBINOIHAETCS BKIIOYEHUE
f(z) € F(z). Hanpumep, dbyHKIUs 2z — argz siBsercsl OJHO3HAYHON BETBBIO MHOIO3HAYHOI
dbyuknun z — Arg z.

1. Ilpenen dbyHKINN KOMNOJIEKCHOII TepEMEHHOM

Ompesenierre n CBOCTBA TpejesIa KOMILIEKCHOW (DYHKIMU MOBTOPSIIOT U3BECTHBIE OTPejieie-
HEe W CBOficTBa mpejena oTobpazkennsa u3 R? B R2. Vmerorca Jummh HeCyIeCTBeHHBIE OTIMYNS,
CBA3aHbBIE C UCTOIb30BAHNEM KOMILIEKCHBIX TEPMUHOJIOTUU U 0OO3HAYEHMIA.

[Tycte Dy — obsacThb omnpejeseHnsa KOMITeKCHOH dbyHKIuN f, D—f — eé 3aMBIKaHue, 2y € D—f,
A € C. T'oBopar, uto npeden pynkuuu f 6 mouke zg pasen A win pynkuyus f crodumea x A npu
2 — Zy, ecan 7 0001l mocIe0BaTeIbHOCTH KOMILTEKCHBIX duces z, € Dy, cxogdameiica K 2o,
HOCIeI0BATEIbHOCTE 3HavYeHnit dyukun f(z,) cxomnres Kk A. Ecim A — npenen dynknun [ B
TOUKe Zg, TO mumyT lim, ., f(2) = A wim f(2) — A, z — 2. Ha npakruke yno6Ha cuMBOJIbHAS
3aIUCh ITOTO OMPEIeTeHUSI:

f(z) — A, PR =4 (20 — 20, 2n € Dy = f(2,) — A).

Ecin 2y — wm3osnmpoBannas touka obsactu onpenesenust Dy dynkmun f, o lim, ., f(z) =
f(20). Takum o6pasoMm, MOHSATHE Tpejesia 3HAYUMO JIUIIh JIJIS TPEJIeJIbHBIX TOYeK 00JIacTH Onpe-
nenenns gpyaknun. HamoMuuM, 9T0 COBOKYNHOCTH BCEX IIPEJIEJbHBIX TOYEK MHOXKecTBa F Ha3bI-
BaeTCst €ro NPouU36o0HvLM MHOMCECEOM 1 0003HaYaeTcsa F.

[Tepeuncium OCHOBHBIE CBOMCTBA MPEIETIOB:

1) koMmIIekcHas (DYHKIMS MOYKET MMeTh TOJBKO OJMH MPEeJIes B JAHHONH TOUKE;

2) ecin KommsiekcHas yHKIus f uMeer OTIMUHBIN OT HyJs npeiea B Touke 2o € Dy, TO
cymectsyeT 0 > 0 Takoe, 4To jis 006X 2 € Dy, ynosiersopsomux ycaosuio 0 < |z — zp| < 6,
BBINIOJIHsIETCS HEpaBeHcTBo | f(z)| > 0;

3) ecan KoMmILIeKCHast DYHKIWs f MMeeT Tpees B TOUKe 2y € D—f, 1o cymectByior M > 0 un
d > 0 rakue, 9To mjst 006X 2 € Dy, yaosierBopsomux ycaosuio 0 < |z — zp| < §, BuimosaseTcst
uepasencrso |f(z)| < M;

4) xommtekcHas ByHKIHUs [ MMeeT IpeJesoM B Touke 2o € D; KoMILIeKCHoe aucio A torjia
U TOJBKO TOTJa, KOrga jjs Jjoboro € > 0 cymectByer 0 > 0 Takoe, uto s Bcex 2z € Dy,
yaoBaeTBopsifommx yeaosuio 0 < |z — 29| < J, BbimosHsiercst HepaBeHCTBO |f(2) — Al < &;
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1. IPEAEJT ®YHKIIUU KOMIIJTEKCHOW TTEPEMEHHOIN 2

5) et zp € DyNDy u f(2) — A, g(2) — B upn z — 2y, t0 f(2) +g(2) - A+ B,
f(2)g9(z) — AB, a npu nonosauTenbaom yeaosun B # 0 u f(z)/g(z) — A/B npu z — zo;

6) ectu f(z) — wo npu 2 — z9 € Dy, g(w) — A mpu w — wy € D, u z9 € f~1(D,) !, 10
cnoxkuast bynkuust g o f 1z — g(f(2)), onpenenéunas ma Muoxectse f~(D,), UMeeT npejea B
TOUYKe zo U OH paBeH A.

Cpean copMyTMPOBAHHBIX CBONHCTB CJI€yeT BBIIEIUTH KAK HOBbIE JIUIIH TEOPEMBI O Mpeese
[POU3BEJIEHNsT U YACTHOIO KOMILIEKCHBIX (yHKIWA (cBOHCTBO 5)). DT TeOpeMbl He BBITEKAIOT
u3 obmmx cBoiicTB orobpaxkenmit m3 R? B R? u cBA3aHBI ¢ JONOIHUTENLHON anreOpamdecKoit
crpykrypoit B8 C. Bmecre ¢ TeMm, mosie3HO MPOBECTH HE3ABHCHMbBIE JOKA3aTEILCTBA BCEX CBOMCTB
npeesoB, TPUAJAEPKUBAACH CACAYIONIE CXeMbl: CBOWCTBA 1) u 5) JIETKO BBITEKAIOT W3 CBOWCTB
[PEJIEJIOB TIOC/IeI0BATEIbHOCTEHl KOMILIEKCHBIX YHCeJI; CBOMiCTBA 2) W 3) BBITEKAIOT W3 CBOWCTBA
4); cBoiicTBa 4) 1 6) TOKa3bIBAIOTCSA (POPMATBHBIM MOBTOPEHHEM JTOKA3ATENCTB UX AHAJIOTOB JIs
JIeCTBUTETbHBIX (DYHKIUN OTHON JeficTBUTE/ILHO TTepeMeHHO.

TrEOPEMA 0.1. Ilpedea ¢pynxuyuu f 6 mouke zy € D—f pasen A moeda u moavko moeada,
koeda Ref(z) — ReA, Imf(z) — ImA npu z — 2.

JIOKABATEJIBCTBO. DTa TeopeMa aBjdeTcd 0U9eBH/IHBIM SKBUBAJEHTOM aHAJOIMIHOIO YTBep-
JKjeHnd 171a oTobpazkennii u3 R? B R2. O

TEOPEMA 0.2. IIpedea dynxuuu f 6 moure zy € Dy pasen A # 0 mozda u moavko moezda,
Kozda cywecmeyrom deticmeumenvhvie GYHKUUL T U © MaKue, 4mo

f(z) = r(2)e® (1)

ona mobozo z € Dy ur(z) — |A|, p(z) — arg A npu z — zo.

JIOKA3BATEJILCTBO. JloctaTouno B J0Ka3aTeIbCTBE TEOPEMBI 7 3aMEHUTH JAefiCTBUTE/IHHYTO
MepeMeHHYI0 ¢ KOMILIEKCHOI 1epeMeHHoil 2z u TouKy to € R Toukoit zp € C. 0

U3 npeacrasienns (1) BeiTekaet, 9To QYHKIUS @ SIBISIETCS] OJHO3HAYHON BETBHIO MHOTO3HAY-
Hoit dyukmun Arg f : z — Arg f(2). [Tosromy reopemy 0.2 MokHO TepedOpMyIHPOBATH TaK:
npesnen dbyuknun f B Touke zp € Dy pasen A # 0 Torga m Toabko Torja, Korda |f(z)] — |Al,
p(z) — arg A ipu z — 2, TJIe Y — HEKOTOpAasl OTHO3HATHAS BETBH MHOTO3HAYHOI yHKImn Arg f.

Onpenenenne mpeaeaa KOMILIEKCHOW byHKnnn f, AeificTByromei u3 Cs C, dbopmabHO ocTa-
€TCd TEM 2Ke. CﬂeﬂyeT JINIBb MTIOMHUTB, 9YTO MTPEaeJIbl HOC.He,ILOBaTe.HbHOCTeﬁ KOMIIJIEKCHBIX YHUCEJI B
9TOM CJIydae TOHNMAIOTCs yzKe B cMbicie onpenenenus (77). OcraHoBUMCs Ha CBOMCTBAX NPEJIEsIOB
dyHKIM, J1efCTBYIONNX U3 CsC. [pex e Bcero, croiicTBa 1) n 6) ocTalTCs CpaBeInBbIMU
u He TpedyroT nepedopMyaupoBok. CBOHCTBO 2) ciiejiyeT MOJAKOPPEKTHPOBATE:

2)" ecim xKommiexcHas dynkmua f, neiicrsyomad u3 C B C, nMeeT OTIMIHBIA OT Hy/id Ipeen
B TOUKE 2o € D—f, To cymecTByeT § > 0 Takoe, 9TO /71 JI00BIX 2 € Dy, yI0BIETBOPAIOMNX YCIOBHIO
0 < ps(z,20) < 0, BRIIOIHSIETCS HepaBeHCTBO | f(2)| > 0.

CBoiicTBO 3) TepdeT cMBICT Tak Kak jobad dynkmusa f, neiicrsyomag u3 C B C, orpanndena
(B cepuueckoii Merpuke). CBOHCTBO 4) NPUHUMAET CJIEYIONIHI BUT:

4)" kommexcras GyHKuus f uMeeT mpejesoM B Touke 2y € Dy kommekchoe uncio A € C
TOTJIa ¥ TOJILKO TOTJIA, KOrJa Jjs joboro € > 0 cymectsyer 0 > 0 Taxkoe, 4To Jjid Bcex z € Dy,
yaoByerBopsitomux yeaosuio 0 < ps(z, z9) < 0, BeimosHsiercst HepaBeHCTBO ps(f(2), A) < €.

JokazarenberBo cBoicTB 1), 2)’, 4)’ 1 6) 0CYIIECTBISIETCS O TOM 7Ke CXeMe U MPeOCTABIISeTCS
YUTATETIO B KadecTBe ynpazxKuenus. OCTAaHOBUMCH JIUIIH HA JOMYCTUMBIX U3MEHEHUuIX B (hopMyiu-
poBkax cBoiicTB 2)' u 4)', ecu dbyHKUA f KOHEUHA, TO €CTh He NPUHAMAET 3HAYEHUSA 00. B 3TOM
caygae o teopeme 7?7 mepasencrBa 0 < pg(z,a) < d u ps(f(2),A) < & mMoryr ObITH 3aMeHEHBI

'f7HD) = {z € Dy : f(2) € D}
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ux eBKJnIoBbIME anatoramu 0 < |z —a| < § (umm 2|71 < 4, eciw @ = o0) u |f(2) — Al < ¢
(mmm |f(2)|7' <&, ecim A = 00). B cutyanusix a = 0o n A = 00 BO3MOKHOCTH ONUCAHHBIX 3aMeH
BBITEKAET U3 TeopeM

f(z) w00,z —ae f(2) =0,z —a,

f(z) = Az—o00e f(z7h) = A z—0,
f(z) =00,z —o00& f(z7') P —0,2—0.

OTHU TEOPeMbI CIIPaBe/IJINBLI s JTI000i1 (pyHkInu f, neficrByroniei u3 Cs (_3, Tak Kak pg(z,00) =
ps(2740), ps(f(2),00) = ps(f(2)71,0). Ecin ke pyukuus f koneuna, To 10 Teopeme 77 cxoju-
MOCTH B 3aKJI0YEHUAX OTMEYEHHBIX TeOpeM MOI'YT IIOHUMATLCA B €BKJUJIOBOM CMBICIIE.

OcTaéTca OTMeTHTD, uTo /s Tpejenos dbynknmii, aeiictsyommx u3 C B C, TeopeMmsl o mpe-
JleJIaX CYMMBI, TIPOU3BEJIEHNs] U YaCTHOTO (CBOWCTBO 5)) CIpaBeJIMBBI B PAMKAX PA3PEIIEHHBIX B
C asreGpanuecKkux Omeparmii:

f(z) = A, g(z) = B,z — 29, (A, B) # (00,00) = f(2) +g(2) = A+ B,z — zp;
f(z) = A, g(z) = B,z — 2, (A,B) # (0,00),(00,0) = f(2)g(z) = AB, z — zy;

f(z) = A, g(z) = B,z — z, (A,B)7é(0,0),(oo,oo):>®—>é z — 2.

b)
g(z) B
CrpaBeJINBOCTH 9THX TEOPEM JIETKO BBITEKAET M3 CBOMCTB mocaegoBarenbHocreit B C.

2. HenpepsbiBHbIe DYHKINN KOMIJIEKCHOW MEepPEeMEHHOM’

[TousiTre npejiesia Je:KUT B OCHOBE OTpe/iejieHusi HenpepbiBHOM dyHKmn. Ecim odbiacts ompe-
nenennst Dy KoMILIEKCHO GyHKINM f COZEPAKUT TOUKY 2o, CymecTByeT npegen lim, .. f(z) u on
paBeH 3HaveHHIO f(z9) GyHKIUM B TOUYKe 2o, TO DYHKIUIO [ HA3BIBAIOT HeNpepueHoli 6 mowke
2p. Ecin koMmiexkcnad (byHKIUS HellpepblBHA B KazKJIo# To4ke oOiactu ompefenenusd Dy, To eé
Ha3bIBaIOT Henpepvisroti. Kommnekcnaa dynkuuga [ wenpepovisna na mroscecmee D C Dy, ecnn
cyxkenne GYHKIUU f Ha MHOKecTBO [) HempepblBHO. Ecim zy — m3oimpoBaHHass TOUYKA 00J1aCTH
omnpeaenenus GpyHknuu f, To pyHKIHA f aBTOMATUUECKHU sSIBJISETCS HENMPEPBIBHOI B 9TO# TOUKe.

N3 Teopem 0.1 m 0.2 BBITEKAIOT CAEAYIONINE YTBEPKICHUS.

TEOPEMA 0.3. Komnaexcnaa gynkuyua f nenpepuena 6 mouke 2o € Dy mozda u moavko
moeda, Ko2da 6 amoti mouke nenpepuerv, pyrryuu Re f u Im f.

TEOPEMA 0.4. ITyemov 29 € Dy u f(20) # 0. Qynxyua f nenpepvisna ¢ mouke zy moada u
moavKo mozda, Ko2da Henpepuieha 6 mouwke zy Pynkyua | f| u cyuwecmeyem nenpepuenas 6 mowke
20 00HO3HAYHAA BEMBL © MH0203HAUHOT Pynkuuy Arg f.

PaccMOTpUM OCHOBHBIE CBOHCTBA HENPEPBIBHBIX KOMILTIEKCHBIX (DYHKIIMIi:

1) ecam kommaekcHast Gynkius f HenpepsBHA B TouUkKe 2o € Dy u f(29) # 0, To cymecTByer
d > 0 Takoe, 9TO Jjist JIOOBIX 2 € Df, yAOBJIETBOPSIONINX YCIOBHIO |2 — Zp| < ¢, BBIIOTHSIETCS
HepaseHctBo |f(2)] > 0;

2) ecam xomiutekcHast byHkims f HempepoiBHA B TOUKe zg € Dy, To cymectsyor M > 0 u
d > 0 Takme, 9ro ayist JOOBIX z € Dy, yIOBJIETBOPSIOMNX YCIOBHIO |2 — 29| < §, BHIIOJIHSETCS
Hepasenctso |f(z2)] < M;

3) komITeKcHas (GyHKIUA f HempepbIBHA B TOUKe 2y € Dy TOrAa U TOABKO TOTAA, KOLJA s
moboro € > 0 cymectByer § > 0 Takoe, 4TO I BCeX z € Dj, yIOBIETBOPSIOMNX YCIOBHIO
|z — 20| < 9§, BommosHsteTcs HepaBencTso |f(2) — f(z0)| < &;

4) ectn 2o € Dy N D, u dyuxuun f u g HenpepsIBHBL B TOUKE 2o, TO hyuxuuu f+ g, fg, a npu
JOTIOJTHATEJILHOM YCea0Bun ¢(29) # 0, n dyHkuus f/g HenpepbIBHBI B TOUKE Zp;
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5) ecin KommuiekcHast byHKIus f HenpepbiBHA B TOUKe 29 € f1(D,), a KommiekcHas yHKIst
g HenpepbiBHA B TOuke f(2), T0 cioxkuast byukuus g o f : z — g(f(z)), onpenenénnas Ha
muoxkectse f1(D,), HEeNpepBIBHA B TOUKE Z;

6) HenpepbIBHAsI HA KOMIAKTEe (DYHKIHUSA SIBASETCS OIPAHUYEHHOI, TO ecTh cymecTByer M > 0
TaKoe, 4To Jist JIIOObIX 2 € Dy BoimosHsieTcs: HepasencTso |f(z2)] < M;

7) Momysh |f| HempepwIBHOI Ha KOMIAkTe (hYHKIUM JOCTUTAET CBOM TOYHBIE TPAHH, TO €CTh
IMeeT MAKCUMYM U MHHUMYM HA 9TOM KOMIAKTE;

8) menpepbiBHas Ha KoMmnakTe K C C koMiuiekcHast (byHKIUsL f SBIAETCS PABHOMEPHO Helpe-
PBIBHOM Ha HEM, TO €CTh

(Ve > 0)(36 > 0)(Vz1,20 € K @ |21 — 22| < 8) 1 |f(21) — f(22)] < ©).

Cpoiicra 1) — 5) HENOCPEICTBEHHO CJIIYIOT M3 OTMEYEHHbBIX BbIIIe CBOWCTB npejesion. CBoii-
crBa 6) u 7) orpazkator cBoiicTBa GyHKuuu | f| — meficrBurenbHO GyHKIUN ABYX JeHCTBATEIBHBIX
MEePEeMEHHBIX, ¥ MOTYT CYHTATHhCsS M3BECTHBIME. OCTAHOBUMCS JIMIIL HA JIOKA3ATETbCTBE CBOMCTBA
8). ITo teopeme 0.3 neiicrBuresnbubie dbyukuun Re f u Im f wenpepwsiBubl Ha Komnakre K. Tlo
Teopeme KanTopa OHEH paBHOMEpPHO HemnpepbiBHBI Ha K. OcTaéTcsi BOCIOIb30BATHCSA OUYEBUIHBIM
HepaBeHCTBOM | f(21) — f(22)] < |Re f(z1) — Re f(22)| 4+ | Im f(z1) — Im f(z)].

Omnpeiesierne HENMPEPBIBHOI KOMILIEKCHOM (hyHKIMN 6€3 Kakux-1n00 n3MeHeHUil pacupocTpa-
ustetcss n Ha ynkiuu, jeiicryomue n3 C B C_ Ha_HpI/IMep, byuknus f 1z — % SABJISIETCS
HenpepwiBHOW Kak ¢yukius, geiicteyomas n3 C B C. B wactroctw, limz_@% = oo = f(0),
lim, % =0 = f(o0). PaccmoTpnM cBoiicTBa HenpepsBHBIX dynkmmii, geiictyiomux n3 C 5 C.
[Tpex e Beero, coiicTBa 2), 6), 7) u 8) mepectatoT OBITH CIPABETUBBIMA, TOYHEE, UX €CTeCTBEH-
HBIE AaHAJIOTH — TPUBHATBHBI. AHAJIOTH OCTATBHBIX CBOICTB HENPEPHIBHBIX KOMILIEKCHBIX (hYHKIIUIA
COXPAHSIOT 3HAYUMOCTb:

1)’ ecmm xoMIutekcHas dyHKIMs f HempepbiBHA B TOUKe 29 € Dy u f(20) # 0, TO cymecTByeT
d > 0 Takoe, 9T0 Aist JIOOBIX 2 € D, yIOBIETBOPSIONUX YCIOBUIO pg(z, 2p) < 0, BBIIOTHSIETCS
HepaseHctBo |f(z)]| > 0;

3)" xkommiekcHasi (byHKIHs f HempepblBHA B TOUKe 2y € [y TOrga M TOJBKO TOLJA, KO
st moboro € > 0 cymecrsyer 6 > 0 Takoe, 9TO A1 BeeX 2 € D, yIOBJIETBOPSIOMNX YCIOBHIO
ps(z, z0) < 6, BermosHgeTcsa nepaseHcTBO p(f(2), f(20)) < &

4) ecnn zg € DyND, u bynknuu f u g HEIPEPBIBHBI B TOUKE Zg, TO mpu yctosud (f(20), 9(20)) #
(00,00) dbyukimua f + ¢ HempepbiBHA B TOUKe 2o, npu yeaosuu (f(z0),9(20)) # (0,00), (00, 0)
dbyukmua fg menpepniBHA B TOUKe zg, a npu yeaosuu (f(20),9(z0)) # (0,0), (00, 00) dbynkuns
f/g HempepbIBHA B TOUKE Zp;

5) ecoin KommuiekcHast byHKIus f HenpepbiBHA B TOUKe 29 € f~1(D,), a KommiekcHas yHKIst
g HenpepbiBHA B TOuke f(2(), TO cioxkuasi dbyukuus g o f : z — g(f(z)), onpenenénnas Ha
muoxkectse f~1(D,), HenpepbIBHA B TOUKE Zj.

3. IlpousBomuasa u guddepeHuan KOMILJIEKCHON (DYyHKIINN

Orobpaxkenne n3 R™ 8 R™ muddepermupyemo B TOUKe, €cium B 310l TouKe auddepeHiu-
pPYeMBI €r0 KOOpJAWHATHBIE (DYHKINU, KaK (PYHKIUU N JIeiCTBUTEIbHBIX NepeMeHHBbIX. [lonarue
muddepenmupyemoro orobpazkenus n3 R? B R? gomyckaeT ecTecTBeHHBII IIepeHOC HAa KOMILTCKC-
uble pyuknuu. Inddepennupyembie B YKa3aHHOM CMBICTE KOMILTEKCHBIE (DYHKIIUU HA3BIBAIOTCS
R-duggepernyupyemvimu.

Bwmecte ¢ stum, manuune B C crnenuaibHOM aaredOpanmdeckoil CTPYKTYPbl MO3BOJISIET OCYIIe-
CTBUTH JIPYTOi MOJIX0/1 K TOHATHIO iudbdepertmpyemoii komiiekcHoii pyukiuu. [Iycts Komiiekc-
Has yHKIUS f ompejesieHa B TOYKE zg U MYCTh zg — TMPeJIeabHast TOYKA 00JACTH ONpeeeHns
bynxun f. dpyruvu ciosammu, zg € DN D' Toraa 2o — npegenbhas Todka Muoxectsa D\ {20}
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1 Ha 9TOM MHOXKECTBE OIPEAECJIEHO Pa3HOCIMHOE OMHoUEeHUE

1)~ f(=)

Z— 20

Ecnm cymectByer mpesies 3TOT0 OTHONIEHUS] B TOYKE Zg, TO €0 HA3BIBAIOT Npou3sodnoti (pyHK-
6 ! df(z0)

uun f B TOUKe zg M obosHawaior f'(z) mmm “%. Camy dyHKIMIO f B 9TOM CIydae Ha3bIBAIOT

dugpepenyupyemoti B Touxe zg. Ecmu Dy C Dy n xommiexcnag dynkimus f muddepenmupyema
B KayKJ0il Touke objacTu onpeiesennd Dy, To eé HasbiBaloT duddeperyupyemoti. Kommniekcnasa
dynkuua f dupdeperyupyema rna mnooicecmee D C Dy, eciu cyxkenne dyHKIuH [ Ha MHO-
xectBo D muddepentupyemo. Ecin dyukmus auddepennupyeMa B KaxK10ii TOUKe HEKOTOPOit
OKPECTHOCTU TOYKH 2y, TO €€ HA3BIBAIOT GHAAUMUYECKOT B TOUKe 2o. Kcam GyHKIUs SBIISIETCS
AHAJIUTUYECKON B JII0O0I TOYKE KOMILJIEKCHO MJIOCKOCTH, TO €€ HA3bIBAIOT UeA0l.

Huddepenunpyemocts bynkmun f B ToUKe 2y o3Hadaer, uto Ha MHOKecTBe D\ {20} nmeer
MECTO TIPE/ICTABJIEHNE

f(2) = f(20) + f(20)(2 — 20) + £(2 — 20), (2)

rae e(z — z9) = o(z — zp) npu z — 2. [Ipoussenenne f'(2y)(z — 2¢) HA3BIBACTCSA Juheperyuanom
dyukuun f B TOUKe 2y U 0bo3HATAeTCs df (2p).

OcHoBHBIe cBoOiicTBa muddepeHupyeMbIX AeiCTBUTETbHBIX (DYHKINNA TePeHOCITCS HAa KOM-
IJIEKCHBIE (DYHKITHN:

1) ecan dyukius auddepennupyemMa B TOYKe, TO OHA HENPEPHIBHA B ITON TOUKE;

2) ecom dyukuun fi, fo auddepennupyembl B ToUKe 2o, T0 byHKunu fi + fo, fifa, a npu
JIOTIOJTHATETLHOM YCJIOBUH fo(zo) # 0, n byHKINSA % ABIAI0TCA MU DepeHIupyeMbIMEI B TOUKE 2
U TIPU 9TOM

(fi + f2)(20) = fi(20) + f5(20), (fif2)'(20) = fi(20)f2(20) + f1(20) f2(20),

iy = J1(z0)fa(20) = fi(20) f(20).
(fz) =)= f3 (=) |

3) ecsin byukuus [ auddepennupyema B Touke wy, a byHkuus w anddepeHnnpyemMa B TOUKe
Zp M TIPH 3TOM w(Zg) = Wp, TO B HEKOTOPOii OKPECTHOCTH TOYKH Zo ONPeJiesieHa CI0KHast hyHKIIUsT
f ow, xotopas auddepennupyema B TOUKe 2y U

(fow)(20) = f'(wo)w'(20);

4) npousBonHast GYHKIUs aHAJIUTHYIECKON B TOYKe 2y (DYHKIMH, B CBOIO OY€PEe/b, SBJISETCS
aHAJUTUIeCKO (PyHKIMEH B 9TOi TOUKe;

5) ecin byHKIUs [ ABISETCS AHAJIUTHYECKON B ToUKe 2o U f'(29) # 0, T0 B HEKOTOPOii OKpecT-
HOCTH TOUKH Wy := f(20) onpegenena obpaTnasa byHKmusa [~ ! KOTOpas ABIgETCA aHATATHIECKOLT
B rouxe wy u (1) (wo) = (f'(20)) "

CroiicrBa 1) — 3) MOXKHO JJOKa3aTh [yTeM MPOCTOi aJaNTalN TOKA3aTeIbCTB UX JIeiCTBATE -
HbIX aHasoroB. CeoiictBo 4) Gyaer nokazano nosaree. JJokazaTeancTBO CBOiCTBA 5) OmMpaercs Ha
cpoiicTBa quddepentupyeMpix orobpaskennit n3 R? B R?. PaccMoTpnM 3TO 10Ka3aTeIbhCTBO.

[Iycrb u : (z,y) — Re f(z +1iy), v: (z,y) — Im f(x +iy). PyHKIUO [ MOXKHO OTOKJIECTBATH
¢ orobpaxkennem R? — R?|(z,y) — (u(z,y),v(z,y)), onpesenennbiM u HenpepbiBHO muddepen-
[UPYEMBIM B HEKOTOPOil OKPECTHOCTH TOUKH (Zg, Yo ). FIKOOHMAH 3TOTO 0TOOpaAYKEHSsT

u
(%

U
(%

/
Y
/
Y

/
T

= (up)* + (v,,)" = |’

!/
x
OTJINYEH OT HYJIsS B OKPECTHOCTH TOUKH (g, Yo). SHAYUT, PACCMATPUBAEMOE OTOOPAKEHNUE SIBJISETCSI
B3aMMHO OJIHO3HAYHBIM OTOOpazkeHneM HeKoTopoil okpectHoctn U touku (g, Yo) HA HEKOTOPYIO
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okpectHOCTh V' moukn (ug, vo) = (u(zo,Yo), v(To,Yo)). ObpaTHOE O0TOOparKEHNE SIBJISIETCSI HETpe-
pBIBHO auddepeHnupyeMbIM B OKPECTHOCTH V' U NPEACTAB/ISeT TaM HellpephIBHYI0 KOMILICKCHYIO
dbynknuo 1 o6parnyio x f. [ycrs 2,2’ € U nw = f(2),w' := f(z') € V. Torga

Il 12w (1) <Z>)_l .

w —w 2 —z

Otcioa BeITeKaeT, 4To obparnad dpynkuusa f ' auddepennupyema B oKpecTHOCTH V TOUKH Wy
u npu srom (f~1) (w) = (f'(2))~! maa mobeix w € V.

4. Ycaosug Kommm-Pumana

Jlnst ynpoienusi 3anuceil BOCIob3yeMcst TepMuHojiorueii npupaiienuii. [lepexos kK 3toii Tep-
MHHOJIOTHH TOJIE3HO OCYIIECTBUTH C HECKOJBKO OOIBITUM (hOPMAJIU3MOM, Y9€M 3TO OOBIYHO TPH-
uaro. Ilycts, xax u npexie, zo € Dy N Dy @ynxmmio z — f(2) — f(20) MoxkHO paccmaTpnsath
kak kommosuiuio Af o Az byukuun Af @ h — f(zg + h) — f(20), Ha3BIBAEMOI npupauseHU-
em Ppynkyuu f 6 mouke zy, u pyuruun Az : z — 2z — Zzj, HA3BIBAEMOI npupaueHuem apay-
menma 6 mouke zo. Pynknma Af onpeznenena na muoxkectse Dy — 2p. Hawamo xommiexkcroit
ILTOCKOCTH TPUHAJIEKUT 9TOMY MHOYKECTBY U SIBJI€TCS €ro IpeaenbHoil Toukoii. Pynrmusa Az
ompesieleHa HAa MHOKecTBe Dy M 0TOOparkaeT €ro B3aNMHO OJHO3HAYHO Ha MHOXKeCTBO Dy — z.
O6parnyio dyukmuio h — h + zy oboznaunm A~'z. IlepeMennas h, mpuHEMAaIONasd 3HAUCHUS
B MHOXKecTBe D — zg (— TOXKIECTBeHHOEe OTOOpazkeHHme MHOXKecTBa Dy — zp HA MHOMKECTBO
D¢ — z), nomyckaer mpejacrasiaenne h = Az o A71'2.2 Ucnonp3ys BBe@HHBIE 0603HAUECHHS, TIPEI-
craByienne (2) MOXKHO mepenucatb B skBuBadeHTHOM Buae Af o Az = f'(z9)Az + e(Az) wim
AfoAzo A7z = f(20)Az 0 A7 2 + e(Az o A™12). Takum o6pasom, muddepeHIUpPyeMocTh
dbyuxuun f B TOUKe z) 03HAUaer, uTo Ha MHOKecTBe (Df — 20) \ {0} mMeer mecTo mpeacraBienne

Af(h) = f'(z0)h + e(h),
rae e(h) = o(h) mpu h — 0.

TEOPEMA 0.5. Jlaa mozo wmobwos kKomnaexcnas dynwkuua [ owvaa dupdepenyupyemoti 6
mouke zg := xo+ 1Yo € Dy N D}, Heobxrodumo u docmamouno, ¥mobvl GyYHKUUL

u: (x,y) — Re f(z +iy), v: (z,y) — Im f(z + iy)

bviau duddeperyupyemv. 6 mouke (o, Yo) Kak PynKUUY 06YT 0ecmMEUMEALHUT NEPEMEHHDT T, Y
U 6uLNOAHAAUCH Ycaosus Kowu—Pumana:

uy, (0, Yo) = U;(xoayo), U;(ﬂﬂo»yo) = —, (20, Yo)-

IIpoussodnas pynkyuu f 6 mouke zg MoAHceEmM 6biMb BVIMUCAEHA NO HOPMYAE

: 1 :
' (20) = (w0, yo) + v}, (0, Yo) = ;(U;(%, Yo) + ZU;(an Y0))-

JIOKABATEJIBCTBO. uddepennupyemocts GYHKIUN [ B TOUKE 2y BJIeYeT MpeICTaBICHUE
Af(h) = f'(z0)h + €(h), tne e(h) = o(h) mpu h — 0. Beemem obosnauenus: a := Re f'(20),
b:=1Im f'(20), e1(h) := Ree(h), ea(h) :=Ime(h), hy := Reh, hy :=Imh. Torga

Af(h) = (a+ib)(hy + ihy) + e1(h) + icy(h) =
= ah1 — bhg + 81(h> + Z(bhl + CLhQ + 82(}1))

’Mycrs f: A — B — dynxums, h — nepeverHas B A Win, JPYTUME CJIOBAMH, TOXKIECTBEHHOE OTOODAZKEHHE
A — A, f(h) := foh. Ione3no 31arh, yro obo3navenus Jauuoi Gyukuuu f: A — B cumsonavu f u f(h) Bronse
coryacoBaHbl ¢ o6o3HauenneM f(a) 3Hauenusi byHKIuM B ToUKe a € A. JeiicTBurenbho, h(a) = a U, ClIeIOBATEIBHO,

fla) = f(h(a)) = (f o h)(a) = f(h)(a).
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C apyroit croponsl, Af(h) = Au(hy, he) + iAv(hy, hy), 3na9uT,
Au(hl, hg) = ah1 — bhg + 81(h), Av(hl, ]’LQ) = bhl + CLhQ + 82(h),

rie e1(h) = o(h), eo(h) = o(h) npu h — 0. D10 o3navaer, uro GbyHkuuu u 1 v JuddEpeHIIpyeMbl

B TOYKE (Z'(), 3/0) na= U;($07?JO) = U;('r(hy())a b= U;/p(x(]?y()) - _uly(x(]?y())’
O6parno. duddepernupyemMocts HYHKIMR © U v B TOUKe (Xg,Yo) BIAEIET MPEICTABICHUS:

Au(hy, ha) = uy (0, y0)h1 + (20, yo)ha +€1(R),

Av(hy, hy) = vy, (20, yo)h1 + vy, (20, Yo)ha + 2(h),
rae €1(h) = o(h), e2(h) = o(h) nupu h — 0. YuursiBag, 410

w, (o, Yo) = U;(xo,yo)7 Uly(l'o,’yo) = —, (%0, Y0),

MOJTy9aeM TpeJiCTaBIeHne

AF(h) = Au(ha, ha) + iAv(hy, hy) =
= (Ufr(%, Yo) — 1t (o, yo)) h+e(h).

Baecy e€(h) := e1(h) + iea(h) = o(h) npu h — 0. Dro nupeacrabjeHre O3HAYAET, YTO
dbyuxkuua f auddepenunpyema a touke zo. Ipm srom f'(z9) = ul(xo,yo)+ 0, (x0,y0) =
+(uy, (0, o) + 1, (20, Yo))- O

TEOPEMA 0.6. Ecau f(xg+iyo) # 0, mo dugppepenyupyemocms Komniexcrol Gynkyuu
[ 6 mouxe z 1= o +iyo € Dy N D} osnanaem, wmo cywecmeyrom dugpdepenyupyemvie 6 moure
(20, Y0) deticmeumenvroie GyHKyuYy r U © MaKue, ¥Mo

fla+iy) = r(z,y)e v,
ons mobwx x + 1y € Dy u npu smom

(20, o) = T(Sﬁo,yo)%(xo,yo)a T;(fco,yo) = —7 (0, Y0) ¥} (70, Yo)-
IIpoussodnas pynkyuu f 6 mouke zg MoAHceEmM GbiMb BVIMUCAEHA NO HOPMYAE
/ o f(ZO) / . / . f(ZO) / . /
f (ZO) - T(l'(], yO) (Tz('rou yO) + ZT($07 yo)gpx(xoa y)) - ir(mo, yO) (Ty<x07 3/0) + ZT(‘TOJ yO)gpy(I‘(]a yO))
JIOKABATEJILCTBO. unddepennupyemocts pyHKINN f B TOUKE 2( BICIET €€ HEIPEPHIBHOCTD
B 910t TouKe. [To Teopeme 0.4 cyuiecTBYIOT HEPEPBIBHBIE B TOUKE (g, Yo) AeiicTBATEIbHBIE (DYHK-
num 7 U @ Takwe, uto f(v + iy) = r(v,y)e® ™Y ana mobwix x + iy € Dy. [lpu sTom dbyHK-

ouda r : (1779) - \/UQ(%?J) +U2('r7y)u o4yeBUIHO, AuddepeHnupyeMa B TOUKe (170,90)- Tak kax
u(z0,Y0) - v(%0,Y0)
7(x0,Y0) r(z0,%0)

r(zo, yo) # 0 1 OIHO U3 UHCeN 00s13aTeIbHO TPUHATIEKUT nHTepBaty (—1,1), To
U3 NpeacTaBJIeHAN

u(z, y) v(z,y)

r(z,y) r(z,y)

BBITEKAET, uTO (DyHKIUA ¢ Toxke nuddepennupyeMa B ToUke (X, yo). [lo Teopeme 0.5 f'(z) =

ul (0, yo) + 1, (20, 90) = 1 (1} (0, y0) + 2], (x0,%0)), a 10 Teopente 77

o(x,y) = arccos , ¢(x,y) = arcsin

U (%0, Yo) + iV (20, Yo) = (17 (2o, yo) + i (o, y0)¢;($07yo)>ewm’yo);
U’; (330, Z/O) + iU;(I’O’ yo) = (T;(l'o, yo) + ir('r07 y())gp;(gjO’ yo))ei@(ﬂco,yo)_

CrepoBatensno, ul (o, yo) = (w0, yo)e? %) v (o, y0) = (0, Yo) @l (w0, Yo) 0¥ ul (tg) =
7 (o, yo)eP o) ! (o, y0) = (20, Yo), (X0, Yo)e P ¥) . Orciona BriTexaer, uro 1l (o,Yo) =
T(ifoayo)%(xo,yo)a 7"3/,($0,y0) = —7(20, Y0) ¥} (%0, Yo)-
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Oo6partno. Eciu pyaknum r u ¢ nuddepeHmpyeMsbr B TOUKe to, TO PYHKIUN U = 7" COS QY U U =
7rsin ¢, oueBnaHO, auddepeHnupyemMbl B Touke (Zg,Yp), a 310 03Hadaer R-auddepenunpyemocts
dbyukuuu f B Touke (xg, o). IIpn 310M

U, (0, Yo) = 73(%0, Yo) €08 0 (0, Yo) — (0, Yo) ¥ (o, Yo) sin p(x0, yo) =
= r(wo, yo)[@;(xm Yo) cos p(o, Yo) — ¥4 (w0, Yo) sin (o, yo)| = U;(il?o, Yo),

uy (20, y0) = 7, (0, Yo) cos (0, Yo) — (20, Yo) ¥, (0, Yo) sin (2o, Yo) =
= —r (w0, Yo) [} (%0, Yo) cos (o, yo) + 80;(%, Yo) sin (o, yo)] = = (20, Yo)-
O

Nuorna nezaBucuMasi KOMILIEKCHAS TepeMeHHas MPEJICTABIsIeTCS B TPUTOHOMETPUYECKON UJIn
moKa3aTesbHOM popmax 3anncu. B 3TuX ciydasdx OKa3bIBAIOTCS TOJIE3HBIMH CIeyIolne HeoOXO0-
JIUMbIE ¥ JIOCTATOYHbBIE YCJIOBHSA UM dEepeHIIunpyeMOCTH.

TEOPEMA 0.7. ITyemw 2y = roe’?° € Dy N D} u 29 # 0. Jlaa mozo umobv, KomnaekcHas
pyrrxyua f oviaa dupdepenyupyemoti 6 mouke 2y, HeobTOIUMO U docmamouno, 4mobvl, GYHKUUL

u: (r,p) — Re f(re"), v:(r,¢) — Im f(re’)

ooy dugddepenyupyemo. 6 mouxe (1o, po) Kaxk Pynkyuy 08YT 0etcmMEUMENLHOLT NEPEMEHHDLT T, P
U BONONHAAUCD YCAOBUA:

1
u,(ro, po) = T—Ufp(roy%o)a u, (o, po) = =700, (10, P0)-
0

IIpoussodnasn pynkyuu f 6 mouke zy Moxcem bvimv 8vlvuCAEHa NO HopMYyse

T : 1 :
f(20) = Z_O(U;(TO7SOO> + W/T(To, ®o)) = E(U;(To,%) + ZU;(TO7QOO))-
0 0

TEOPEMA 0.8. ITycmn zy := poe'® € D¢NDs uzg # 0. Ecau f(20) # 0, mo dugihepenyupy-
emocmo Komnaekcnolh pynkyuy f 6 mouke zg o3nauaem, wmo cyuecmeyrom duddepernyupyemoie
6 mouxe (pg,0y) deticmeumenvroie Gynkyuu r U @ maKue, ¥mMo

F(pe®) = r(p, 0)e”?),

dna mobux pe? € Dy u npu smom

r(po, 0
(0, Y0) = @#())%(Poueo)a r4(p0s 00) = —por (o, 00) ), (po, bo)-
IIpoussodnas pynkuuu f 6 mouke zg moscem 6viMb BVINUCAEHA NO POPMYAE
f(z : f(z ,
f(z0) = (200) (77, (po, 0o) + ir(po, 00) ), (po, 0o)) = ip(ozoj (r9(po, 0o) + ir(po, 00)p(po, bo))-

Sk TE€OPEMBI IIpeaaaracTcd YuTaTeJai0 JOKa3aThb CaMOCTOATE/IbHO.

5. 'eomerpudeckuii CMbICJI IIPOU3BOAHOI KOMILJIEKCHON (DyHKIINN

[Iycts dynknuga f ompesaeneHa u HelpepbiBHA B HEKOTOPOI OKPECTHOCTH TOYKH Zg, Judde-
penmupyema B 310ii Touke u f’'(29) # 0. Obsacts onpeenenus g u obaactb 3Havenuit G GyHKIUN
f UHTEPIPETUPYEM KaK MHO2KECTBa TOYE€K Ha KOMIIJIEKCHBIX IIJIOCKOCTAX 2 U W COOTBETCTBEHHO.
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5.1. Teomerpuyeckuii CMBICJI apPTyMeHTAa TPOU3BOAHOI. Bribepem B g mpou3BOJILHYIO
KPUBYIO [, IPOXOJSIILYIO Yepe3 TOUKY 2p. byJ/ieM cuuTarh, 4TO KpHBas 3a/JaHa MmapamMeTpUuiIecKum
ypaBHenuem z = \(t), t € (a,b). Kpome Toro, nonaraem, aro A(tg) = zq, ty € (a,b) n cymecrByer
OTIMYHAsT OT HyJsi npousBogHas N (tg). DTu ycJoBUS rapaHTHPYIOT CYIIECTBOBaHWEe Y KPHUBOW [
KacaTeJIbHOU B TOYKE 2

Z =29+ )\/(t[))(t — to), t € R.
[MonoKuTeILHO OPHEHTHPOBAaHHAS KacaTeJbHas o0pasyer yrou @ = arg A (fp) ¢ HOJOKATETbHBIM
HANpaBJieHneM JjieiicTBuTe1bHON ocu. O0pa3 L kpusoii [ mpu orobparkennu f mpecraBisier co0Oi
kpusyio B C, 3amanHyio nmapamerpudeckuM ypasaenneMm w = A(t), t € (a,b) , rme A := fo )\ u
IPOXOJIAIIYIO Yepe3 TOUKy wo := f(2o). IIpu 3T0M

N(to) = f'(20)N'(to) # 0.

Hetiermurenio, A'(to) = (f o XY (ta) = (10 ) (to) + i(v 0 A (t0) = v (20)2"(10) + uf (z0)y/ (1) +
i(vy(20)2' (to) + vy, (20)y'(f0)) = (uz(20) + iv3(20))(2'(f0) + iy (t0)) = f'(20)N'(fo), rme © = Re A,
y=1ImA\ u=Ref, v=Ref. CregoBaresbHo, N0J0KUTEJIHHO OPUEHTHPOBAHHAs KaCcATeIbHASI

wW = Wy + A/(to)(t — to), te R,

K KpuBOil L B TOUuKe wy obpasyer yron ¢y = arg [f'(zo) N (to)] ¢ HOIOKUTENLHBIM HATIDABJICHHEM
JIeICTBUTEIbHOM OCH. Y UNTHIBasi, 9TO

Arg[f'(20) N (to)] = Arg f'(20) + Arg N (to),

Oy 4aeM
Yo — o € Arg fl(Zo)
Yi v
I
Wy
Zg
Yo
/ > -
Ya
0y
X / i
— T
Q X o' Uy

Taxmm obpazom, mepexos; 0T TOUKH 2y € [ K eé 0bpasdy wy € L cBga3aH ¢ MTOBOPOTOM KacaTesb-
HOii Ha yron u3 Arg f'(z9). B arom u cocrour 2eomempumeckut cmulca apeymenma npouseoonot
nucdepeHupyemMoii B To9Ke 2y KOMILIEKCHOHW (DyHKINH.

Ecnm gepes 109Ky 2y TPOXOAAT ABe KpUBBIE [1 U lo, TO TOIOKUATETHHO OPUEHTUPOBAHHBIE Kaca-
TeJIbHBIE K 9TUM KPUBBIM B TOUKE Zo (IIPU YCJIOBUH, UTO OHU CYIIECTBYIOT) 00PA3YIOT YO/, KOTOPHIil
He OTJIMYaeTCsd, HA N0 BeJIMYWHEe HU MO HANPABJIEHWIO OTCYETa, OT YIIA MeXKJIy MOJOXKHUTETHHO
OPHEHTHPOBAHHBIME KacaTedbHbIMU K obpasam Ly = f(l1), Ls = f(l3) B Touke wy := f(2p).
Orobpazkennsi, 06J1a1aI0IIAE TAKAM CBOWCTBOM, HA3BIBAIOTCH KOHPOPMHLMU B TOUKE 2.

[MousiTue KOHMOPMHOro 0TOGPaKeHusl pacpocTpansercs n ua orobpaxenns n3 C s C. Orob-
paxenne F': C — C naswiBaercss konOPMHBIM B TOUKe 2 = 00, ecin oTobpazkenne z — F(1)
spjsieTcst KondopmubiM B Touke z = 0. Orobpaxenne F : C — C naswiBaercss KOHGOPMHBIM B

Touke z € F'1(00), ecitu orobpazkenue z — ﬁ sIBJIsIeTCsl KOHOPMHBIM B 9TOI TOUKe.
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5.2. Teomerpuueckuii CMbICJ MOIYJIS TPOU3BOAHON. 3aMeTHM, YTO B CHJIY HENPEPHIB-
HOCTH hyHKIMM 2 — |2|

o) = |1 LA =S|y 1) = A=)l
z—20 zZ— 20 z—20 |Z _ ZO|

Orromrenne LZ)=1(z0)]
|z2—z0|

npu orobparkenunn nocpegactBoM ¢yukmnuu f. [Ipemen 3Toro oTHONEHNST TOKA3BIBAET OTHOCUTE b=
HOe M3MeHeHNe JITHHBI OTPE3KOB, OJMH KOHeI[ KOTOPBIX COBIAJIAET C 2, & APYTOil JIeKUT BOIU3H
TOUYKH Zzo. [Ipu 9TOM m3MeHeHWe JIMHBI He 3aBHCHT OT HAIpPAaBJIE€HHs BBIOpAHHOTO oTpe3ka. [lo-
sTomy uucio |f'(2p)| mokaseiBaeT OTHOCHTEIBHOE PA3PsIZKEeHNe WK YIJIOTHEHUE IOCKOCTH BOJIN3H
TOYKH 2o IPU OTOOParKEeHUH ee TMOCpeICTBOM (DYHKIUHA f.

MOKA3bIBAET KAK MEHSETCS JIJTMHA BEKTOPa, N300parKaloero 4ucjio z — 2y,

6. CpenHee 3HAYEHNE HA OKPY>KHOCTH

[Iycts kommTekcHas GyHKuusg f ompeenreHa W HeIpPepbIBHA B KaxKJIOH TOUKe KpUBOM lg,
3aJaBaeMoii mapaMeTpudeckuM ypasHenuem z = A(t), t € [—m, 7|, tae A\(t) = Re' + (, R > 0.
[Tycrs t; = 2;” 7, 7 =0, ...,n. KommiekcHoe 4uco

Sr(f.€) : JLHSOan

OPHHATO HA3BIBATH cpeduu./vz anauenuem gynkyuu f na oxpyscnocmu {z 1|z — (| = R}. Bameua-

eM, 9TO 9HCI0 2T =0 " F(A\(t))) sBASIETCS METErPATBHOl CYMMOIl [/l HHTErpasa J7F (M) dt.
CireoBarTesibHO, CpejHee 3HAYEHNE HEHNPEPBIBHON Ha OKpyxkHOCTH {z : |2 — (| = R} dbynkunn
BCErJa CyHIeCTBYET M MOYKET OBITh BBIYUCIEHO MO (hopMmyJie
i/f(Re“Jrﬁ) dt
2m
C npyroii ¢cTOpOHBI,
n—1 n—1
Z ( ( ))( ( +1 f ()‘(tj-H)_C_l)_
J AN . =
= A) = ¢ e At;) = ¢
n—1 its n—1
etti+l 12
= 3 A0 ( —1) — (@ )Y FO0).
=0 =0

VunreBast, aro n(e’n — 1) = n(2sin® £ + isin 2*) — 27 npu n — 00, NOTyIaeM

1 f(z)
Sr(f.¢) = 5 e
lR,¢

Eciu komiuiekcHas yHKIM [ ONpejiesieHa U HelpepbiBHA B KayK 101 Touke Kpyra {z : [z—(| <

R}, 10

5.0 =10 = 5= [ £+t — o= [ r©ar =

— 5 [ et =0 - r a0,

—T
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npu r — 0. CjemoBarebHO,

£(¢) = 1im S,(£,¢) = iy 2,

20 2 Le 2?6

(3)

7. Unrerpansuaa dopmyna Komm

3aMevaTeJbHBIM SBJIIETCS TO, YTO MPH YCJIOBUU AHAIUTHYHOCTH (DYHKIHUU f 3aMeHa KPHUBO
l, ¢ npyroit KpuBoii, oxBaThIBalOMIEeil TOUKY (, He BJI€YET M3MEeHeHWe WHTerpasia U3 IMpaBoil 4acTu
pasenctBa (3). Tounee, cupaBeinBa cJeayolnas TeopemMa.

TEOPEMA 0.9. Feau ¢ € {z: |z =& <r} C{z: |z = (| < R} u Pynrxyus f anasumuuna
6 Kastcdoti moure muootcecmea {z : |z — (| < R}P\{z: |z = &| < r}, mo

/ (_Z)Cdz = / (_Z)Cdz = 0. (4)

IR,¢

JTOKABATEJILCTBO. [Ipexje Bcero paccmorpuMm ciaydait & = (. B 3Ttom ciydyae pasnoctsb B
JIeBOil 9acTu paBeHCTBa (4) COBIALAET ¢ MHTErPAIOM

_ f(z)
1= . _Cdz,

(DA,N)
rae A — KOJbIEBO# CeKTOp
{z:r<|z—(| < R,a<arg(z — () < 5},

a = —m, =, 0A — rpanuna cekropa A. ['panuny cektopa A paccMaTpuBaeM KaK HOCHTEJb
3aMKHYTOIl KPHBO#, 33JaHHON ¢ TOMOIIBIO ypaBHeHusa z = A(t), t € [a,b]. PyHKIHIO A MOXKHO
OTNpEJIeJINTh, HATIPUMED, CIEIYIONM 00pa3oM

(t+r)e ™+ ¢ npu t € [0,h],
M) = Reilt+a=h) 4 ¢ | npu t € [h,h+ ¢, (5)
' (R+h+@o—1t)eP+¢ mpn teh+p 2h+ ¢l
rellB+2hte—t) 4 ¢ npu t € [2h + , 2h + 2],

rje h := R —r — ToammuHa cexTopa, ¢ := [ — a = 27 — YIJIOBOIi pa3Mep CeKTopa.

JleificTBUTEIbHO, B 9TOM CJIydae 001aCTh H3MEHeHUs Tapamerpa [a, b| coBnagaer ¢ orpeskoM [0, 2h+
2¢]. B onpexnenennn (5) orpesok [0,2h + 2¢] pasdur Ha UeThipe OTpe3Ka. DTOMY pasOHEHHUIO
COOTBeTCTBYeT pa3bnenne KpuBoil (A, \) Ha YeThIpe YacTHIHbIe KPUBbIE, KOTOPBIE Mbl 0003HAYNM
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ly,15, 13,14 coorBeTcTBeHHO. Buaum, 4To KpuBas [3 MozKeT ObITh NMOJIy4YeHa U3 KPUBOI [ EPexoaoM
K TOYXK/IECTBEHHOI KPHMBOIl C TOMOIIbIO 3aMeHbl napaverpa t — ¢t + h + ¢ u nociaeayiomeit eé
nepeopueHTanneii. JHAYUT,

1), [,
Z_Cdz— z—Cd

ll 13

Kpusas [y ToxzectBenna KpuBoii [ (3amena mapamerpa t — ¢ + h — «), a KpuBas [4 MOKeT
OBITHL TIOJIydeHa W3 KpHUBOH [, . 3amenoii mapamerpa t — ¢+ 2h 4+ ¢ + 3 n mocrenyromeii eé
nepeopuenTanueii. Cie10BaTebHO,

_ f() FAC T B (O ()
I = Cd+ Z_CdZ— e 7 dz /lnéz_cd

lQ l4
Pazo0bém cexrop A okpyzHOCTBIO |2 — (| = “£f (z—() = M HA YIeTBIPe CeKTOPA

Aps:={z:r, <|z—=(| < Ri,as <arg(z —() < Bs}, k,s=0,1,

e r, = r + k:%, Ry = ”+R + k:’;, Qs = a+ 5%, B = QTJ“B + s2. I'pannmy 0Aj ; cexTopa Ay
paccMaTpHuBaeM Kak HOCI/ITGJIB KpHBOit 2 = Ay, 5(t), t € [0, h+¢]. PyHKIMIO \; s MOKHO OIPEIETATD
¢ momompio coorHomenus (5), B KoTopoMm 7, R, o, 3 3amenensl Ha 1, Ry, o, §s COOTBETCTBEHHO.
3amedaeM, UTO

1 1
I=>"Y L.

k=0 s=0
rae
Iks = / f(Z) dz.
) Z _ C
(0AK, s, k,s)

Tor u3 cekTopoB Ay, st KOTOPOrO BBIMOJIHSIETCS HEPABEHCTBO |[j | > % o6oznaanv AW
JIuneiinple W yTJIOBBIE pa3MePbl 9TOTO CEKTOPA ONPEIEIAI0TCS TUCJIAMK, KOTOPhIE Mbl 0003HAYNM
CI/IMBOJIaMI/I rM, RM oM 30 coorsercrBenno, a mapamerpusanmio rpanumsi OAML o6o3naunm

). Jlajtee TPOIOIZKUM MIPOIEAYPY IPOOIEHNs CeKTOPOB I pa3obbéM cexktop A oxpykHOCTBIO

|z —(| = M u aydom arg(z — () = M Ha YeThIpe CeKTOpa
A = {z ) < 2= ¢ < RY, 0 < arg(z — ¢) < VY, ks =01,
e 7,(1) =y ly R(l) — M_Hgﬁ, alV = o +s5&, JC - 7@4(1)“3(1) + 553 FpaHI/Iuy 3Ak5

CEKTOpa Ak paccMaTpuBaeM Kak HOCHTEb KPUBOi 2 = )\,E: ;( t),t €0, 2+£]. Oynknuo )\ , MOZK-~

1
HO ONPEJIEINTh € OMOIIBI0 cooTHomenus (5), B KoTropoMm r, R, v, (f 3aMeHeHbI Ha 'r,g ), ,(c ), ﬁs
COOTBETCTBEHHO. 3aMedaeM, 9To

I,

~
=
Il
-
E

rjae

W .= / Mclz, ]lgls) = / Malz.

z2—(
1 1 1 1
(BAM A1) @A) A0

Tor u3 cekTopon Ak s» AUIs1 KOTOPOr'O BBIIOJIHSAETCS] HEDABEHCTBO \I ] > | ‘ o6oznaunm AP u 1.1, B
pe3y/abrare OMUCAHHON TPOIE/yPhl MBI TIOCTPOUM TOCIeI0BATETLHOCT BJIO)KeHHbIX JIPYT B apyra
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cextopoB A" Takux, uro

f(z 1
() gof 5 1
z—C 4n
AA (M) \(n))
B cuny momnorsr C HaiiaéTcs ToOUKa 2y, KOTOpas IPUHAIIEIKAT 3aMbIKAHUIO KAXKJI0TO U3 CEKTOPOB

AM . Oyuxnna f nuddepeHIupyema B TOUKe 2. SHAUUT, I JIOOOTO z U3 OKPECTHOCTH KPYTa
{2z : |z = ¢| £ R} umeer mecTo Tpe/cTaBIeHNE

f(z) = f(20) + f'(20)(2 — 20) + a(2)(z — 2),

IJe  — HeImpepbiBHAsg B OKPECTHOCTH Kpyra {z : |z — (| < R} dyuknua u a(z)) = 0. Orcrona
clemyer, 9To

1|

4n

IN

/ f(2) &l — / a(z)(z — ZO)dz < 5"2R£ﬁ’
z2—( z2—( R 2n 20
DA A(n)) BAm) A(n))

rje €, = maxgam o — 0. leiicTBuTeibHO, HHTETPA f(a A A(m) dz paBeH HYJIIO TIOCKOJIBKY JTI00as

UHTErpajbHas CymMMa ,ZLJIH 9TOro MHTerpajia paBHa HyJ0. aTerpad famn) A n>) —ZC TOYKE paBeH
HYJTIO, TAK KaK IUCI0 f( DA AM) Zd 7 COBIIAJIAET C MH/IEKCOM KPHBOI (0A (n) , A orHOCHTETBHO

27rz
tTouku ¢, Koropsiit B cuny (?77) pasen nyso. 3uaunt, [ = 0.

&)

_._____--ui""--.

JlokazaresbcTBO B ciaydae & # ( CBOJWTCS K PACCMOTPEHHOMY IyTEM 3aMeHbl (DYHKIHH A, )\,(;2

KOMITO3HUITHSME 14O \, U O )\I(C”s) COOTBETCTBEHHO, TJIe U — 3TO 0TOOpazkenne Koapma {2z : r < |z — (] <
R} na xompno {z : r < |z —¢|, |z — (| < R}, ocymuiecTBisgemoe MO TPaBHILY

szt 2SR ()

Orobpazkenne u mepeBoauT OKPYKHOCTh |2—(| = p, 7 < p < R, B OKPY’KHOCTH € T€M K€ PaJNyCOM

C(p—r)+€(R—p)
R—r

orobparkeHue U TEPEeBOANT B JIyd MCXoaamuii n3 toukn & = ( + %R € {z:]z—-¢ < p}.
Teopema jgoka3zana. 0]

U HEHTPOM B TOYKE ,auayd arg(z — () = 0, —m < 0 < 7, ucxoaammii U3 ToUKM (,
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U3 nokazaunoil Teopembl 1 HOpMyJIbl (3) BbITEKAeT 3HAMEHUTAs] UHMezpasvhas popmyara Ko-
wu

10 = 5 [ £
lre

KOTODAasl CIPaBe/INBa IPU CJIEYIONUX yea0BuaxX: GYHKIUSA f aHATUTAYHA B KAXK/JIOH TOUKe KpyTra
{z 1]z — & <r} urouka ¢ npunaexur Kpyry {z: |z —§| < r}.

8. HemnpepsiBHasg nuddepeHINPYEMOCTh aHATUTAYECKON (DyHKITUT

JIEMMA 0.1. Ecau xomnaekcnas pyrnxyua [ anarumuuna 6 mouke ¢, mo

f(¢) = lim L / %dij,

lr¢

ede l, . — Kpusas, 3a0a6aeMai napamempuieckum ypasrenuem z = re't +(, t € [—m, 7.

JIOKABATEJIBCTBO. /leiicrBurenbrno, ¢pyuknusg f auddepennupyema B Touke (, 3HAYUT, B
HEKOTOPO# OKPEeCTHOCTH TOUKH ( MMeeT MeCTO IIPe/ICTaBIeHHe

f(2) = F(Q) + [(Oz = ¢) +alz)(z = 0),

rae a — HempepbiBHas B okpectHocTH ( dyHkims u «(¢) = 0. 3Haunt, 17151 BCeX JTOCTATOTHO

MaJIbIX 7" ©UMeeM 1 f( )
V4
— | L g =
omi / -2

lr¢

_ f(©) 1 f'(€) 1 1 falz),
= omi /(z—<)2dz+ i /z—CdZ+27ri/z—Cdz_

lr¢ lr¢ lr¢

e L [al)
—f(C)+2m./z_Cd-

lrg
. 1 1 _
JleiictBuTenbHO, 10 hopmyie Korru ﬁz i ZTCdz =1mu
s

1 1 R T
/(Z—C)2d2_7”/€ dt = 27"6

lrc -7

—T

Takum obpazowm,

Orcro/1a BBITEKAET, 9TO

1 f(z) / it
3t | Gt = S0 < s fatret Q)| <2
lr¢

IpU BCEX JOCTATOYHO MAJIBIX 7. DTO U JOKA3bIBaeT Tpebyemyio hopMy.Ty. U

TrEOPEMA 0.10. Ecau gynkuyus f anasumuyuna 6 movwke ¢, mo e€ npoudeoonas PyHkyus
HENPEPLIBHA 8 IMOTE MOUKe.
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JJOKABATEJIBCTBO. B cuny mokazanHoii emmbl n Teopembl 0.9 mpu Beex € u3 kpyra {z :
|z — (| < 5} umeroT MecTo ciiejyiomue PaBeHcTBa

PO = 11(€) = — / (f&dz ! / &) 4

Tomi) (=02 2mi) (z—¢&)?
lr,{ lr,{

L [(2:6-0+8-O)G), 1 [(E-02:+E+0[(2)

2w C-Oz-97  om o0 —8r
lﬁC lT,C
CremnoBaTebHO,
70~ @) < g Wy
1
npu £ — (. ]

9. UnTerpanbHasa Teopema Kormn

[Tycts xomriekcHast pyHkmus: f onpejeseHa B TOYKAX KOMIAKTHOW KPWBOWH [, 3a7aBaeMoil
ypaBHenuem z = \(t), t € [a,b]. 13 onpenenenns unterpana Puvana-Cruirbeca BBITEKAET, UTO
UHTEerpaJl fz f(2)dz coBnasaer ¢ npejes oM UHTEIPAILHON CyMMBI

7e(F) = 3 FE)Altr) = M), & € bt

DU CTPEMJIEHNH MeJTKOCTH pasbuenns 7 = {t;}7 o, a = to < ... < t,, = b x Hymo. Paccmorpnm
dbyukmmm v : (x,y) — Re f(x +iy), v: (zv,y) = Im f(z +iy) mz : t — ReA(t), y : t — Im A(¢).
DYHKIMA © U U OTPeJIeTIeHbl Ha HOCHTeIe KPUBOIA [, a (GYHKIME & U Y OTpeJIeIeHbl Ha OTpe3Ke [a, b].
Bamewaenm, uto f(A(§;)) = w(z(&;),y(&)) +w(@(§), (&) m A1) — At)) = (@(tj1) — 2(t)))+
i(y(tj+1) — y(t;)). Snaun,

o-(f,1) = o (u, —v,l) +io,(v,u,l),
rie

or(v,u,l) == > (v(x(&), y(&)(@(tir) — x(t5)) + ul(z (&), y(€) (Y (E+1) — y(E))))-
Orcroza caemyer, 9To

/lf(z)dz = /u(x,y)da: —v(z,y)dy + 1 /v(x,y)dx + u(z, y)dy. (6)

l l

B mpaBoif gactu 3TOr0 paBeHCTBAa CTOSAT KPUBOJWHEHHBbIE HHTErpasbl (M0 KOOpAWHATAM) OT

BEKTOPHBIX (DYHKIUI
(u,—v) : I — R?, (v,u):l— R?

o KpuBOil [, 3a/1aBaeMoil mapaMerpudeckuMu ypasuenusivmun © = x(t), y = y(t), t € [a,b]. Pop-
mysia (6) CBOAMT WHTErPUPOBaHME KOMILIEKCHON (DYHKIMH K KPUBOIMHEHHOMY MHTEIDUPOBAHUIO
neiicrBuresnsabix (ynxnuit. PaserncTso (6) MozkeT OBITH HCIONB30BAHO B KAYECTBE OIPEICTCHUS
unrerpaia [, f(z)dz, Tak Kak CylmecTBOBaHHe WHTerpaja B JeBOH wacTu pasencrsa (6) Bieuér
CYIIECTBOBaHNEe WHTETPAJIOB B MPaBoii YacTu u Haobopor (ybeaurech B 9TOM).
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TEOPEMA 0.11. Ecau komniexchas gynkuus [ anarumuuna 6 Kaxncooti mouke HoCumens
3amkrymoti cnpamasemoti kpueot | u 6 xasncdotli enympenneti mouke amot kpusoti, mo

/lf(z)dz = 0.

JIOKABATEJILCTBO. IlponsBomgnasa ¢dpyuknusa GbyHKIun f aBigercd HempepbiBHON B (G, 3Ha-
qut, dyukmun u : (x,y) — Ref(z +iy) w v : (z,y) — Im f(z + iy) gaBasorca HenpepbIBHO
nuddepentupyembivMu B 0b1actu G 1 yIOBJIETBOPSIOT B Hell yesioBusM Kormu-Pumana

o P
Uy =V, Uy = —V,.

ITo (bopMyJIe puna [ u(z,y)dz — v(z,y)dy = [v(z,y)dz + u(z,y)dy = 0. CremoBarensHo,
[, f(2)dz = 0. Tem cambimM TeopeMa JI0Ka3aHa. O

PaCCMOTpHM emé oxHO 06061eHne hopmy.st (77).

TEOPEMA 0.12 (Koum). Ecau komnaexcuas dynrkuus [ anasumuywna 6 kascdotld mowke
omxpwuimozo mnoocecmea G C C, mo daa 110000 cnpamasemoti kpueod 1, ydosremeoparouiet
yeaosuro L Uint 1 C G, umeem mecmo pasencmeo

/l F(z)dz = 0.

Unrerpanbaas Teopema Komm ecrecTBeHHBIM 00pa30M MEPEHOCUTCSI HA CJIydaii KOHEYHOTO Ce-
meiicTBa L 3aMKHYTHIX KpuBbIX [;, 7 = 1,...,n. Hocurenn cemeiicTBa KpUBBIX onpejie/isgerca Kak
obbemHenne HocuTeseil KpUBBIX U3 9TOro cemeiicTra. JloroBopuMcest He pa3indarh B 0003HAYECHUSIX
CeMefiCTBO KPUBBIX U €ro HOCHTEb. MHdexcom cemeticmea 3amknymulx kpuevs L omuocumenviio
mouru zo ¢ L, B obo3nauenusx ind,, L, HA3BIBAETCS CyMMa Z;‘Zl ind,, l;. Touka 2y ¢ L Ha3sbl-
BaeTcss enewnel] (COOTB. eHympennel]) TOIKON ceMeRcTBa 3aMKHYTHIX KPUBBIX L, €Cin WHJIEKC
cemeiictBa L oTHOCHTENILHO TOUKH 2o pasen 0 (coors. me pasen 0). IIpu 910M COBOKYyIHOCTH BCex
BHEITHUX (BHYTPEHHMX) TOUEK CeMeiicTBa L HA3BIBAETCH GHEWHOCTBIO (COOTB. GHYMPEHHOCTLIO)
9TOrO ceMeiicTBa u obosnadaercs ext L (coors. int L).

TEOPEMA 0.13. Ecau komnaekcnan ynwkuus [ anasumuuna na HOCUMENE KOHEWHO20 Ce-
MeTCMEa 3aAMEHYMBLL CUPAMAAEMBLT KPUSHIT L U 60 6Cex SHYMPEHHUT MOUKAT 3M020 cemel-
cmea, mo daa amobozo ( ¢ L umeem mecmo pasencmeo

f(2)
¢ dz = f(¢)ind; L.

Ecnu dbyuknug f aHamuTudHA B OJHOCBA3HOI 001aCTH, cofeprKaliei moJI0KUTETHHO OpHeHTH-
POBaHHBII KOHTYD [, TO CHpaBe,HJII/IBa uHTerpaJsbnas dpopmyna Kommn:

f 0, ecmu ¢ € extl,
_ f(¢), ecnu ¢ € intl.
f(z)

z—(

JleiictBuTenbHO, ecu ( € emtl TO (byHKuHﬂ VJOBJIETBOPseT yCJIOBUAM HHTErpPaJIbHOI Te-

opembl Kormum u, 3Ha4ur, fl
3aMEHUTH MHTErPAJIOM II0 HOJIO)KI/ITe.HbHO OpI/IeHTI/IPOBaHHOI/I OKPYKHOCTHU CKOJIb YTOJHO MaJioro
pajmyca ¢ nearpom B Touke (. Ciie10BaTeIbHO, CIIPABEIIUBOCTD (DOPMYJIbI B 3TOM CJIydae BbITE-
kaer u3 dpopmys ().



