EBKJIMAOBEI IPOCTPAHCTBA.

§1. JIuneitnpie mpocTpaHcTBa

HanomMHuM HEKOTOpbIE U3BECTHBIE ONpeieNeHus IMHEHHOU anredpbl. MHoxxecTtBo X Ha-
3BIBAETCS a0OUMUBHOU abenesoli 2pynnou, €ciu B HEM BBEJCHA OIepalus CIO0KEHUs, KOTopas
ITOJYMHEHA YCIOBUAM:

) (x+y)+z=x+(y+2z) (acCOIIMAaTUBHOCTb);

2) x+y=y+x (KOMMYTaTUBHOCTb);

3) X conepxuT HyJIeBOH JIEMEHT 0 TaKoii, 4to s moGoro xe X O0+x=x+0=x;

4) i KaxA0ro dJIeMEHTa x € X CYHIECTBYET MPOTHUBOTIOJIOXKHBIN JJIEMEHT — X , TAKOU 9TO
(—x)+x=x+(-x) =0.

AnnutuBHas abeneBa rpynna X Ha3bIBaeTCs JuHeliHblM (WA BEKTOPHBIM) NPOCMPAHCHI-
éom Hao R, ecnu B X omnpezeneHa onepanrs YMHOKEHUS HA JIEUCTBUTENbHBIE YUCIIA, YIOBIIE-
TBOPSIOLIAs CIEAYIOIINM aKCUOMaM:

) A+p)x=Ax+pux;

2) Ax+y)=Ax+Ay;

3) (Ap)x = A(ux);

4 1-x=x.

Cucrema 3J€MEHTOB X, V,...,W U3 JIMHEMHOTO MPOCTpaHcTBa X HA3bIBACTCS JIUHEUHO He-
3A68UCUMOIL, €CTTV BBITIOJIHAETCS UMILUTUKALIHS:

00c+ﬂy+...+7w=6, a,fp,..yeR=>a=0=y=0.
B npotuBHOM ciydae, CHCTEMY JJIEMEHTOB X, V,...,w € X Ha3bIBAIOT JUHEUHO 3agucumou. J{is
T000M JTMHEHHO 3aBHCUMOM CHCTEMBI JIEMEHTOB X, V,...,w€ X Haiayres «,f,...,y € R, He Bce
paBHBIC HYJIIO, TAKUE, 9TO X + fy +...+ yw = 0.

Ecnu B tnHEHOM ITpocTpaHcTBe X HaWIETCs JIMHEWHO HE3aBUCUMAasl CUCTEMA, COCTOSIIAs
U3 1 JJIEMEHTOB, a J00asi cucTema, cocTosas U3 n+1 ajaeMeHTa JMHEHHO 3aBUCHUMA, TO TOBOPST,
YTO IpOCTpaHCTBO X uMeeT pasmeprocms n . Ecnu g moboro ne N B npocTpaHcTBe X Haii-
JeTcsl TMHEMHO He3aBUCHMas CUCTEMa, COCTOALIAS U3 71 3JIEMEHTOB, TO TOBOPST, UTO MIPOCTPAHCT-
BO X OeckoHeunomepHoe.

Mpumep NUHENHbIX NPOCTPaHCTB

1. IIpoctpanctBo R” siBisieTcst TMHEHHBIM MPOCTPAHCTBOM Haj R OTHOCHTENBHO omepa-
i x+y=(x,+,....x, +,),Ax =(Ax,,...,Ax, ) . HyneBbsim snementom B R" siBisercs snemeHT

(0,...,0) = 0. DiemeHToM, IPOTHBOIOJIOKHBIM 3JIEMEHTY X = (X{,...,X, ), SBISAETCS DJIEMEHT
T
—x = (—X{,...,~X,,) . BBIIIOJIHUMOCTb NIEPEUNCIICHHBIX BBIIIE AKCHOM OYEBHUJIHA.

Jluneiinoe npoctpanctBo R” mmeer pasmepHOCTh n. JIeHCTBUTENIBHO, ¢ OJHON CTOPOHBI,
cuctema snementoB e;=(1,0,...,0), e,=(0,1,...,0),..., ¢,=(0,...,0,1) nuHeliHO HEe3aBHCHMA, TaK KakKk
pPaBEHCTBO ae, + fe, +...+ye, = 0 Bieuer paBeHcTBO (a,pf,...,7) = (0,0,...,0). C npyroii CTOpOHHI,
mro0asi CUcTeMa, COCTOsIast U3 7+1 3JIEeMEHTOB, TMHEHHO 3aBUcHMa. [IeCTBUTENBHO, pAaBEHCTBO
ax® + @ +. 4+ =0 Gymer mmeTh MecTo, eciu o,f,...,Y, YIOBIETBOPSIOT CUCTEME JIMHEH-

HBIX OJTHOPOJIHBIX YPaBHEHUH



ax” +.. " =0,

oaxV +..+ " =0,
Ho sTa cucrema ypaBHEeHHI Bcerja IMEET HEHYJIEBOE PEIICHUE.

2. IIpoctpanctBo C[a,b] ABIseTCS TUHEHHBIM MPOCTPAHCTBOM HaJ R oTHOCHTENBHO OTIe-
parmuit: (x+ y)(¢) = x(¢)+ y(¢), (Ax)(¢) = Ax(¢) . HyneBbim amementom B Cla,b] sBiseTcs TOXe-
CTBEHHBIN HYNb Xx(f)=0. DneMEHTOM, MPOTUBOMOJIOKHBIM AJIEMEHTY X =X (f), IBJSCTCS JIEMEHT
-x=-x(1).

[IpoctpanctBo Cla,b] nMeer OECKOHEUHYIO pPa3MEPHOCTh. [[eHCTBHUTENBHO, IS JIO0OTO
neN cucrema smementoB 1,2,¢°,...,t" € C[a,b] nuHEWHO He3aBMCHMMA, TaK KaK MHOTOWICH
a+ ft+...+y" coBmamgaeT ¢ TOXKICCTBCHHBIM HYJIEM Ha OTpe3ke [a,b] TOIBKO MPH YCIOBUH, YTO
Bce ero ko3 uIueHTr ecth HynH, T.¢. @ = =...=y =0.

§2. HopMupoBaHHbIE IPOCTPAHCTBA
JluneitHOe TPOCTPAHCTBO X HA3BIBACTCS HOPMUPOBAHHBIM NPOCMPAHCMEOM, €Clii Ha X
oTpesiesieHa NeHCTBUTENIbHAS QYHKIUSA || - ||, Ha3pIBaeMasi HOpMOu, YIOBICTBOPSIONIAS CIICIyIOIAM
YCIIOBUSIM:
1) || x||=0; mpuuem || x||=0 TompKO mpu x=0;
2) [[x+ylI<lfx |+l y[l mrs mobbix x,y € X ;
3) || Ax||=| A]-]| x||, kakoBO ObI HE OBLIO YHCIO A .

Oyaxmmst  p(x,y)=||x—y| ynmoBierBopsieT axkcMoMaM MeETpHKH. JleiicTBUTENBHO,

~

p(x,y)=|lx—=»]||20, npuuem p(x,y)=||x—y||=0 Ttompko mpum ycmoBuu x—y=0, TO ecCTbh
x=y. Kpome toro, p(x,y)=|x—y|=|-1(y—x)||=||y—x]|=p(y,x) (akcmoma cHMMETpUU) H
p(x,z)=|lx—z|l=l[x-y+y—z[<|lx=yll+][y—zll= p(x,y)+ p(y,z) (akcnoma TtpeyronbHuKa).
Takum 00pa3oM, BCIKOE HOPMUPOBAHHOE MMPOCTPAHCTBO SIBJIACTCS METPHUYCCKHM MTPOCTPAHCTBOM C
merpukoit p(x,y) =|x—y|.

MpuMmepbl HOPMUPOBAHHbIX MPOCTPAHCTB

1. IIpocrpanctBo R” siBiisieTcss HOPMUPOBAHHBIM C HOPMOU

|| x ||=w/x,2 +...+xf y X=(X],e0sX,) .

2. IIpoctpanctBo R sBisieTCsi HOPMUPOBAHHBIM C HOPMO
| x[[=sup{| x; |,....| x, [}, x=(x,....x,).
3. [IpoctpancrBo Cla,b] sBAsSETCS HOPMUPOBAHHBIM C HOPMOM
| xll=sup |x(1)], x=x(1), t €[a,b].

tela,b

4. IlpoctpanctBo C,[a,b] sBisgeTcss HOPMUPOBAHHBIM C HOPMOM
1

b 2
||x||:Ux2(t)dt)] , x=x(1), t€[a,b].
a

Kaxnas u3 pacCMOTpPEHHBIX 371€Ch HOPM ONPEAEIIIeT METPHUKY YK€ BBEICHHYIO HAMU paHEe
C TIOMOIIBIO cOoOTHOMmEHUs P(x,y)=|x—y|l. D10 mo3BoysieT 00OWTHCH O€3 MPOBEPKH AKCHOM
METPHUKH, TaK KaK UX BBITTOJTHUMOCTh 00€CIIEUYNBACTCS BBIMOJHUMOCTHIO aKCHOM HOPMBI. [IpoBep-
Ky BBIIIOJHUMOCTH aKCHOM HOPMBI, B CBOIO OUY€pEJib, MOKHO OTJIOXKHTH J0 CICAYIOLIEro maparpa-
(ba, rac 6y,)IeT IIOKa3aHOo, 4YTO BBIIIOJIHUMOCTb AKCHMOM HOPMBI aBTOMATHYE€CKH CJICAYCT U3 BBIIIOJI-
HUMOCTH aKCHOM CKaJSIPHOT'O MIPOM3BEICHHUS.



§3. EBKIIMI0BBI IPOCTPAHCTBA

Jluneitnoe npoctpanctBo X Hax R Ha3bIBaeTcs eskiudogvim €Ciav Ha AEKapTOBOM IIPOU3-
BeneHun X x X ompeneneHa aercTBuTenbHas QyHKuus (x,)), Ha3bIBaeMasi CKAIAPHbIM NPOU3Be-
OeHuem, yIOBIETBOPAIOINIAs CIEIYIOUM YCIOBUIM:

1) (x,y)=(y,x) nns mobbIxX x,y€ X ;

2) (x,+x,,¥)=(x,,y)+(x,,y) s mOObIX X,X,,yEX;

3) (Ax,y)=A(x,y), KakOBBI OB HU OBLIM YMCIO A U X,y € X ;

4) (x,x)=0, mpuuem (x,x)=0<=x=0.

Teopema. /[ns 1100v1x 21emenmos x u y eekiuo0osa npocmpancmea X 6vlNOAHAEmCcsl He-
pasencmeo Kowu-bynaxkoeckozo

rae || x| =+/(x,x) .

JNoxkaszaTtenbcTBO. PaccMOTpUM JEHCTBUTENBHYIO HEOTPULATENIbHYIO (YHKIIHIO
p(L)=(Ax+y,Ax+y), onpenencHayio Bcroay Ha R . V3 CBOMCTB CKaIsIpHOTO TTPOM3BEICHHSI BhI-

|G ) [l v ]

tekaeT, uto @(A)=A(x,x)+2A(x,y)+(y,y) = A7|| x||> +2A(x,y)+|| y||> - MHOrouseH BTOpOI
crerieHu. Tak xak @(A1) >0 VA1 € R, To AUCKPUMHHAHT 3TOT0 MHOTOYIEHA MEHBIIE MO0 PaBEeH
Hymo, To ecTh 4(x,y)> —4| x ||| v |’< 0. Cnenosatensho, | (x,y)|<||x]||-|| | ™

Yoeaumcs, 9TO TPOU3BOJIBHOE CBKIMIOBO MPOCTPAHCTBO MOXKET PAcCMaTPUBATHCS Kak
HOPMHPOBAHHOE MPOCTPAHCTBO (3HAYMT, W KaK METPUYECKOE MPOCTPAHCTBO C METPHUKOMH
p(x,y)=||x—y]l). HAng dbero mnpoBepHM BBIINOJIHUMOCTh AKCUOM HOPMBI, E€CJIH IIOJIOKHTh

|| x || = +/(x,x) . IIpexne Bcero, 3 akcuomsl 4) BBITEKAET, UTO || X ||=4/(x,x) =0, mpuuemM paBeHCT-

Bo ||x]|=0 wumeer mecto Tompko B ciaydae x=0. Kpome Toro, m3 HepaBeHcTtBa Komm-
ByHsikOBCKOrO cienyer, 4To

lx+ yll =G+ y.x+ ) =60+ 200, ) + (0. 0) Al x P2 [y I+ 1P <l + ]

OcTanock 3aMeTHT, uTO || Ax || = /(Ax,Ax) = |27 (x,x) =| A |/(x,x) =| A ||| x]|.

Teopema. /[n5 110661x 91emenmos x u y eexkauodosa npocmpancmea X 6vlnoaHAemcs npa-

8UNI0 NAPANLENIOZPAMMA
Fx+p 1P +llx=yIP=201x " + [ »II*).
JlokaszaTensCTB O .3 CBONWCTB CKAISIPHOTO NMPOU3BEACHUS BBITEKAET, UTO
(x+y,x+ ) =lx P+ v 7 +2(x0), =px=p)=llx|* +[»]* = 2(x,»).
CnenoBarenbHO
[x+pI* +llx=yIP=G+py,x+p)+(x-yx=p)=2(x[" +][y ") =
[MprMepbl €BKNMAOBLIX NPOCTPAHCTB
1. IIpoctparctBo R” siBisieTcsi €BKIMAOBBIM CO CKAJISIPHBIM MPOHU3BEICHHEM
V) =x 01+t X, Y, X=(X500X,), Y= (5 Vy) -

[IpoBepka BBIMOJIHUMOCTH aKCHOM CKaJISIPHOTI'O MPOU3BEIEHUS HE COCTABIISET TPYy/la U MPEea0CTaB-

ngercs ynrarento. HepasenctBo Kommn-byHSIKOBCKOro B 3TOM NPOCTPAHCTBE MPUHUMAET CJICIYIO-
N BU;

2 2 2 2
| X, +.. X, ), |£\/x] +..4+ X, -\/y] +..+y .

2. IIpoctpanctBo C,[a,b] sBiseTcs €BKINJOBBIM CO CKAISPHBIM IPOU3BEICHUEM

b
(x,y)ZJX(f)y(f)dt, x=x(1), y=y(), tela,b].

a



[IpoBepka BBIMOJIHUMOCTH akCcUOM 1) - 3) He cocTaBiseT Tpyaa. YOeauMcs B BBIMIOJHUMOCTH aK-

b
cuomsl 4). [Ipexae Bcero, oueBUIHO, UTO (X,X) = I x*(t)dt >0 ms mo6oro x e C,[a,b]. Bmecte ¢

a

b
TeM, eclu (x,x) = I x*(t)dt =0, To x = 0. JleHCTBUTENbHO, eClU AOMYCTUTh, uTo X # 0, TO Haii-
a

nercs t, €(a,b) takoe, uro x(z,)>0. Ilondepem & >0 Ttakmm, yro U, (t,) =[a,b] m g Bcex

t €U, (t,) BBINOIHEHO HepaBeHCTBO x(f) > x(¢,)/2 . Torxa

b ty+0 2
(x.x) = [*@)de > [x(0)de> %2& = x2(,)5 > 0.
a ty—6

Ho sTo mpotuBopeunt ycnosuro (x,x)=0.

3anunieM HepaBeHCTBO Komu-byHskoBckoro B Tepmunax npocrpanctsa C,[a,b]:

< sz (t)alt]2 U y? (t)dt]z :

a

b

[x(@)y)dt

a

3. IIpocrpanctBo Cla,b] He sBisieTCS €BKINAOBBIM, TO €CTh HOPMY 3TOI'0 IPOCTPAHCTBA

HEIb3s 33/1aTh C MTOMOMIBIO KaKOTO-THO0 CKAJSIPHOTO MPOU3BEACHUSA. Y OeauMcs B 3TOM, ITOKa3asB,
YTO NpaBWIO MapajienorpaMMa He BbINOJIHsEeTca B npoctpaHcTBe Cla,b]. Ilycte x =cost,

y=sint, [a,b]=[0,7/2]. Torua,
Ixll=llyll=1, || x+y| = sup |cost+sint| = sup ~2 |sin(z/4+1) | =2,

[0,7/2] [0,7/2]

| x—y|| = sup |cost—sint|= sup /2 |sin(z/4—1)| =1.

[0,7/2] [0,7/2]

Cnenosarensho, || x+y [ + || x—y [P<2(| x| +[ ¥ |I*).



