Merpudeckue npoCcTpaHCTBa

§1 Onpenenenre METPUYECKOTO MPOCTPAHCTBA

Mamemamuueckoe npocmpancmeo — OJHO U3 BAXHEHITUX MOHATHIA COBPEMEHHOW MaTemMa-
THUKH, TPEJICTABIAIONIEE COOOUM YMOPSIOYCHHYIO Tapy, MEPBBIM 3JIEMEHT KOTOPOHM - HEKOTOpOe
MHOXKECTBO, BTOpOI\/’I - CTPYKTYpa, HaB€ACHHAA B 3TOM MHOXKCECTBC (TOHOJ’IOFI/I?I, OTHOLICHUEC ITOPAA-
Ka, OMHapHas omnepanus U T.1.). Mempuueckoe npocmparncmeo R =(R,p) - MHOXKecTBO R ¢ 3a-

JTAHHOW B HEM METPUKOU p .

Onpenenenune. Mempukoti 6 mHodxcecmee R nazvieaemcs nHeompuyamenvuas Oeucmeu-
menvHas yukyus p = p(x,y), onpedenrennas Ha Oekapmosom npouszgeoenuu Rx R u yooene-

meopsowas ciedylouum aKkCUOMAam:
1) p(x, v) = 0 < x =y (akcuoma moxcoecmsa),
2) p(x, y) = p(y, x) (akcuoma cummempuu);

3) p(x, z) < p(x, ) + p(y, z) (akcuoma mpeyeonvHuka).
DJIEeMEHTBI METPHUYECKOTO MPOCTPAHCTBA OOBIYHO HA3BIBAIOT MoYKaMu. 3HAUCHUE METPUKH
p(x,y) IPUHSITO HA3BIBATH PACCMOSAHUEM MEXKITY TOUKAMU X U V.

MpuMepbl METPUYECKNX NPOCTPAHCTB

PaccmoTrprM mpumepsl 4acTO HCIOJIB3YEMBIX METPUYECKHMX IPOCTpaHCTB. lIpoBepka BbI-
MOJIHUMOCTH aKCHOM METPUKH OyZIeT OCYIIECTBICHA TO3/IHEE.
1. IIpou3BosbHOE MHOXXECTBO M B MeTpuyeckoM mpocTtpanctBe R = (R, p(x,y)) camo

ABJIACTCA METPUIECKUM IIPOCTPAHCTBOM C UHOYYUPOBAHHOU METPUKOH p| . DTO MeTpudeckoe

IMPOCTPAHCTBO IIPUHATO HA3bIBATH noénpocmpchmeom MCTPHYCCKOI'O ITPOCTPAHCTBA R.

2. IlpoctpanctBo R" (n-meproe apupmemuueckoe npocmpancmeo) - neKapToBa CTEICHb
MHO>KECTBA JICUCTBUTEIHHBIX YUCEI C e8KIUA0B0U METPUKON

2 2
olx, y) = \/(x, —y,) +...+ (xn —yn) .
3nech X = (X;,...X, ), ¥ =(V5es,)-
3. IIpoctpanctBo R/ - nmexaproBa cTeneHh MHOXECTBA JIEHCTBUTENBHBIX YHCEN C Sup -

MempuKou
p(x,3) =sup{| X, = py el X, =3, [
3nech X = (X;,...X, ), ¥ =(V5es,)-
4. IlpoctpanctBo Cla,b] (npocmpancmeo nenpepvigHvlx (hyHKYUil) - MHOKECTBO BCEX HE-
MIPEPHIBHBIX HA OTpe3Ke [a,b] GyHKIUM ¢ sup -mempuxoti

p(x, y) = sup |x(6)=y(1)] .

tela,b
3nece x =x(t), y=y(t), t €la,b].
5. IIpoctpanctBo C,[a,b] - MHOXKECTBO BCEX HENPEPHIBHBIX Ha OTpe3ke [a,b] pyHKumii ¢
K8a0pamu4Hol METPUKON

plx, y) = ( [ et = yey?arn ] .
3necy x =x(t), y=y(t), t €la,b].

YaopasxHeHHe . IlonpobyiiTe caMOCTOATENBHO YOEIUTLCA B BHIIONHHUMOCTH aKCHOM METPHKH B IIPO-
n n
crparcteax R", R, C[a,b], Cy[a,b].



§2. BHYTpeHHOCTh, 3aMbIKaHWE U TPAHUIIA MHOKECTBA
ITycte R - METpHUYECKOE MPOCTPAHCTBO, X, € R . MHOXKeCTBO
U,(x,)) ={xe R:p(x, x,)< ¢}, € >0,
Ha3bIBACTCA OMKPbIMbIM WApoM C LIEHTPOM B TOYKE X, paaMyca &, WIH IPOCTO, & -OK-
PecmnHocmbvio TOYKH X,. MHOXKeECTBO
Ulx,]J={xeR:px, x,)< €}, 20,
Ha3bIBAETCS 3AMKHYMbIM WApoM C IEHTPOM B TOUKe X, paauyca & . OTkpbiTeiii map U < R, npo-
U3BOJIBHOTO PaJHyca C IPOU3BOJIBHBIM IIEHTPOM, COAEPKAILUI TOUYKY X, , HA3bIBAETCS OKPECMHO-

cmbio TOUYKH X, 1 o0o3Havaerca U(x) .

Ynpaxunenue. Ecmm 0<¢g <g,, 10 U, (x)cU,[x]cU, (x)cU,[x,]. Hocrpours mpnmep

METPHUUECKOTO MPOCTPAHCTBA, B KOTOPOM CYIIECTBYET 3aMKHYTHIN IIap, BIOXKEHHBIA B OTKPBITHIN IIap MEHBIIETO pa-
Juyca.

Touka x Ha3pIBaeTCs TOUYKOM MpUKOCHOBeHUs MHOXKecTBa M < R, ecnu BCsKas OKpecT-
HOCTb 3TOM TOYKHU COJEPKUT XOTs Obl OJIHY TOUKY U3 M . Touka X Ha3bIBAaeTCs npeoenrbHol TOY-
KO MHOecTBa M , eciM BCSKasl €€ OKPECTHOCTh COJEPKUT OECKOHEYHOE MHOXECTBO TOYEK U3
M . Touka x € M Ha3bpIBaeTCs U30IUPOBAHHOU TOYKOW MHOXKeCTBa M , €CliM HalJeTCs OKpecT-
HOCTb 3TOM TOYKH, HE COJAepXKaIias ToueK u3 M , OTTUYHBIX OT X .

[IpenenbHbIe 1 N30JUPOBAHHBIE TOYKA MHOXKECTBA M SIBISIOTCS TOUYKAMU MTPUKOCHOBEHUS
3TOTO MHOXECTBa. BepHo u oOparHoe.

Teopema. Bcsakas mouxa npuxocnogenusi muoxcecmea M sasnsiemcsa aubo npedenvHou
MOYKOU, TUOO UZ0TUPOBAHHOU MOYKOU IMO20 MHONHCECMEA.

JoxkaszatenbcTBO.IlycTh X - Touka NpUKOCHOBEHHUSI MHOXecTBa M . Bo3mox-
HBI JIB€ CUTYyallUH:

1) cymecTByeT OKpECTHOCTh TOYKH X , B KOTOPOU HET TOUEK U3 M , OTIMYHBIX OT X ;

2) mobast OKPECTHOCTb TOUKU X COJAEPIKHUT XOTsI Obl OJJHY TOUKY U3 M , OTIIMUHYIO OT X .
B nepBom ciyyae Touka x SIBIISIETCS M30JMPOBAHHOM TOYKOM MHOXecTBa M . [lokaxeM, 4TO BO
BTOPOM CJIy4ae TOYKa X SBJIAETCA NpeeabHOM TOoukoW MHOkectBa M . Ilycte U, (x) - mpowms-

BOJIbHAS & -OKPECTHOCTh TOUKU X . HyXXHO mokas3aTb, YTO OKpECTHOCTb OHA COJECPKUT OECKOHEU-
HOE MHOecTBO To4yek u3 M . Jlomyctum, uto U, (X) COIOEPKHT JIMIIb KOHEYHOE MHOKECTBO

{y/5-...y,} Touek m3 M , ornuyHbXx oT x. Ilomoxkum 6 =min{p(x,y,),....p(x,y,)} >0 n pac-
CMOTPUM O -OKpecTHOCTh U, (x) Touku x. Ilo mpenmonoskeHuro jro0as OKPECTHOCTh TOYKH X
COJIEP’KUT XOTs Obl OJHY TOUKY U3 M , OTIMYHYIO OT X, 3HAYUT, CYILIECTBYET TOUKA ) # X, MpHU-
Hajuexkamnas nepecedenuto M (U, (x). Ipu atom p(x,y,) < p(x,»)+ p(»,»,), i =1,...,n. 3Ha-
gut, p(y,y,) = p(x,y,)—px,y)=26—-p(x,y)>0, i=1..,n. Orcroga BBITEKAET, YTO
yei{y,..y,}. C apyroit croponsl, 6 < p(x,y,) <¢. CnenoBarenpHo, p(x,y) <0 <&, TO €CTb
y €U, (x). DTO IPOTUBOPEUUT MPEAIOI0KEHHUIO, 4To nepecedenue (M \{x})(U, (x) coBmagaer
C MHOECTBOM {},,...,»,} W

Onepauus 3amvikanuss MHOXecTBa M < R 3akirodaercss B IPUCOCAUHEHUH K 3TOMY MHO-
KCCTBY BCEX €ro TOUYCK INPUKOCHOBCHUS. PCSy.]'IBTaT omnepanr 3aMbIKaHHUsI MHOXKCCTBA M o060-
snauaercs M . Touka X HA3bIBACTCS 6HYMpeHHell TOYKONH MHOKECTBA M, eCli CYIIECTBYET OKpe-
CTHOCTb 3TOM TOYKH, BJI0>)keHHast B M. COBOKYIMHOCTh BCEX BHYTPEHHUX TOUYEK MHOKecTBa M Ha-
3BIBAETCSL 8HYMpeHHOCMbl0 MHOXecTBa M 1 o0o3Hauaetcs int M . Touka x € R Ha3bIBaercs rpa-
HUYHOM TOYKON MHOXecTBa M , eciu j1100asi OKpECTHOCTb 3TOM TOUKM mepecekaeTcsi ¢ M U ¢ ero
nonoiaHeHrueM R\ M . COBOKYITHOCTh BCEX I'PaHMYHBIX TOUYEK HA3bIBAETCS 2paHuyeli MHOKECTBa



M wu o6o3nauvaetrca OM . Jlerko BUACTH, YTO ISl BCAKOrO MHOKecTBa M C R BBINOJHAETCA CO-
otHOmeHue OM =0(R\M).

YunpaxueHnue. l. Jlokasats, 9To Il JII0O0Or0 MHOKECTBa M B METPHYSCKOM IPOCTPAHCTBE R
crpaBeuBEl cooTHOwenus: M =M UM , intM =M \oM .

2. YOemuThCs B BBIMOIHUMOCTH CJICIYIONIMX CBOMCTB ONCPAIH 3aMBIKAHHS

HYMcM,;

2y M =M;

HYM,cM,=>M cM,;

HMUM,=M UM, .

§3. OTKpBITHIE U 3aMKHYTbIE MHOKECTBA

Omnpenenenue. Muoocecmeo 6 MmempuueckoM RpPOCMPAHCMEe HA3LIBACMCS OMKPbIMbIM,
eciiu OHO COCIMOUm IUWb U3 BHymMpeHHUX moyek. Mnoocecmso 6 mempuieckom npocmpancmee Ha-
3b16A€MCA 3AMKHYMBIM, €ClU OHO COOEPIHCUM 8CE C8OU MOUKU NPUKOCHOBEHUSL.

Bce Merpuyeckoe mpocTpaHCTBO R W IyCTOE MHOXECTBO & SBISIOTCS OTKPHITHIMH U
3aMKHYTBIMH MHOXECTBaMH, OJHOBpPEMEHHO. Takue MHOKeCTBa NPUHATO HA3BIBATh OTKPBITO-
3aMKHYTBIMH. [lonpoOyiiTe MOCTpOUTh MpUMEpP METPUYECKOTO MPOCTPAHCTBA, B KOTOPOM €CTh U
npyrue (T.e. COOCTBEHHBIE) OTKPBITO-3aMKHYThIE ITOIMHOKECTBA.

Vunpaxmuenue .l Joka3ars, 4To MHOXKECTBO G B METPUYECKOM IPOCTPAHCTBE R OTKPHITO TOraa U
TOJNBKO TOrna, korna GG = .

2. Jloka3aTh, 4TO MHOXKECTBO F B METPHUYECKOM MPOCTPAHCTBE R 3aMKHYTO TOTJa W TOJIBKO TOrJa, KOrjaa
JF CF .

Teopema. Muoowcecmeo G 6 mempuyeckom npocmpancmee R omkpwvimo mozoa u moibko
moeoa, koeoa mHoxcecmso F' = R\ G 3amxnymo.
HoxaszatenbcTBo. llycte GC R — oTkpeiToe MHOKeCTBO. Torma G(10G = .

CnenoBarenbHo, JF =0G < R\G =F, 1.e. F- 3amkayro. O0OparHo, mycth < R — 3aMKHyTOE
MHOKecTBO. Torma 0G =JdF < F' =R\ G . Cnenosarensno, G(10G = J, 1.e. G- oTkpbITO.H

Mpumepsl

MmuoxectBo U, (x,), & >0, ssBasgercss OTKpeITEIM. JleficTBuTensHo, mycth x € U, (x,) . Ilo-
Ka)KeM, YTO X SBJIETCA BHYTPEHHEH Toukoil MHOkecTBa U, (x,). O603HauuM 6 = ¢ — p(x,x,) U
paccMoTpuM & -0kpecTHOCTh U s (x) Touku x . Ham gocrarouno nokasats, uto Ug(x)c U, (x,).
ITycte y € Us(x). Ilo akcuome TpeyronbHuka p( y, x,) < p(y,x) + p(x, x,) <o+ p(x, x,) = €.
CnepoBarensHo, y €U, (x,), T.e. Us(x)c U,(x,).

MmuoxectBo U, [x,], €20, sABasgercsa 3aMKHYTBIM. [ TOro 4ToOBI YOEIUTHCA B 3TOM,
JOCTaTOYHO II0Ka3aTh, YTO MHOkecTBO R\U [x,] ABmsercs orkpwiThiM. Ilycte x e R\U [x,].
[TokaxeM, 4TO x sABISAETCS BHYTPEHHEH TOYKOW 3TOro MHOecTBa. O003HaUuM 6 = p(X,Xx,)—¢& H
paccmoTpuM & -okpecTHOCTE Ug(x) Toukm x. Ybemmmcs, uro Ug(x)c R\U,_[x,]. Ilycts
v €Ug(x). Ilo akcuome tpeyronsHuKa p( y, x,) = p(x, x,) - p(x,») > p(x, x,) - 6 = €. Cnenoa-
TenpHO, y € R\U [x,], T.e. Us(x)< R\U [x,].

Yonpaxuewnue.llyctb X - MeTpudeckoe MpocTpaHCcTBO, M - ero moJmnpocTpaHcTBo. /okazath, 4To
MHOXECTBO 7 C M SBISACTCA OTKPBITHIM (3aMKHYTBIM) B M TOr[a M TOJBKO TOTJa, KOTJa CYIIECTBYET OTKPBITOE

(3aMKHYTOE) B X MHOXECTBO M, TaKkoe, uto m=m, (1M .



§4. CBoiicTBa OTKPBITHIX M 3aMKHYTBIX MHO>KECTB

Teopema. Ob6vedunenue 110601 COBOKYRHOCMU OMKPLIMBLX MHOMCECME OMKPBIMO.
HoxkaszartenbcTso. Ilyctb G,,a € A, - OTKpbITBIE MHOKecTBA. Ilokaxem, 4ro

mHOXxectBo G = U G, sBistercst oTkpuIThIM. IIycTh x € G . 3Ha4uT, HalineTcs o € A Takoe, 4To

acA

xeG,. MunoxectBo G, sABusgercs OTKpHITBIM. ClienoBarenbHO, Haijercss okpecTHOCTh U(x)
TOYKH X , YIOBJIETBOpSAIOMAs yciaoBuo U (x)g G , < G. D10 03Ha4aeT, 4YTO MHOXKECTBO G SABIIS-

ercst OTKpLITEIM M
Teopema. [lepeceuenue KOHEYHOU COBOKYNHOCIU OMKPLIMBIX MHONCECTE OMKPLIMO.
HoxkaszartenbctTBso. [lycte G,...,G,- OTKpbITBIE MHOXKecTBA. Ilokaxem, 4ro MX

nepecedenne G :=G, ()...1G, otkpsito. Ilycth x € G. CnenoBarensHo, x€ G,, n=1,..,k. Tak
Kak MHOkecTBa G, OTKPBITHL, TO Haiinyrea ¢, >0, n=1,...,k, Takue, uTO Ugn x)cG,, n=1,..k.
Bribepem & = min{s,,...,&, }. Jlerko Bugers, uto U, (x)= G, , n=1,...,k. 3nauur, U,(x)c G . I1o0

03HAYaeT, YTO TOYKA X SBJISACTCS BHYTpEeHHEH /it MHOXecTBa G, T.e. G - OTKPBITOE MHOXKecTBO M

YVnpaxHeHue. l. Yoenurscs, uTo sl MPOU3BOIBHOH coBOKynHocTH G,, o € A, HMOIMHOXECTB

MHOXXeCTBa R BBINIOJIHAETCS TeOpeTI/IKO-MHO)KeCTBeHHHﬁ TIPUHIIUIL Z[BOf/iCTBCHHOCTI/II
R\UG, =N(R\G,), R\NG,=U(R\G,).
aeAd aeAd

aecd aed

2. TllpuBectu nipuMep GECKOHEYHOW COBOKYITHOCTH OTKPBITHIX MHOXKECTB B R, mepeceueHne KOTOPHIX 3aMK-
HYTO.

Teopema. Ilepeceuenue 110601 COBOKYNHOCIU 3AMKHYMBIX MHONCECME 3AMKHYMO.
HoxaszartensbctTso.llycts F,, aed, — 3amkHyTBIE MHOXKECTBA. [IoKa)eM, 4TO UX

nepecedenue F = () F 3aMkHyTO. JIOCTATOYHO MOKA3aTh, 4TO MHOXeCTBO R \ F oTKpbITO. B cn-

acA

Jly M3BECTHOTO MpHHIMIA aBoiicTBenHocTH R\F =R\ | F, = U (R\F,). Ocranock yuects,
aecA aecA

4TO MHOXKECTBA R\ F, , o € A, ABIArOTCA OTKPHITHIMH M

Teopema. Ob6vedunenue KoHeUHOU COBOKYNHOCMU 3AMKHYMbLX MHONMCECME 3AMKHYMO.
HoxaszartensbctTso.Ilycte F,..,F, - 3aMKHyTble MHOKeCTBA. Ilokaxkem, 4To MX

obbenunenue F:=F, U..UF, 3amknyTo0. JloCTaTOYHO 1OKA3aTh, YTO MHOXECTBO R\ F OTKPHITO.
B cuny mnpunmmna asoiicrBenHoctn R\F =R\F U..UF, =R\F)N..N(R\F,). Ocranocs

y4€eCTh, 4TO MHOKeCTBA R\ F|,...,R\ F, ABIAIOTCA OTKPHITHIMU M



