DJjeMeHTapHble (DYHKINN KOMILJIEKCHOI TepeMeHHOi

1. Jluneiinasa pyHKIUA

Jluneiinoit ¢dbyHKnmeil HaszwpiBaercs GyHKOud BuUAa 2z — az + b, toe a,b € C, a # 0. D1a
bYHKIUS ompejeseHa Ha BCell KOMILTIEKCHOH ILTOCKOCTH W MMeeT B IIPOM3BOJIBHONW TOUKe zp €
: alAz o o
C mpouspognyto lim,_.., 7 = a # 0. 9T0o 3Ha4uT, UTO JUHeiiHad DYHKIUA ABIAETCSA IeJOM.
C napyroii cTopoHbl JHeitHasa (PYHKIHUSA ABIAGETCI B3aUMHO OJHO3Ha4YHOM. OOpaTHas GyHKITHS
w — éw — % TOYXKE sIBJIIeTCcs JUHEHHoN (yHKIumel u, cjaeg0BaTeJbHO, ONpPEJIE/JIeHHON Ha Beeil
KOMILIEKCHOH IIOCKOCTH. TakuMm o0pa3oMm, BesKast JuHeiHas (DYHKINS OCYIIEeCTB/IseT B3aUMHO
OJTHO3HAYHOE KOH(OPMHOE 0TOOparkeHne KOMILJIEKCHOM TJI0CKOCTH Ha ceOs.
[Ipu a =1, b = x¢ + iyo umeem az +b = x + 1y + xo + iyo = x + xo + i(y + o). 3HaUHUT, B 370M

caydae JuHeitHas (pyHKIHUA OCYIIEeCTBIIET MapasieabHblil TTepeHoc Ha BEKTOP (xo, yg)
U =2+ Tg
v =Y+ Y

[pu a = €, b = 0 umeem az+b = (cos p+isin @) (x+iy) = x cos p—ysin p-+i(x sin p+y cos @).
Buaunt, nuHeiiHas QYHKIUA OCYIIECTBIISIET MOBOPOT BOKPYT HAYA/IA HA YTOJI

U = T COSP — Ysiny
v = 2xSinp 4 ycosp

[Ipu a > 0, b = 0 umeem az + b = a(z + iy) = azr + itay. 3uauntr, guHelinasg YHKIHA
OCYIIECTB/IIT TOMOTETHIO ¢ IEHTPOM B Hadase u KOo3(p(UIUEHTOM TOMOTETHH @
u=ar
v =ay
iRj
W

(Reb,Imb) | e

ATg &
R
-

0

B o6mem cayuae az + b = |ale'®8%z + b. Takum 06pa3om, JuHeliHaa DYHKIHSA OCYMECTBISET
MOCJIeIOBATEILHO MOBOPOT MJIOCKOCTU HA YIOJI arg G, FTOMOTETHIO C IEHTPOM B Hadaje u Ko3hdu-
[MEeHTOM TOMOTETHH |a| U Mocaeayonmii napaieabablii nepesoc Ha BekTop (Reb, Imb).

2. JIpobHo-nuHeliHasa pyHKIUA

o o o az+b _
Jpobno-ymneitnoit ¢pynkuneii naspiBaercsa pynknus z — 250 rae A = ad — be # 0, ¢ # 0.
dw—b

OTta dyHKIuga onpeaenena Bciogay B C Kpome TOUKH zg := —%. Obparnaa dbynkmua w — 2= —
TOXKe ABageTca ApobHo-muneitnoil. Omna onpenenena B obmactun C\{wo}, rae wo := %. poGuo-
a(czt+d)—c(az+b) A .

Ta? = oraE B Kaxaoi
TouKe 06J1acTH onpejiesieHnsi. 3HAaUnT, 31a DYHKIHUs ABJIsteTcst aHajnTHaeckoit B obmactn C\{zo}

U ocylecTrIsier ee KongopmHaoe orobparkenne Ha obnacts C\{wp}.

JinHelHas (PYHKIUS UMEeT OTJUYHYIO OT HYyJIisi TPOU3BOIHYIO
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3. CBOMCTBA JPOBHO-JIMHENHBIX ®YHKIINI 2

TTpoGHo-nHeitHy0 (BYHKINO 9acTo paccmarpuBaioT kKak orobpazkenne n3 C B C. ITpu stom
ee 3HAUEHNE B TOUYKE 2y CYMTAIOT PaBHBIM 00. O6parHas yHKIMs Toxke onpe/esena scoay Ha C.
Omna paBHa 00 B TOUKe wy. Takum 00pa3zom JapoOHO-/nHEHAS (DYHKINS OCYIIECTBJISET B3aAMMHO
onnoznaunoe orobpazkenne C na C. D10 oTo6paskenue sB/IseTCsS HENPEPHIBHLIM. JleficTBHTe/IBHO,

HEIPEPBIBHOCTH 9TOT0 0TOOPaKeHHs B TOYKE ) BHITEKAET M3 COOTHOIICHUS a(—%) +b=—1A#£0,
B CHJIy KOTOpPOTO 0000meHHbIN peaen lim, . ,, ‘;szr’g paBeH 0.

[Ipounssomnas —ﬁ KOMTIO3HUITHH di: B Touke z = 0 ormuna ot myssa. CiemoBaTesbHO,
oTobparkeHue, OCYIIECTBIISIEMOe ;Lp06Ho—J1zHHe171Hoﬁ dyHKIUMEl, ABAsIeTCS KOH(POPMHBIM B TOYKE
z = oo. IIponsBoanast —ﬁ dyHKIUN f;ii B TOUKe zy npuaumaet 3uadenue ¢ # 0. Cremo-

BaTeJIbHO, OTOOPaXKeHue, OCyIIeCTBIgeMOe JIPOOHO-TUHEHHON (DYHKIIHMEeH, AB/IsIeTCs KOH(MDOPMHBIM
B TOYKe zy. Takum oOpaszom, JpoOHO-JIMHEeHHas (DYHKIMsI OCYIIECTB/IsIET B3aMMHO OJIHO3HAYHOE
koudopmuoe orobpazkenne C na C.

I[Ipu a = c =1, b = d = 0 gpodbHO-TUHENHAS DYHKIUA 2 — % SIBJISIETCST KOMTO3unueit fo o fi
aByx dynxmuit fi(z) = 1 u fo(z) = z. lycrs z = r(cosp + ising), tae r = |z|, ¢ = argz.
YUuTeBag, 9TO

1z r(cosp+ising) 1 .
—=—= 5 = —(cos @ +isiny),
zZ 2z r r
nomysaem |1| =1, argl = argz. Snaunt, GyEKIEA fi OCYIMECTBIAECT HHBEPCHIO IIOCKOCTH OTHO-

CUTEJIbHO €JIMHUYHOI OKPYXKHOCTH € IIEHTPOM B HadaJie. B To ke Bpems, U3 COOTHOIIEHU

zZ=r(cosp+isiny) = r(cos(—p) + isin(—gp))
BBITEKAET, 9TO OTOOparkeHue fo OCYIIECTBJISIET CHMMETPHIO OTHOCUTETHLHO JIEHCTBUTEILHON OCH.

R}

N

Iw

az+b __ a  ad—=bc_ 1
B obwewm ciyuae ¢Z = ¢ o

JISIETCS B BHUJIe KOMIO3UIUN f30 fyo fi AByx nunueitabix pyukumii fi : 2 — cz+d, f3: 2 — —%z—i—%

. 1
1 GyHKIMA fo 12 — .

CJIeI0BATEIbHO, IPOOHO-/IMHeHAs (DYHKIMS TPeICTaB-

3. CsoiicTBa ApoOHO-IMHEWHBIX (DYHKIUI

3.1. Kpyrosoe cBoiicTBO. J[1000i1 31eMeHT ceMeiicTBA NMPIMBIX U OKPYKHOCTEl Ha KOOP/1H-
HATHOII IJ10CKOCTH 3aj1aeTcst ypasuenuem suia A(z?2+y?)+2Bx+2Cy+D = 0,t1e A, B,C,D € R
u B? 4+ C? > AD. JleiictButensno, mpu A = 0 — sro npamaa 2Bz + 2Cy + D = 0, a npn
A # 0 — 510 okpyxuocts (x4 5)2 + (y + §)? = 132“;;#. YumteiBag, uto r? + y* = 2z,
2r = z+ z, 2y = —i(z — Z), JaHHOE ypaBHEHHe MOYKHO ITepenucarh B KOMILIEKCHOI dhopme
Azz + (B —iC)z + (B +iC)z + D = (0. BeiGepeM Tpon3BOJIbHBII JEMEHT CeMeiicTBa TPSIMBIX
U OKpY:KHOCTeil Ha maockocTu. Ero obpas3 mpu orobpakeHun z — % OTUCHIBAETCS yPABHEHHEM
AL + (B —iC)L + (B+iC)L+ D =0 nan ypasnenunem Dzz + (B —iC)z + (B +iC)z+ A =0.

Ho, kak y»ke mokasano, 9T0 ypaBHeHHUe omnpejessier Jinb0o MpsaAMyio, Ju00 OKPY:KHOCTh. Takum



4. TEJIAY CTEIIEHHAS ®YHKIIN I 3

00pa3oM JI0Ka3aHO, YTO MPU OTOOPAXKEHUU TOCPE/ICTBOM (PYHKIMH 2 — % CeMeNCTBO MPIMBIX U

OKPYKHOCTEl TIePexXoIuT B CeMefiCTBO MPSAMBIX U OKPYZKHOCTEH. DTUM CBOWCTBOM 00JIa1a€T JTIO-
Oasi JimHeitHasdg W JpOOHO-JIMHENHAS (DYHKIUS MOCKOJIbKY, OYE€BUIHO, YTO CEMEHCTBO IMPAMBIX U
OKPY2KHOCTEl MHBAPUAHTHO OTHOCUTEJIBLHO IIOBOPOTOB BOKPYI HadaJjla, lapaJljleJIbHbIX EePeHOCOB
W TOMOTETHN C TEeTPOM B HavaJle.

3.2. I'pynnoBoe cBoiicTBO. COBOKYITHOCTH BCeX JUHEHHBIX W APOOHO-TUHEHHBIX (DYHKIIHI
obpa3syer rpymmy ¢ KOMIO3WIKEHl B Ka4eCcTBe T'PYMIOBOil Omepanuu. JTa COBOKYIMHOCTh COCTOUT
o . az+b —
u3 gynkumit Buga [z — 2250 rie A = ad — be # 0. Veqosue ¢ # 0 onyckaercs. B kauecrse
HEHTPATBLHOTO 3/IeMEHTa T'PYIIOBOil Onepanun BhICTyHaeT JuHeiinas Gyaknus z — z. O0parHblii
-1 dw—b
seMeHT [T onpenensercs kak obparnas gynxkumms w — <=2 HenocpeaCTBeHHO n3 onpeje-
JIEHUsI CJIOYKHOM (DYHKIIMU BBITEKAET, 9TO KOMIO3UIHUs acconmuatusHa. Octanock yoeanThesi, 9To
COBOKYIHOCTH BCeX JIMHEHHBIX U JPOOHO-TUHEHHBIX (DYHKINI 3aMKHYTa OTHOCUTEIHHO KOMIIO3U-
mun. Iyers fi @ 2z — 4zt azztby y Ay = aydy — by # 0, Ay := asdy — bacy # 0.

c1z+dp? f2 - 2 coz+ds
aiw2(z)+by (a1a2+c1b2)z+(braz+d1b2)
O = = .
Henocpeacrsennas nposepka nokaswisaer,aro (f1 o f2)(2) = S 57a (areoterd) ot (broatdidd)

a1ao + Clbg blag + dlbg
a1Cy + Cld2 b102 + d1d2
ercs ApoOHO-THHeitHO# (DyHKIHe.

[Tpuyewm, = A1Ay # 0. D710 03HAYAET, UTO KOMIIO3UIHS fi O fo sBIIsI-

3.3. leBapmaHTHOCTh ABOWHOTO OTHOINEHUs. /[jis JI0ObIX MOMAPHO PA3/JIUYHBIX YUCE]

21, 29, 23, 24 € C JBOiiHOE OTHOIIEHUE %: 2%2 He MeHSIeTCsd, eCJIM 3aMeHUTh HX oOpa3amu

az+b o _
wy, W2, w3, wyg UpH oTOOpaxKennn z — =, rae ad — be # 0. [eiicrBuTenbHo, wy — Wy =
azatb _ azn+b _ (ad—bc)(za—21) wa—wi __ z4a—21 czo+d w3—wi __ 2z3—21 czo+d
cza+d czi+d —  (czat+d)(czi+d) " BHa‘H/IT, wa—wo 24—z cz1+d’ wz—wa  z3—20 cz1+d’ CJIQ,ILOBaTeJIbHO,
W4—W] . W3—W1 __ 24—Z1 . 23—2Z21
wa—wo = W3—ws  z4—22  23—2z2

Ipenen lim,, 2:2

enunuteit. O6paTHoe K JApOoOHO-THHEHHOMY OTOOParKeHHWIO, B CBOIO OY€PE/Ib, SBJIAETCA JTPOOHO-

suHeitneiM. Clie10BaTe/bLHO, OTHOIIEHNE ";Ziiiﬁi HY?KHO TOXKe 3aMeHUTh eJIMHUTIEN, eCJIU Wy = OO.

paBen 1. 3HAYUT, €CaU z4 = OO, TO OTHOIIEHUE % clieJIyeT 3aMeHUTh

4. llenag crenennasi pyHKITHS

Hesoit crenennoit pyukmueit HaspiBaercs pyukmus z — 2", rae n € N, n > 1. Dra dyukius
onpeJjieJieHa Ha BCEll KOMILJIEKCHON TJIOCKOCTH W HE SIBJIsSIeTCsl B3aUMHO OJHO3Ha4YHON. Hampuwmep,
Touka z 1= re®, r > 0, ¢ € [0,27), Jexkauas Ha OKPYKHOCTH § PaJuyca T ¢ IEHTPOM B Haualle,
o dopmyse MyaBpa mepexoquT B TOUKY w = r"e™?. jexkaliyio Ha OKpyzKuocTn S pagmyca 1"
¢ mMeHTpOM B Hadaje. V3MeHeHHe mapamMerpa ¢ CBSI3aHO C JBHKEHHEM TOUKH Z IO OKPYKHOCTH
s. Ecan mapamerp ¢ m3mensiercss ot 0 j10 27, TO TOYKA z COBEPIIAET OJIMH TOJTHBIH 060POT BO-
KpyT Havaaa MPOTHUB YacoBOi cTpenku. [Ipm 3Tom ee oOpa3 w COBEPIIUT 7 MOJHBIX 000POTOB IO
OKPYKHOCTH S B TOM K€ HallpaB/JeHHU. B KaK10ii TOUKe OKPYXKHOCTH S OHA MOOBIBAET POBHO N
pa3. D10 O3HAYAET, YTO KarKjas TOYKA OKPYKHOCTH S MMeeT POBHO N MPOOOPA30B, JerKalluX Ha
OKPYKHOCTH S.
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[IpousBoHas dbyHKIWA MeI0i cTenenHol dbyHKINN 2 — 2" coBmagaeT ¢ PyHKIne 2 — nz""
(mokazkuTe 31y hOPMYITy, UCIOIB3YsT MHIAYKIUIO O N). SHAYUT, IeJas cTerneHHas QyHKIUs sBJIs-
erca mesioit pyHukumei (3ruM obbsicHgeTcs ee HasBanue). OHa Ompe/ie/ieHa HA BCel KOMILIEKCHO
wiockocTd u omindnHa or Hysadg B obsactu C\{0}. Takum obpasom menas crenennast GbyHKIus
ocymecTBsger KoHbopMHOe oTobpazkenue obnactu C\{0} na cebs.

B nauasie KOMILIEKCHO# TLI0OCKOCTH KOH(MOPMHOCTH 0TOOparkeHusi Hapymaercs. leiicrBureinb-
HO, PACCMOTDPHUM IPOU3BOJIBHYIO KPUBYIO [, 3aj1aBaeMyto ypaBHenueMm z = \(t), t € (a, b) , npoxo-
JANLYI0 depe3 Hadaso, 1o ectb A(tg) = 0 mpu HekoTopoMm ty € (a,b). Cuntaem, 4TO CyIIECTBYET
omm9Hast 0T HyJsist nponsBogHast N (ty) dyukmum A B Touke ty. O6pazom KpuBoii | ipu oTobpazke-
HUN z — 2" gBigercsa Kpusas L, 3a1aBaeMast ypasaennem w = \"(t), t € (a,b) . [lousTHO, YTO TA
KpHUBad TOZKe MIPOXOJUT depe3 Hadaao KOMILIEKCHOM miockocTu. [Tpu sToM mpoussognasg nA™ 1N
dyakmun A" B TouKe ty € (a,b) paBua mymio. Kpusag [ nmeer kacarenpuyto B Touke O, KOTOpasi
obpazyer yron ¢ = arg N (ty) ¢ meiicTBuTenbHON 0cb0. [Ing TOoro 4Tobbl HAiTH yros, KOTOPBI’
obpasyer KacareabHass K KpuBoii L B Touke O’ ¢ mefcTBUTENBHON 0CHIO, MPOBEJIEM B yPaBHEHUU
w = \"(t), t € (a,b) 3ameny napamerpa:

1

. It + to, ectmt >0
t—p(t) = { Tt ty, ecmmt <0

Vpasuenue ToxjiecTBennoii kpusoit L npumer sug w = A (p(t)), t € {(a’, V), tue a’ = ¢ (a),
v := ¢ 1(b). Touka O’ cooTBeTcTBYeT 3HaUenuo napamerpa t = 0, Tak kak ¢(0) = to u A"(¢(0)) =
A*(to) = 0. Beraucanm npon3Bognyo dbyHKIun A" o ¢ B HyJIe:

AN og) _ A(p(t) (M%@(”)‘A(g"m)))wmH(A'<to>>" t—0
t i

At t o(t) — ¢(0)
Takum obGpasom, KacateabHas K KpuBoit L B Touke (' obpasyer yron neg = narg\(tg) €
nArg N (ty) = Arg(N(to))". Orciona cremyer, uto orobpazkenue, ocymiectBiasgeMoe (dbyHKIueit

z — 2", yBeJIMUYMWBaET YTJIbI MeXKJy KPHWBBIMHU, TE€PECEKAIONMNMACSA B HadaJje KOOP/IMHAT, POBHO
B n pas.

IIycts ¢ € R. B cuny dopmysast Myaspa dyuknus z — 2" orodpazxkaeT B3auMHO OJIHO3HAYHO
OTKPBITHI JIy4 [, 3a/1aBaeMbliil ypaBHeHUEM 2 = te, t € (0, +00), HA OTKPBITHIH JIyq L, 3anaBa-
emblii ypapaenueM w = t"e"?, t € (0, 4+00). B mocaeaneM ypaBHEHAN MOYKHO NPOM3BECTH 3aMEHY
napamerpa t — tn 1 3alUCATh €ro B Bujge w = te™, t € (0, +00). 3meHenue nepemenHoil ¢
CBSI3aHO C IOBOPOTOM Jiy4a l, u ero obpasa L, BOKpyr Hauaja. Hcin nepemennas ¢ yBeJudnTcd
Ha Besimunny « € (0, %’T], TO J1y4 l, TIOBepHETCA MPOTHB YacOBOH CTPEIKN HA YToa o < 27“, a JIyd
L, — ua yrox no < 27, JIyunm u3 cemeiicts {ly 1 ¢' € (p,p+a)}, {Ly 1 ¢' € (¢, o+ )} monapuo
ue nepecekatorcsi. OTcoa cieayer, 9To GYHKIUs 2 — 2" OCYIIECTB/ISIETCS] B3ANMHO OJHO3HATHOE



5. ®YHKIUSA z — Argz 5

orobparkenne OTKPHITOi yrioBoii obuactu G = {(r,¢’) : ¢ < ¢’ < ¢ + a} HA OTKPHITYIO yroyo-
By10 obnacth D = {(r,¢’) : np < ¢’ < ng + na}. 1o orobparkenne sBJsieTCst KOHGOPMHBIM, TAK
KaK B ToYKax objactu (G MpoM3BOIAHAS CTEINEHHONW (DYHKIUN OTJIUYHA OT HYJIs.

i

LY

0<a <™ 0<ny <2
13

B cayuae a = 27” obstacth [ coBmajiaeT co BCeil KOMILIEKCHOM TJIOCKOCTHIO, U3 KOTOPOH y/1a-
JieHbl J1y4 [, n Havaso. Taxas 00/1acTh Ha3bIBaETCs MJIOCKOCTBIO C PA3PE30M BJIOJb JIyda, ly.

5. ®yuknudg z — Argz

QOynkuus z — Arg z onpegenena na C\{0} u nHaspiBaercst aprymenrom. Touke z # 0 9ra GyHK-
[Hsl CTABAT B COOTBETCTBUE MHOKeCTBO {argz + 2rk : k € Z} C R, e arg z € (—7, m| — nousp-
HBII YyTOJI TOYKU KOMILJIEKCHOM TJIOCKOCTH, n3o0pazkaiomieil uncio z. Kak Mbl yzKe 3HaeM, Takue
GYHKIUN MPUHSITO HA3BIBATH MHOTO3HAUYHBIMU. [Ipn duxkcupoBannom k € Z 3nadenune GpyHKIUN
z — argz + 2wk B TOUKe 2z MpUHALIEKUAT Argz. D10 03HAUaeT, 410 GDYHKIHA 2 — argz + 2wk
SBJISIETCS OJHO3HAYHOI BETBBIO apr'yMeHTa.

Kaxtag BeTBb z — arg z + 27wk HempepbIBHA HA ILIOCKOCTH C PA3PE30M BJIOIb OTPUIATEIbHOM
qacTH JIefcTBUTEIbHON ocu. B camom jgefe, jyist TOYeK z = T + iy, JIeJKAIIUX BbIIE WA HUKE
JIeHCTBUTEILHOI OCH, CIIPABEINBOCTh ITOTO YTBEPZKIEHNST BHITEKAET U3 TPEICTABICHHS

z
|21

— arccos %
Elk

arccos npu y > 0;

arg z =
npu y < 0.
a J/Ig TOYeK, JieyKalluX Tpasee MHAMOM OCH, — W3 TIpeJicTaBlenns arg z = arctg £ +2mwk. B Touxax
OTPUIATE/ILHON YacTu JIefCTBUTEIbHOI OCU BhIJeJI€HHBIE BETBU pa3pbIBHBL. [Ipu nepexoje depes
Hee, HAIPUMep, Mo MpsiMoii ¥y = a, rae a € (—o00,0), Kaxkaast n3 3TuX HYHKIMHA UCIBITHIBAET CKa-
YOK, PABHBII 27 110 aOCOMIOTHOI Betmunte. Bo3HUKaeT BOMPOC: MOYKHO JIH BBIIEJTUTDH OTHO3HATHBIE
BETBU apryMeHTa HENpPEPBIBHBIE B TOUKAX OTPHUIATETHLHONU YACTH JeHCTBUTEIbHOM ocu?
OTBeTUTDH HA TOT BOMPOC MOMOTYT CJIEIYIONINE TeOMeTpUIecKne coobpazKkenusa. B Toukax oT-
KPBITOTO Jiy4a [, 3a1]aBaeMOro apaMeTpuuecKiuM ypaBHeHHeM z = t(cos ¢ +isingp), t € (0, +00)
WM PABHOCHIBHBIM eMy ypaBHeHueM z = te'? ¢t € (0,+00), 3HaueHue HyJ1eBOl BETBH apryMeH-
Ta 2 — arg z ojHo u TO ke. [lo cBOWCTBY €MHCTBEHHOCTH TPUTOHOMETPUUECKOH (POPMBI 3alUCH
KOMIIJIEKCHOTO 9HCJIA OHO COBIAJAeT C J€MEeHTOM MHOXKecTBa {¢ + 27k : k € Z}, nexamem B
nosynurepsase (—7, 7). C Apyroit cTOpOHBI, ecm Jyd l, HAXOAUTCS B BePXHEil MOJIYIJIOCKOCTH,
TO 3Ha4YeHNe HyJIeBON BETBM apryMeHTa z — argz B TOYKaxX Jyda l,, COBIajaeT ¢ JJINHON IIy-
I'fl, KOTOPYIO OTMHCHIBAET TOYKA € IMHUIHBIM MOJY/JIEM B pe3yJbTaTe BPAIIEeHUs MPOTUB YaCOBOM
CTpeJIKH HOJIOKATETbHOM JacTH JIefiCTBUTENBHON OCH 10 MOMEHTa COBIaJeHHd ¢ jydoM l,. Bpa-
mas JTyd [, BOKpYT Hadasa IMPOTHB YaCOBOH CTPEJKH, MBI HEIIPePLIBHO HApAIWBaeM 3Ty JIyTy N,
CJIEIOBATETHHO, HEIIPEPBIBHO YBEJIMYNBAEM €€ JIIHHY. B MOMEHT mepexojia uepe3 OTpUIATETbHY 0
YaCTh JEHCTBUTEIBLHOM OCH HyJIeBasi BETBb aPI'YMEHTA 2 — arg 2 CKAa4K000OPa3HO YMEHBINAET CBOe
3HaAYECHUE Ha 271'. B TO K€ BpeMd AyTa OIIUCbhIBaeMasd TOYKOM C CAUMHUYIHBIM MOJYJIeM ITPOJOJI2KaeT
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HENPepPBhIBHOE HapaluBaHue. Ke JjIrMHa Tenepb ONpeessercsl yyKe 3HaYeHneM JIPYroil OTHO3HAY-
HOIl BETBW apryMeHTa z — arg z + 2m.

OtHOMOMEHTHAsT 3aMeHa O/IHOIT BeTBU apryMeHTa JPYTOil BETBbIO CTaHEeT Dojiee MOHSTHONW eC/Tu
B KadecTBe 00J1aCTH ONpeJIeIeHrs MHOTO3HATHON (DyHKINYN 2z — Arg 2 B34Th HEKYIO aDCTPAKTHYIO
MOBEPXHOCTH, HA3bIBAEMYIO PUMAHOBOIl MMOBEPXHOCTHIO apryMenTa. [locTponTh 3Ty MOBEPXHOCTH
MOXKHO caeayionuM oopasom. /Iig moboro k € Z BbiOepeM OTIENbHBIN 9K3eMILTAP KOMILTEKCHOM
IJIOCKOCTU U yJaJIUM U3 KaKJ0#l Hadalo U TOYKH puKcHpoBaHHOTO Jyda l,. [Tomydnm muneiino
YIIOPSTOUEHHOE CeMelicTBO TTocKocTeli ¢ paspesamu {Dy : k € Z}. CoBmectuM 31n 0061acTH MIPO-
CTPAHCTBEHHO U 3aTeM CKJIenM (OTOKJIeCTBUM) JIEBbIi Kpail pa3pesa obiactu Dy ¢ TPABBIM KpaeMm
paspesa obsactu Dy, a mpasslil Kpaii obsactu Dy ¢ jJeBbiM Kpaem obsactu D_; (Haxommmes: Ha
ayde l, m BuauM Hawaso). I[Ipogenaem 3Ty omepammio ¢ Kayka0il 3 obsacreii cemeiicrsa {Dj,
k € Z} w MpicaimM BCIO TIPOLEYPY 3aKOHYEHON. B pesysibrare Mbl MOIYYUIN TJIOCKOCTh, HAIeJeH-
HYI0 BHyTpeHHeil cTpyKTypoil. Kaxkgas Todka miockocTu nprobpesa OECKOHEYHYI0 KPATHOCTD.
Wckmouenne coctapisgeT HadaJo. B Hadame KOMILIEKCHOW TLJIOCKOCTH JIEBBIII U TpaBblii pa3pe3
KAKJI0H 00JIACTH CMBIKAIOTCsI, 3HAYNT, B pe3yJIbTaTe CKeiikn Bee obaactu cemeiictsa { Dy, : k € Z}
OKa3bIBAIOTCSI CKJIEEHHBIMU B Hadasie. TakuM oOpa3oM, KpaTHOCTH HadaJjia paBHA eIMHUIIE.

Ecnn npeacraButh cebe, 9T0 Kak/1as OJHO3ZHAYHAS BETBH apTyMeHTa OMpejiesieHa B CBoeil o0acTu
Dy, To mEHOTO3HAYHAsT (PYHKIHA 2 — ATg 2 OKazKeTCs OHO3HAYHOI, HO ONPeIeJIeHHON HA TTOCTPOe-
HOit abcTpakTHON 1moBepxHocTU. [Ipn nepecevennu Mecta paspesa BpamaIONUics JIyd TePeXOIuT ¢
OJIHOTO JIUCTA JAHHOW MOBEPXHOCTH Ha JIpyroi jiuct. [Ipu 3Tom 3Havenus ojHO BETBU apryMeHTa
HEIIPEePbIBHO MEHAIOTCA HA 3HAYEHUd JPYroil BeTBU apryMeHTa.

[TocTpoennas MOBEPXHOCTb He 3aBHCUT OT BBIOOpA Jyda l,, BJOIb KOTOPOTO INPOU3BeE/IeH Hep-
BOHAYAJIBHBIH pa3pe3. Ecim undopmanusa 06 3ToM JTyde OTepsHA, TO BOCCTAHOBUTD €€ MO TIOCTPO-
eHHOIl TOBepXHOCTH Hesb3d. Eciu paspes mpousse/ien BIOb Jy4a l,, TO 3HadeHHe HyJ1eBOH BeTBU
apryMeHTa B TOUYKE z, B OOIMIENPUHATHIX 0003HAUeHUIX (ATg 2)(, OMPEIeIsaeTCs KaK eTNHCTBEHHOe
3HAUEHHe apryMeHTa, Jieykalee B nosynHrepsade (p, ¢ + 27|. 3nadenue k-it BeTBU B 9T0il TOUKe,
B 000o3Hauenusx (Arg z)g, onpenensiercst kak cymma (Arg z)o + 27k,

[Iycth mepBoHavaabHbBINA paspe3 MPOU3BEIEH BJIOJIb MOJOKHUTEJIHHON YacTu JIefCTBUTEIbHOM
ocu. B aTom ciiyuae HyjieBasi BETBb apryMeHTa B TOUKE 2 := T+1y TIPUHUMAET CJIeIYIONee 3HAUYeHUe

arg z, npu y > 0;
(Argz)p =
arg z + 2w, upmy < 0.

B Toukax orpumarenbHOit YacTu JAeiiCcTBUTEILHOW OCH OHA HeNpephiBHA, TaK KaK B JIEBOH MOJIy-
ILJIOCKOCTH MMeeT MecTo mpejcrapienue (Argz)o = arctg £ + .

[Ipu BBIIETEHUN OJHO3HAYHBIX BeTBell (YHKIHH z — Argz mHOrJa yI00HO MPOM3BOIUTD
IePBOHAYAJBbHBIN pa3pe3 IJIOCKOCTH He II0 Jy4y, a [0 HEKOTOPOH KPHBOIl C HAaYaJOM B HadaJje
KOMILJIEKCHON TLTOCKOCTH W KOHIIOM B OECKOHEYHOCTH, HAIPUMeEp, MO0 CHHycouae z = t + isint,
t € [0,+00). AHasmMTHYECKOE MPEeJICTABIEHNe OJHO3HAYHBIX BeTBeil DyHKIWMN 2 — Argz B 3TOM
CJIy4ae HECKOJIbKO YCJIOZKHACTCA.
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1
6. OyHKIUA 2 — 27

OyHKIUg 2 — Zn omnpejiesisieTcsi Kak obpartHas K dyakumm z — 2". Haiigem mnpoobpas
Touku wy # 0 mpm orobpaxkenmn z — 2z". Ilyeth wy = z{. Bocmonp3yemca Tpuronomerpn-
geckoit dbopmoii 3amucn wy = |wo|(cos e + isingg), Tae po € Argwy. o dopmyne Myaspa
wo = |z0|"(cos nihg + isinniy), e Py € Arg zy. VI3 cBoiicTBa € TMHCTBEHHOCTH TPUTOHOMETPHE-
ckoit GOPMBI 3aIMCH KOMILIEKCHOTO HC/IA BHITEKAET, 9o |wo| = |2|", 2522 € Z. Crenosares-
HO, 2o = {/|wo| (Cos %2”’“ + isin %m) IpH HEKOTOPOM k € Z. DTo 3HAYMT, UTO OIpeIessaeMas
HaMu GYHKIUA 2 — 27 ABIAeTCS MHOTO3HAYHON. KOMIUIEKCHOMY 1HCTY 2 OHA CTABHT B COOTBET-
CTBUE MHOKECTBO KOMILIEKCHBIX YHCET

1 \/W(cos Argz—i—zsm Argz), ecm z # 0

zn =
0, ectn z =0

1
Boienss ogno3naunsie BeTBu aprymenTa (Arg z)g, MBI BBIIEISEM OJHO3HAYHBIE BETBU 2 — (27 )y
sToit dpyHKIHHU. 371eCh

o) A (cos —(Ariz)’“ + i sin —(Ariz)’“> , ecma 2z # 0
(27 )k :
0, ecmn z = 0

1
Onno3HadHas BETBb z — (27 )) ONpejiesieHa Ha BCeil MIOCKOCTH U OTOOPAKAeT MJIOCKOCTH C pas-
pe3om D, mampumep, BIOIb Jyda L,, 3agaBaemMoro ypaBaenuem z = te'¢. t € (0, +00), B3auMHO
OJ/IHO3HAYHO HA YIJIOBYIO 00J1aCTh

©

Gr={(r¢):p+2rk < ¢ <p+2n(k+1)}.

Opnuo3naunast pyHKIHS
/2] (cos 2BZ + i sin ¥22) | ecom z # 0

z —
O7 ecym z = ()

HA3BIBAETCA [JIABHON BETBBIO IEJI0 CTeneHHON DYHKIMN MM PaIuKaIoM cTenenn n. Ee 3HaueHne
B TOUKe z 0bo3Hadaercsa {/z. [pyrue BeTBH 1eofi cTeneHHofi (YHKINN YIO0BIETBOPSAIOT COOTHO-
mennio (27 ), = {/zetn .

V106HO BEECTH B paccMOTpenue oaHo3HaqHyto dbynkmmo 2 — argl® 2, rre

©) .. J argz, ecim z#0
are z_{ 0, ecmz=0

Torna nnst Bcex z € C, Oyer cupaBeInBO PABEHCTBO

(0)
V2= /2| | cos ——— TS ° | jsin28 2

arg(®) z
n
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3aMetdaeM, UTO PAaBEHCTBO /2" = z CIPaBeJIMBO TOAA W TOIbKO Torma, xorma arg® z €
(=2, Z]. B wacTHOCTH, PaBeHCTBO V22 = 2 CHpaBeTHBO TOTJA U TOJLKO TOTJA, KOTIa arg® 2 €

(—Z,Z]. Buauur, na C cnpaBeTuBO TOXKJIECTBO

272
(—1)XV22 = 2,

rae x(z) == 0, ecn arg® z € (=2, %], u x(2) := 1, ecn arg® 2 ¢ (—%, Z]. Tlonesno samernts,
9TO B TOYKAX MHHEMOII OCH (32 HCK/TIOWEHHEeM HAuama) OXHO3HAUHAS DYHKIHS z — /22 TepmuT
pa3phiB, KOTOPBIH KOMIIEHCHPYeTCs u3MeHeHneM GyHkmun z — X(z). B pesynbrare momyudaercs
HelpepbIBHAA U Jake nenasd Gynknua z — z. C apyroit ctoponnl (/2)? = 2 ana mo6oro z € C.
Oyukius z — (1/z)? gaBjsterca npoussejieHueM JBYX coBnataomux GyHkuuii 2 — /2. B Toukax
OTPHUIATEIFHONW YaCTH JAefiCTBUTE/ILHONW OCH PA3PBIB OJHOIO COMHOXKUTEJIST YCTPAHSAETCST JAPYTUM
COMHOYKHUTEJIEM.

Oyuknusd z — (z%)k sIBJIsTeTCS 00paTHON K cyzxenunio dbyukiuu z — 2" #a obsacts Gj. Ilo
TeopeMe O MPOU3BOIHOM 0OpaTHON (DYHKIUN

e N e R [ N

(zn), (Z%)k n (Z%)k n

Takum obpazoM, mpousBogHadg (PYHKIUH 2 — (z%) x OTJIMYHA OT HYJs B JII0O0# ToukKe obactu D.
Orciofga BBITEKAET, B 9aCTHOCTH, 9TO oToOpaykenne D — (G, OCyIIecTB/IsieMOe 3T0i (hyHKIHeid,
SABJIAETCS KOH(POPMHBIM.

OHO3HAYHBIE BETBH (z%)k u (z%)k% JIg 1000r0 k € 70 coBHAJAI0T. DTO MO3BOJISET OTOXK-
JeCTBUTH (CKJIEMTH) COOOTBETCTBYIOIIME JIMCTHI PUMAHOBON MOBEPXHOCTH aprymenta. [Ipu srom
JIeBbIii Kpail paspesa Jmcra D,,_; (OH ke — TpaBbiii Kpail paspesa jmcra D) 0TOXKIECTBIISIETCSI
¢ MpaBBIM KpaeM paspesa Jjmcra Dy. Ob1mee 9uc/I0 JTUCTOB PUMAHOBOM MOBEPXHOCTH COKPAIIAETCS
1 CTaHOBUTCA PaBHBIM 7.

D,

V1Y
Yy
N

>}

n-KpaTHbIit 00x01 Touku (), HATPUMED, TPOTUB YaCOBOIl CTPEJTKH, TPUBOIUT K BO3BPATY HA MCXOJI-
HBIl TUCT PUMAHOBO# TOBepxXHOCTH. [Ipo 3Ty TOUKY TOBOPAT, UTO OHA ABJIAETCS TOUKOIl BETBICHUS
kpatHoctu n. Ha pucynke mokazaHo cTpoeHne pUMaHOBON MOBEPXHOCTH (DYHKIUUA 2 — 2. Bax-
HO 3aMeTHUTh, YTO TPEeJICTABIeHNe O PUMAHOBOI MOBEPXHOCTU, CHOPMUPOBAHHOE HA OCHOBE ITOTO
PUCYHKA OCTaeTcsd JajJeKuM OT UCTUHHOro. JlocTaTouno cooOpasuTh, YTO BCE JUCTBI aDCTPAKT-
HOIT MOBEPXHOCTH COBEPIIEHHO paBHOMpPaBHBI. Cpen HUX HeT BepXHEeTro W HuzkHero. Haxomsach Ha
KOHKDETHOM JIUCTE 3TOU MOBEPXHOCTH, He 3a0yabTe ero HoMep. BoccTaHOBUTL ero mo BHYTpPeH-
HEMY CTPOEHUIO MOBEPXHOCTU HEBO3MOZKHO. BOCCTaHOBI/ITb HOMED JIUCTA PUMAHOBOI MOBEPXHOCTH
MOZKHO, €CJTH U3BECTHO 3HadYeHune (pyHKIUU 2 — zw X0Ts OBl B O,ILHOI/I TOYKE ITOTO JIUCTA.

Ecnn npomomkuTth dbyHknuo z — zn Ha C, nonoxus con = 00, TO JIUCTBI PUMAHOBOUW TIO-
BEPXHOCTH CKJIeATCS elle W B OecKOHedHOCTH. TodHee, KaxK/blil JINCT PUMAHOBOI TOBEPXHOCTH
3aMeHseTCS OTAETbHBIM IK3eMIIIpPOM puMaHoBoii cdepnl. [1pu 3ToM Bee cdepsl monmapHo ckiee-
HBI 10 OeperaM pa3pe30B, MPOU3BEIEHHBIX B/I0/Ib BEIOPAHHOTO MEPUUAHA. JTA MTOBEPXHOCTH NMEEeT
yxke nBe TouKu BeTBjieHusi 0 u 00. O0Oe TOUYKN BETBJIEHUS UMEIOT KPATHOCTD N.
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== NS
0 0

YyYY
1"

[Tonesno "moxoauTs" 0 9TO# MOBEPXHOCTH, HpO,ILyMaTb IMyTH TIlepexojia ¢ OTHOTO JINCTa Ha JIPYTOil,
IpOoCIeIUTh M3MEeHeHNe 3HaUeHni (byHKuHI/I Z— 2n BJIOJIb ITUX MyTe.
OHO3HAaYHBIE BETBU (DYHKIHUH 2 — 2 —u , OTIpedeIaeMOil ¢ IOMOIIBIO COOTHOIIEHNS

1
1 ecn 2 ¢ 0,00},
n
= oo, ecmm z =0,
0, ecam z = 00,

BBIJIEISIOTCS TOCPEJICTBOM BBIIE/IEHUS O;LHOBHaquIX BeTBeil GpyHKIUN z — Zn TpaKTyeMoii KaK
1
dbynkmua n3 C B C, B wacTOCTH, (277 )) 1= . PumanoBa moBepxHocTb (byHKImI/I z— 2w

(z")k
1

COBIIAIAaeT C PUMAHOBOI MOBEPXHOCTHIO (DYHKIUU 2 — 27 .

7. IlokazaTenpbHasa (pyHKIUSA KOMIIJIEKCHON EepeMeHHOit

Paccmorpum crenenHoi psit ZZOZO 2—7,1 DTOT PsiA CXOAUTCS HA BCeil 1edCTBUTEIbHON TPAMOil 1
ero cymma B Touke r € R coBmagaer ¢ . [To Teopeme AGesist OH CXOIUTCS HA BCEl KOMILIEKCHOI
IJIOCKOCTH |, CJIeI0BATE/ILHO, MPEJICTAB/IsIeT TaM HEKOTOPYIO (DYHKIIMIO KOMILJIEKCHOW TIepeMeHHOii.
9Ty GYHKIUIO HA3BIBAIOT MOKa3aTeIbHON (DYHKIMEH KOMILIEKCHON IepeMeHHOU, ee 3HAUYEHHE B
TOUYKe 2 0003HAYAIOT €7,

Yoeaumcs, 9TO 1715 TOKa3aTeIbHON (DYHKIINN KOMILIEKCHOI TTepeMeHHO IMeeT MeCTO OObITHaA

n
TeopeMa CloxkeHHd 1?2 = eTe® 2,2, € C. ComtacHo ompegenennio e” = » 7 - e? =
0o 2y
> o = Torma mo Teopeme 06 YMHOKEHIH PAIOB HMeeM
> _n > _n
et = () () =
n! n
n=0 n=0
oo — —
ZO on Zl pol 1 k n—k n ZO
S Y (A O MG L R )
TR Y U (n — k) [0l
— n (n—1) k! ( k) n! 0
- 1 n—1 ! k _n—k n
= — | 29 +nz1zg "+ ...+ ZiR L ) =
ZO n' 2 1~2 k"( . k’)' 1~2 1
n=

ITo omnpenesennio HOKaSaTeJIbHOﬁ GYHKIUU  KOMILIEKCHON TmepeMeHHOl umeem e =
Y} . _
S P iy — §hee :f,’ . Cunraem, uro y € R. 3uauur,

n=0 n! n=0
Ve Ut (LD e
T M) T A g e
n=0 k=0
Anasorugno,

ey — e~ e Lyt (1= (=) i y2h+1

N — n—17 — —1 —
L () R gy e
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i Y o1y . Y _ =ty o
YauTbiBasg COOTHOIIeHNE €'Y = £ +2e +1 (e 5 ), moJTydaeM 3HAMeHUTYI0 (hopMyTy Ditaepa

e = cosy +isiny.

HenocpeacTBenno m3 Teopembl CJI0XKEHUSA I MOKA3aTeAbHON (DYHKIMKM BHITEKAET, 4TO JJIsd
JI0060T0 KOMIJIEKCHOTO 9HMCIA 2 U J1I000T0 . € Z BepHO paBeHCTBO e T2™ = ¢ei2™  [Ipupaexad
dbopmysy Diiepa, notyuaem et = e*(cos2mn + isin2wn) = e*. Pasencrso e T = ¢*
MOKA3BIBAET, YTO IOKAa3aTe bHasd (DYHKIUA KOMILUIEKCHON MepeMeHHOH ABISETCS MepUOAnIecKOon
dbynKuEeii ¢ mepruosoM KpaTHBIM MHUMOMY YHCIY 27T0.

ITo bopmye Diinepa e = e®(cosy+isiny). 3naunut, Re e*™ = e® cosy, Im e* ™™ = e® sin y.
Takum obpazom, byukimm u : (x,y) — e cosy, v : (x,y) — €*siny cOBUAmAIOT ¢ JIeiicTBUTETbHON
U MHUMOUN 4YacTIMHU TOKa3aTeJbHOW (PYHKIHMHM KOMILJIEKCHON TepeMeHHol cooTBeTcTBeHHO. [Ipm
sTom st 060l Toukm (7o, ) € R mmeem ul(xo,y0) = € cosyo, ui(To,yo) = —e* sinyj,
v, (%0, Yo) = €™ sinyo, vy(xo,Yo) = €™ cosyo. Caenosarennno, u (o, Yo) = vy (To, Yo), Uy (T, Yo) =
—v! (29, Yo). 3HauUNT, nOKazarenbuas byukuusa auddepennupyemMa B J000i# TOUKe KOMILTIEKCHON
wiockoctu. Ee npoussoanag GyHKIug coBnagaer ¢ Heit. /leficTBurebHo, Tpou3BoaHas GhyHKIII
B TOUKE Zzy 1= Tg + 1Yo NPUHUMAET 3HaUYeHne u, (T, Yo) + 10, (2o, Yo) = €™ (cos yo + isinyg) = e*.

IIycts ¢ € R. Tlokazarenbnas ¢pyHkimsg z — e orodpazkaeT B3aUMHO OJHO3HAYHO TPSAMYIO
l,, 3amaBaemyto ypaBHenueMm z = t + ip, t € (—00,+00), HA OTKPHITHIH Jyd L., 3amaBaembiii
ypasHenueMm w = e'e’?, t € (—o0, +00).

»4 uj
=z

- * 3

ol 1o
|
: c

0 i x

B nociessemM ypaBHeHHM MOYKHO NPOM3BECTH 3aMeHy mnapamerpa ¢ — e’ m 3anmmcarb ero B BUje
w=te?, t € (0,400). YBennIeHne 3HAUCHNS © CBA3AHO € ePEMeIeHneM IpsMoil [, B HATpaBJIe-
HIHM MHUMOI{T OCH U OBOPOTOM JIy4a L., BOKDYT Hadasa HPOTHB YacoBoil crpeskn. Ecian 3nadenne
¢ yBemmuntcsa Ha Beamuuny o € (0,27], To npsamas [, TepeMecTHTCs HA BeIUIHHY v, & Jyd L,
HOBEPHETCS MPOTUB YacoBOil cTpesiku Ha yros «. OTciona ciaegyer, 9to GyHKIug 2z — e ocyle-
CTBJISIETCS B3ANMHO OJHO3HAYHOE 0TOOpakeHme OTKpPHIToil nonocel G = {(z,y) 1 o <y < ¢ + a}
HAa OTKPHITYIO yrojoByio obnacte D = {(r,¢'): ¢ < ¢’ < ¢+ a}. D10 orobparkenne sBser-
¢ KOH(OPMHBIM, TaK KaK MPOU3BOJHAs MOKA3aTeIbHONU (DYHKIMHU COBIAJIAET € MOKa3aTeJ bHOM
dyuKImMel 1, KaK JIEeTKO YOeUThCs, OTJIMYHA OT HYJIsl B JIIOOO# TOUYKe KOMIIJIEKCHON TLJIOCKOCTH.
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Y Mt +a)

=¥

D<o <21

B cnyuae oo = 27 obsnacth D coBnajaeT ¢ MIOCKOCTBIO C Pa3pe3oM BJIOJb Jyda L.

8. Jlorapudmuueckasi pyHKINsS KOMIJIEKCHOII mepeMeHHOi

Jlorapudmuieckaga dynknug z — Ln z onpeengercsa Kak odpaTHas K MOKa3aTeTbHON (YHK-
mnu 2z — e”. Haiimem mpoobpas Toukn wy # 0 npu orobpaxkenunn z — €. [lyctb wy = €*°. Boc-
MOJIb3YEMCS TPUTOHOMETPUIECKOii (hopMmoil 3amucu wy = |wg|(cos po + i sin @), TIe ¢y € Argwy.
[To dbopmye Ditnepa wy = €™ (cosyy + isinyy), e ro = Re zg, yo = Im 2o. VI3 cBoiicTBa enun-
CTBEHHOCTH TPUTOHOMETPHYECKON (hOPMBI 3alMCH KOMILIEKCHOTO YHC/Ia BBITEKAET, 4To |wy| = €0,
£ ¢ Z. Crenosatensno, 2p = In|wg| + (o + 2mk) mpu mekoTopom k € Z. DTO 3HAUHT, ITO
omnpejengeMas HaMu (YHKIuS z — Ln z gaBiagercsd MHOro3Ha9HOR. KoMIUIeKCHOMY 4HCIy 2 OHA

CTABUT B COOTBETCTBHE MHOYKECTBO KOMILTEKCHBIX THCEJI
Lnz:=In|z| +iArgz.

OtmeqaeM, uro dopmysa 11d gorapudmMa IPOU3BEIEHNAs COXPAHIET CBOIO CIIY M JIJIs KOMILTCKC-
ubIx Jorapudmos. eiicturenpro, Ln(zy20) = In |21 20| + 7 Arg(2122) = In |21 | +1n|2s] +i Arg z; +
1Argzo = Ln z; + Ln 2.

Boigessis oqHO3HAUHBIE BeTBH aprymeHTa (Argz)g, Mbl BbIJIEASEM OJHO3HAUHBIE BETBH 2 —
(Ln 2)y sroit dynknum, re

(Lnz), :=1In|z| +i(Arg2)s, k € Z.

OnnosnauHast BeTBb z — (Arg z), ompejiesieHa BO Bcex To4ukax z # 0 u orobparkaer MJIOCKOCTD €
paspesom D, Hampumep, BIOJb J1y4a L, 3a1aBaeMoro ypasuennem z = te'?, ¢t € (0, 4+00), B3anMHO
OJIHO3HAYHO HA OTKPBITYIO MOJIOCY

Gr={(z,y) rp+2tk <y <o+2m(k+1)}.
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[1aBHAs BeTBb apryMeHTa MOPOKIaeT MJIABHYIO BeTBb jiorapuduMa z — In |z|+i arg z. Ee 3nauenue
B Touke 2 # (0 obo3naquaroT In z. [Ipu 3rom apyrue BeTBu JiorapudmMa OMUCHIBAIOTCST COOTHOTITEHUEM
(Ln 2) := Inz + i2wk. 3amedyaem, 94T0 paBeHCTBO Ine® = z BBINOIHSIETCS] TOTA U TOJBKO TOTJIA,
korga Im z € (—m, 7]. Ilpu 3rom Ha C cnpaBeInBoO TOXKECTBO

Ine* —2my(m — 2)i = z,

rae x(z) — mesas 4acTp uncna REET

Qyukuus z — (Ln z), gBasercs obpaTHoil K cyKennto GyHKuuu z — e Ha obaacth Gy. [lo
TeopeMe O MPOU3BOJHON 00paTHON (DYHKIIUU

1 1 1
=

/
((an)k) - (BZ)/ - ; -
(Ln 2)g (Ln 2)g
Taxkum obpasom, nponssojgnas dbyukuuu z — (Ln 2); ominusa o1 Hy/Ig B 11060l TOuKe 061acTH
D. Otcioga BbITEKaeT, B 9aCTHOCTH, 4TO oToOpazkeHue D — (G, ocyIecTBasgeMoe 3Toi (DyHK-
nuei, saBasgeTca KoHGOpMHBIM. PuMaHOBa MOBEPXHOCTH JOTapuMPMUIECKOit (DYHKIINK COBIATAET C
PUMaHOBOH TIOBEPXHOCTHIO aprymenTa. [Ipu 3Tom KazK b1t 00x01 Touku ) TPUBOIUT K TIEPEXOILY
Ha HOBBIH JINCT PUMAHOBOM MMOBEPXHOCTHU, 3HAYUT, ITA TOUYKA SIBJISETCA TOUYKON BeTBJIEHHS OECKO-
HEYHOI KPaTHOCTH. TaKI/Ie TOYKHW NPUHATO Ha3bIBATh .HOFapI/I(bMI/ILIeCKI/IMI/I TOYKAaMU BETBJICHUA.

9. TpuroHomerpuueckue u rumnepodoandeckue pyHKIUN

Tpuronomerpudeckne (GYHKINUHA KOMILIEKCHOTO MEPEMEHHOIO OINPEIENII0TCs ¢ TIOMOIIBIO CJle-

AVIOIUX COOTHOIIEeHUN
eiz _ 67iz 62’2 + efiz

sing ;= ——, coszi= ———
21 2

W3 dopmyabl Diiepa BBITEKAET, YTO 3TU OINpeIeJeHusa COOTIOIAI0T TPeeMCTBeHHOCTD. JIpyrumun
cJI0BaMH, cy:KeHne (pyHKIM 2 — c0s z U 2z — Sin 2 Ha JefCTBUTEHbHYIO OCh COBIAIAIOT C M3BECT-
HBIMH TPUTOHOMETPUUIECKUMU (DYHKIUSIMHU JIeHCTBUTEIbHOI TepeMeHHOi. TeopeMbl CI0OKeHUs st

yHKIMA 2z — c0S 2z U 2 — Sin 2z UMEIOT IPUBBIUHYIO (POPMY
sin (z1 + 29) = sin zq cos 29 + cos 21 sin 2s.
cos (21 + 22) = €0S 21 €OS 23 — 8in 21 Sin 2y,

VX cnpaBeimBOCTD 11 JTIOOBIX 27, 29 € C BBITEKACT U3 JIETKO NPOBEPSACMBIX COOTHOIICHM
e” = cos z + isin z,

ilztze) — giz1pi22 — (cos 21 coS 2o — sin z; sin z9) + 4(sin 21 cos 29 + €os 21 sin 2),

—iZQ _ (

(&

—i(zl+22) —iz1

e =e le COS 21 COS Z9 — Sin 21 8in 29) — #(Sin 21 €OS 23 + €oS 21 Sin 23).
CurejoBaTeIbHO, BCE TPUTOHOMETPUYECKHE TOXKICCTBA, BBITCKAIOIIAE M3 TEOPEM CJIOKCHHH, PaC-

MPOCTPAHSIOTCS U HA KOMILIEKCHYIO repemuuy0. Hampumep,
. ™ . ™
sin z = cos 5—2 , COSz =sIn 5—2 ,

cos? z +sin? z = 1, sin(—z) = —sinz, cos(—z) = cos 2,
sin(z 4 27) =sinz, cos(z + 27) = cos 2.
JleiictBuTenbuo, aag joboro z € C mmeem sin (g — z) = sinfcosz — cos3sinz = cosz,
cos (g — z) = €08 5 €Os z +sin 7 sin z = sin z, cos? z+sin? z = cos z cos 2z +sin zsin z = cos(z —2) =
1, sin(—z) = sin(0 — z), cos(—z) = cos(0 — z), sin (z + 27) = sin z cos 2w + cos zsin 27 = sin 2,
cos (z + 2m) = coszcos2m — sinzsin2w = cosz. V3 cBoiicTB moKa3aTesbHON (DYHKIUH BHITE-
Kaer, 9To0 pyHKIUH 2z — COSz W 2 — sinz gpasorcst nesabiMu. Ilpm stom (cosz) = —sinz,

(sin z)" = cos z.
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C TpuronomerpudecKuMu (pyHKIUSIMA TECHO CBsS3aHBI TurepOondeckne pyHknun. [ umnepbo-
JimdecKkre (DYHKIUU KOMILIEKCHOTO TIEPEMEHHOTO ONPEIesIIIOTCs ¢ TOMOIIBIO CJIE/IYIONINX COOTHO-
IeHn |

shz:zie —° ;chz::—e te
2 2

CBsi3b TPUTOHOMETPUUIECKUX U TUMEPOOTUIECKUX (DYHKIHIT BBIPAYKALTCS CJIEIYIONIMI (hopMy1a-
MU

siniz =ishz, cosiz =chz.

. . —2Z__,Z —(eF—e™ % CpR __p—Z . . —z z
Yb6enuMcs B X CIPaBEJTUBOCTH. Siniz = “—F-— = ( 5 ) =115 =— =1ishz, cosiz = % =
e“ft+e *

“— = ch z. I3 aTux cooTHONIEHNIT BRITEKALT, 9TO BCAKOE TPHTOHOMETPUIECKOE TOKIECTBO NMe-
er cBoil rumepGomueckuit anamor. Hampumep, sh(z; + 25) = %sini(zl + 29) = %(sin 121 COS 129 +
cosiz1 sinizy) = sh zy ch zo+ch 21 sh 2o, ch(z1+29) = cosi(z1+22) = cosizy cosizg—sinizy sinize =
ch zy ch z9 + sh zy sh 2o, ch?z — sh?z = cos?iz + siniz = cos(iz — iz) = 1. U3 coorHomenuit

cosz = cos(x + iy) = cosxchy — isinxshy, sinz = sinzchy + icosxshy BbiTekaer, 9TO
|cosz| = v/cos2zch?y +sinzsh?y = v/cos2x +sh’y, |sinz| = v/sin?zch?y + cos? zsh?y =

ch?y —cos?x, e © := Rez, y := Im 2. CiemoBarensno, dbynkmun z — |cosz| n z — |sin 2|
HEOTPAHUYIEHBI.
Pacemorpum mospobHee oToOparkeHne KOMILIEKCHON ILTOCKOCTH, OCYIIeCTBJseMoe (byHKIHei
z — sinz. Illycts ¢ € (—g, g), a = sing, b = cos . PyHKIUA 2 — sin z 0TOOPaKAET B3AUMHO
OJTHO3HAYHO NPAMYIO [, 3a/1aBaeMyio ypaBHEHHEeM z = ¢ + it, t € (—00, +00), Ha OJHY U3 BeTBeil
L, runep6oJibl, 3371aBaeMyIo ypaBHeHHeM 2 = sin(y + it), t € (—oo, +00). Ilpu srom npamasg [_,
0TobpazkaeTcd B3aUMHO OJHO3HAYHO HA JPYTYI0 BeTBb runepdosnl L.

Y 4
I * I
o of .
Il o Ix
2 2
Kanonmueckoe ypaBHeHHe TUIIepOOIBI Z—; — Z—j = 1 BeITeKaeT u3 TOXKIAECTB sin(yp + it) = acht +

ibsht, ch®*t — sh*t = 1. AcummroTsl rumepGoIbl HMET YIIoBbie KOIDUIITEHThH :I:g = +ctg .
l3menenne 3nauenus @ CBSA3aHO C epeMelienneM Jiy4da l,, nepemernenuem n Jgedopmarneit Berseii
runepbosibl. [Ipu crpemsiennn ¢ k 0 06e BeTBU runepoo/Ibl COMKAIOTCHA U CJAUBAIOTCS B IIpejeJie
¢ muamuMoit ochio. IIpn cTpemaenun ¢ K 5 BeTBU rumepOOIbI yIAIAIOTCA W CANBAIOTCA B TIpe/e-
e ¢ giydamn Lz, Lz, sajaBaembivu ypasrenuavn w = t,t € (—oo,—1] m w = ¢,t € [1,+00)
coorBercTBeHHO. OTCIOMA CIejyet, 910 (DYHKIHUs 2 — Sin 2 OCYIMECTBJIsIET B3aNMHO OHO3HAYHOE
orobpazenne orkpbitoit nonockl G := {(z,y) : =3 < ¥ < 3} Ha orkphiTyI0 061acTh D, noyuae-

MYIO U3 IUIOCKOCTH yjasenuem Jjyueit Lz, L

wf3
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i

wa|

D10 oTOOpaXKeHUe SABJISETCsl KOH(MOPMHBIM, TaK KaK MPOU3BOAHASA (DYHKINH z — SN 2 COBIAJIAET
c dbynKmmeii z — cos 2 I, KAK BUIHO U3 COOTHONIeHU | cos z| = v/cos? z + sh? y, omimuma ot mys
B J110060i1 Touke obstactu G.

ns (bopMyJIbl npuBejieHus sin(z + ) = —sinz BBITEKAET, YTO OTKpBITas moioca G + m =
{(x,y) << —} oToOpazkaeTcs B3aMMHO OJHO3HAYHO M KOH(pOPMHO Ha Ty xKe objacTb D.
SaMeqaeM, 9TO TPH Tepexosie Jayda l, depe3 TOUKy z = 5 MPOUCXOJUT CMEHA BETBH TUNEPOOIDI.
Mensiercst Takyke OpHeHTAIMST BeTBU TUnepOo/Iibl KaK KPUBOH. AHAJOIMYHAS] CUTYAINsT BO3HUKAET
W TIPH TIepexojie Yepes TOUKy 2 = —1.

[Tpeacrasienne 06 oToOpaskeHUN KOMILIEKCHOM T10cKOCTH (DYHKIMEH 2 — COS 2 MOYKHO TTOJIy-
YUTh, UCTOJIb3Ys (POPMYJIy COS 2 = — sin (z — 5) U3 nee BbITEKAET, B 4aCTHOCTH, YTO ITA (DYHKIUS
0T06pa>KaeT O6JIaCTb G + § B3aMMHO OJIHO3HAYHO U KOH(DOPMHO Ha objacTh D. Anajoruvno, u3
dopmyn shz = Sln 1z, chz = C0S iz BBITEKaeT, 4To PyHKIUU 2 — shz n z — ch z orobpazkaT

B3aUMHO O,ILHOSHaLIHO 1 KOH(pOPMHO 00.J1aCTh %G Ha obJ1acTu %D u D cooTBETCTBEHHO.

10. Ob6paTHble TpuUroHOMETpUYeCcKue u runepoosnyueckune PyHKINN

Oyuknus z — Arcsin z onpegensieTcss Kak ooparnas K GyHKIUN 2z — sin z. Haitagem mpoobdpas

toukn wy # 0 npu orobpaxkenun z — sin z. I[lycte wy = sin z5. Bocnoas3yemcst onpenesennem

" to—to ! .
TPUTOHOMETPUYIECKOW (DYHKIIUU U MOJIYUAM Wy = 02—19, e to = €0, OTKyga BBITEKAET, 9TO

) . 1 . 1
t§ — 2iwgty — 1 = 0, T0 ectb to € iwy + (1 — wf)2. CrenoBarensno, 2o € + Ln <2w0 +(1— wg)z’).
D10 3HAYUT, YTO onpesessgeMas Hamu PYHKIAA 2 — Arcsin 2 gBjsgercs MHOIO3HAYHOW dyHKInei

(kommosurmeii hyHKIUii, 13 KOTOPBIX OTHA SIBJISETCS GECKOHEYHO3HAYHOM U €Ille OJJHA — JIBY3HAY-
HO#1). KOMIUIEKCHOMY YHCITy Zz OHA CTABUT B COOTBETCTBHE MHOXKECTBO KOMILTIEKCHBIX UHCEJT

1
Arcsinz := - Ln (zz +(1- z2)%> :
i

1
Boinenss rnasubie BeTBu (byHKIMit 2 — Inz n 2z — 22

z — arcsin z, TJe

, Mbl BbIEJ/JId€EM IVIaBHYIO BETBb apKCHHYCa

1
arcsin z := — In (iz— V1 — 2\/1+z> .
7

[Mycts ¢ € (— 2, 7). @ynxuus z — arcsin z orobpazkaer KPHUBYIO, 33/1aBaeMyI0 yPaBHEHHEM
z = sin(p +it), t € (—00,+00), Ha OpaMyio w = ¢ +it, t € (—00,+00). Jlyun z = sin(—7 + it),
t €10,4+00) u z = sin(5+it), t € (—0o0,0) ona orobpazkaer na yun w = —5+it, t € [0,400) mw =
% +it, t € (—00,0) coorsercrrenno. [eiicreurensuo, ecin ¢ € [=5,5) ut > 0 wm ¢ € (-5, 7]

™
272
ut < 0, o arg(o) sm(‘p;” — %) ¢ (—5.5), a arg(© )sm(“"Ht %) € (=35, 5). Crenosarennno,
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\/sm (“"Ht — %) = —sin (“"JQF“ — %) , a \/Sin2 (%Zt + %) = sin (‘Ogit + %) . 3HaYHT,
isin(p +it) — /1 —sin(p +it)/1 + sin(p +it) =
= isin(p +it) — \/QSin2 (M — % \/281n2 (”Ht + %) =

= isin(p +it) + 2sin (Z5L — I)sin (E2 4+ I) =
= isin(p + it) + cos(go +it) = eW’_ :
1

1 .
arcsinsin(p +it) = ~Ine"¥" = ~(ip — t) = ¢ + it.
i i

Takum oOpa3om IaBHasE BETBb apKCHHYCa 0TOOparkKaeT ILIOCKOCTBb ¢ paspe3amu ) BIOIb Jydeit

z=1,t€c(—o0,~1]mz=t, t€ll,+o0) ma oTKpHITyIO monocy G := {z:Imz € (-7, )}, a Bcro
IJIOCKOCTL OHA OoToOpazkaeT Ha MHOKecTBO G/, momydaemoe m3 objgactm G gobaBjaeHueM Jiydeit
z=—%+it, t €[0,400) u z = § +1it, t € (—00,0). 3uauuT, k-5 BeTBL apKCUHYCA OTOOParKaeT

obsracte D Ha oTkpbITyio nosiocy Gy := G+ 7k, a BCIO TJI0CKOCTh OHA 0TOOpaykaeT Ha MHOYKECTBO
GY = (=1)*G’ + mk. Tpu sTom cnpasensa dbopmyia

(Arcsin 2); = (—1)" arcsin z + 7k.

QyHKIUs z — arcsin z gBJIsieTcss 0OpaTHON K CyzKeHuto (hyHKIUH 2z — sin z Ha MHOXKecTBO G'.
Buaunt, paBercTBo (Arcsinsin z); = z UMeeT MeCTO TOTJIA W TOJIBKO TOTIA, KOIJA 2 MPUHAJIEKHT
muO)kecTBy (Y.

o o . /
[To Teopeme 0 mpou3BOAHON CIOKHON dyHKIHN 11 Jgoboro z € G umeem (arcsinz) =

Z-‘r V1+z V1—z Z+ z
1 2vi—z 2v1tz __ 1 V1i—z/1+z
1

_ 1
T eI ivioa/TE — VissvIrs [AKHM 00pasoM,
(—1)k
VI—2J/1+2

(Arcsinsin 2)), =



